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Preface

The curriculum of most undergraduate programs in computer science includes a
course titled Discrete Mathematics. These days, given that many students who grad-
uate with a degree in computer science end up with jobs where mathematical skills
seem basically of no use,! one may ask why these students should take such a
course. And if they do, what are the most basic notions that they should learn?

As to the first question, I strongly believe that all computer science students
should take such a course and I will try justifying this assertion below.

The main reason is that, based on my experience of more than twenty-five years
of teaching, I have found that the majority of the students find it very difficult to
present an argument in a rigorous fashion. The notion of a proof is something very
fuzzy for most students and even the need for the rigorous justification of a claim
is not so clear to most of them. Yet, they will all write complex computer programs
and it seems rather crucial that they should understand the basic issues of program
correctness. It also seems rather crucial that they should possess some basic mathe-
matical skills to analyze, even in a crude way, the complexity of the programs they
will write. Don Knuth has argued these points more eloquently than I can in his
beautiful book, Concrete Mathematics, and I do not elaborate on this any further.

On a scholarly level, I argue that some basic mathematical knowledge should be
part of the scientific culture of any computer science student and more broadly, of
any engineering student.

Now, if we believe that computer science students should have some basic math-
ematical knowledge, what should it be?

There is no simple answer. Indeed, students with an interest in algorithms and
complexity will need some discrete mathematics such as combinatorics and graph
theory but students interested in computer graphics or computer vision will need
some geometry and some continuous mathematics. Students interested in databases
will need to know some mathematical logic and students interested in computer
architecture will need yet a different brand of mathematics. So, what’s the common
core?

! In fact, some people would even argue that such skills constitute a handicap!

vii
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As I said earlier, most students have a very fuzzy idea of what a proof is. This
is actually true of most people. The reason is simple: it is quite difficult to define
precisely what a proof is. To do this, one has to define precisely what are the “rules
of mathematical reasoning” and this is a lot harder than it looks. Of course, defining
and analyzing the notion of proof is a major goal of mathematical logic.

Having attempted some twenty years ago to “demystify” logic for computer sci-
entists and being an incorrigible optimist, I still believe that there is great value in
attempting to teach people the basic principles of mathematical reasoning in a pre-
cise but not overly formal manner. In these notes, I define the notion of proof as a
certain kind of tree whose inner nodes respect certain proof rules presented in the
style of a natural deduction system “a la Prawitz.” Of course, this has been done be-
fore (e.g., in van Dalen [6]) but our presentation has more of a “computer science”
flavor which should make it more easily digestible by our intended audience. Using
such a proof system, it is easy to describe very clearly what is a proof by contra-
diction and to introduce the subtle notion of “constructive proof”. We even question
the “supremacy” of classical logic, making our students aware of the fact that there
isn’t just one logic, but different systems of logic, which often comes as a shock to
them.

Having provided a firm foundation for the notion of proof, we proceed with a
quick and informal review of the first seven axioms of Zermelo—Fraenkel set theory.
Students are usually surprised to hear that axioms are needed to ensure such a thing
as the existence of the union of two sets and I respond by stressing that one should
always keep a healthy dose of skepticism in life.

What next? Again, my experience has been that most students do not have a clear
idea of what a function is, even less of a partial function. Yet, computer programs
may not terminate for all input, so the notion of partial function is crucial. Thus, we
carefully define relations, functions, and partial functions and investigate some of
their properties (being injective, surjective, bijective).

One of the major stumbling blocks for students is the notion of proof by induc-
tion and its cousin, the definition of functions by recursion. We spend quite a bit of
time clarifying these concepts and we give a proof of the validity of the induction
principle from the fact that the natural numbers are well ordered. We also discuss
the pigeonhole principle and some basic facts about equinumerosity, without intro-
ducing cardinal numbers.

We introduce some elementary concepts of combinatorics in terms of counting
problems. We introduce the binomial and multinomial coefficients and study some
of their properties and we conclude with the inclusion—exclusion principle.

Next, we introduce partial orders, well-founded sets, and complete induction.
This way, students become aware of the fact that the induction principle applies to
sets with an ordering far more complex that the ordering on the natural numbers.
As an application, we prove the unique prime factorization in Z and discuss gcds
and versions of the Euclidean algorithm to compute gcds including the so-called
extended Euclidean algorithm which relates to the Bezout identity.

Another extremely important concept is that of an equivalence relation and the
related notion of a partition.
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As applications of the material on elementary number theory presented in Sec-
tion 5.4, in Section 5.8 we give an introduction to Fibonacci and Lucas numbers as
well as Mersenne numbers and in Sections 5.9, 5.10, and 5.11, we present some ba-
sics of public key cryptography and the RSA system. These sections contain some
beautiful material and they should be viewed as an incentive for the reader to take a
deeper look into the fascinating and mysterious world of prime numbers and more
generally, number theory. This material is also a gold mine of programming assign-
ments and of problems involving proofs by induction.

We have included some material on lattices, Tarski’s fixed point theorem, dis-
tributive lattices, Boolean algebras, and Heyting algebras. These topics are some-
what more advanced and can be omitted from the “core”.

The last topic that we consider crucial is graph theory. We give a fairly complete
presentation of the basic concepts of graph theory: directed and undirected graphs,
paths, cycles, spanning trees, cocycles, cotrees, flows, and tensions, Eulerian and
Hamiltonian cycles, matchings, coverings, and planar graphs. We also discuss the
network flow problem and prove the max-flow min-cut theorem in an original way
due to M. Sakarovitch.

These notes grew out of lectures I gave in 2005 while teaching CIS260, Math-
ematical Foundations of Computer Science. There is more material than can be
covered in one semester and some choices have to be made regarding what to omit.
Unfortunately, when I taught this course, I was unable to cover any graph theory. I
also did not cover lattices and Boolean algebras.

Beause the notion of a graph is so fundamental in computer science (and else-
where), I have restructured these notes by splitting the material on graphs into two
parts and by including the introductory part on graphs (Chapter 3) before the in-
troduction to combinatorics (Chapter 4). The only small inconvenience in doing
so is that this causes a forward reference to the notion of an equivalence relation
which only appears in Chapter 5. This is not a serious problem. In fact, this gives
us a chance to introduce the important concept of an equivalence relation early on,
without any proof, and then to revisit this notion more rigorously later on.

Some readers may be disappointed by the absence of an introduction to prob-
ability theory. There is no question that probability theory plays a crucial role in
computing, for example, in the design of randomized algorithms and in the proba-
bilistic analysis of algorithms. Our feeling is that to do justice to the subject would
require too much space. Unfortunately, omitting probability theory is one of the
tough choices that we decided to make in order to keep the manuscript of manage-
able size. Fortunately, probability and its applications to computing are presented in
a beautiful book by Mitzenmacher and Upfal [4] so we don’t feel too bad about our
decision to omit these topics.

There are quite a few books covering discrete mathematics. According to my
personal taste, I feel that two books complement and extend the material presented
here particularly well: Discrete Mathematics, by Lovasz, Pelikan, and Vesztergombi
[3], a very elegant text at a slightly higher level but still very accessible, and Discrete
Mathematics, by Graham, Knuth, and Patashnik [2], a great book at a significantly
higher level.
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My unconventional approach of starting with logic may not work for everybody,
as some individuals find such material too abstract. It is possible to skip the chapter
on logic and proceed directly with sets, functions, and so on. I admit that I have
raised the bar perhaps higher than the average compared to other books on discrete
maths. However, my experience when teaching CIS260 was that 70% of the students
enjoyed the logic material, as it reminded them of programming. I hope this book
will inspire and will be useful to motivated students.

A final word to the teacher regarding foundational issues: I tried to show that
there is a natural progression starting from logic, next a precise statement of the
axioms of set theory, and then to basic objects such as the natural numbers, func-
tions, graphs, trees, and the like. I tried to be as rigorous and honest as possible
regarding some of the logical difficulties that one encounters along the way but I
decided to avoid some of the most subtle issues, in particular a rigorous definition
of the notion of cardinal number and a detailed discussion of the axiom of choice.
Rather than giving a flawed definition of a cardinal in terms of the equivalence class
of all sets equinumerous to a set, which is not a set, I only defined the notions of
domination and equinumerosity. Also, I stated precisely two versions of the axiom
of choice, one of which (the graph version) comes up naturally when seeking a right
inverse to a surjection, but I did not attempt to state and prove the equivalence of this
formulation with other formulations of the axiom of choice (such as Zermelo’s well-
ordering theorem). Such foundational issues are beyond the scope of this book; they
belong to a course on set theory and are treated extensively in texts such as Enderton
[1] and Suppes [5].

Acknowledgments: I would like to thank Mickey Brautbar, Kostas Daniilidis, Max
Mintz, Joseph Pacheco, Steve Shatz, Jianbo Shi, Marcelo Siqueira, and Val Tannen
for their advice, encouragement, and inspiration.
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Chapter 1
Mathematical Reasoning, Proof Principles, and
Logic

1.1 Introduction

One of the main goals of this book is to learn how to

construct and read mathematical proofs.
Why?

1. Computer scientists and engineers write programs and build systems.

2. It is very important to have rigorous methods to check that these programs and
systems behave as expected (are correct, have no bugs).

3. It is also important to have methods to analyze the complexity of programs
(time/space complexity).

More generally, it is crucial to have a firm grasp of the basic reasoning principles
and rules of logic. This leads to the question:

What is a proof.

There is no short answer to this question. However, it seems fair to say that a
proof is some kind of deduction (derivation) that proceeds from a set of hypotheses
(premises, axioms) in order to derive a conclusion, using some logical rules.

A first important observation is that there are different degrees of formality of
proofs.

1. Proofs can be very informal, using a set of loosely defined logical rules, possibly
omitting steps and premises.

2. Proofs can be completely formal, using a very clearly defined set of rules and
premises. Such proofs are usually processed or produced by programs called
proof checkers and theorem provers.

Thus, a human prover evolves in a spectrum of formality.

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_1, © Springer Science+Business Media, LLC 2011 1
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It should be said that it is practically impossible to write formal proofs. This is
because it would be extremely tedious and time-consuming to write such proofs and
these proofs would be huge and thus, very hard to read.

In principle, it is possible to write formalized proofs and sometimes it is desirable
to do so if we want to have absolute confidence in a proof. For example, we would
like to be sure that a flight-control system is not buggy so that a plane does not
accidentally crash, that a program running a nuclear reactor will not malfunction, or
that nuclear missiles will not be fired as a result of a buggy “alarm system”.

Thus, it is very important to develop tools to assist us in constructing formal
proofs or checking that formal proofs are correct and such systems do exist (exam-
ples: Isabelle, COQ, TPS, NUPRL, PVS, Twelf). However, 99.99% of us will not
have the time or energy to write formal proofs.

Even if we never write formal proofs, it is important to understand clearly what
are the rules of reasoning that we use when we construct informal proofs.

The goal of this chapter is to try answering the question, “What is a proof.” We
do so by formalizing the basic rules of reasoning that we use, most of the time sub-
consciously, in a certain kind of formalism known as a natural deduction system. We
give a (very) quick introduction to mathematical logic, with a very deliberate proof-
theoretic bent, that is, neglecting almost completely all semantic notions, except at
a very intuitive level. We still feel that this approach is fruitful because the mechan-
ical and rules-of-the-game flavor of proof systems is much more easily grasped than
semantic concepts. In this approach, we follow Peter Andrews’ motto [1]:

“To truth through proof.”

We present various natural deduction systems due to Prawitz and Gentzen (in
more modern notation), both in their intuitionistic and classical version. The adop-
tion of natural deduction systems as proof systems makes it easy to question the
validity of some of the inference rules, such as the principle of proof by contradic-
tion. In brief, we try to explain to our readers the difference between constructive
and classical (i.e., not necessarily constructive) proofs. In this respect, we plant the
seed that there is a deep relationship between constructive proofs and the notion of
computation (the “Curry—Howard isomorphism” or “formulae-as-types principle,”
see Section 1.11 and Howard [13]).

1.2 Inference Rules, Deductions, The Proof Systems ./, and
NG

In this section, we review some basic proof principles and attempt to clarify, at least
informally, what constitutes a mathematical proof.

In order to define the notion of proof rigorously, we would have to define a formal
language in which to express statements very precisely and we would have to set up
a proof system in terms of axioms and proof rules (also called inference rules). We
do not go into this as this would take too much time. Instead, we content ourselves
with an intuitive idea of what a statement is and focus on stating as precisely as
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possible the rules of logic that are used in constructing proofs. Readers who really
want to see a thorough (and rigorous) introduction to logic are referred to Gallier [4],
van Dalen [23], or Huth and Ryan [14], a nice text with a computer science flavor.
A beautiful exposition of logic (from a proof-theoretic point of view) is also given
in Troelstra and Schwichtenberg [22], but at a more advanced level. Frank Pfenning
has also written an excellent and more extensive introduction to constructive logic.
This is available on the Web at

http://www.andrew.cmu.edu/course/15-317/handouts/logic.pdf
By the way, my book has been out of print for some time but you can get it free
(as pdf files) from my logic website

http://www.cis.upenn.edu/jean/gbooks/logic.html

We also highly recommend the beautifully written little book by Timothy Gowers
(Fields Medalist, 1998) [10] which, among other things, discusses the notion of
proof in mathematics (as well as the necessity of formalizing proofs without going
overboard).

In mathematics, we prove statements. Statements may be arfomic or compound,
that is, built up from simpler statements using logical connectives, such as implica-
tion (if—then), conjunction (and), disjunction (or), negation (not), and (existential or
universal) quantifiers.

As examples of atomic statements, we have:

“A student is eager to learn.”

“A students wants an A.”

“An odd integer is never 0.”

“The product of two odd integers is odd.”

el NS

Atomic statements may also contain “variables” (standing for arbitrary objects).
For example

1. human(x): “x is a human.”
2. needs-to-drink(x): “x” needs to drink.

An example of a compound statement is
human(x) = needs-to-drink(x).

In the above statement, = is the symbol used for logical implication. If we want to
assert that every human needs to drink, we can write

Vx(human(x) = needs-to-drink(x));

This is read: “For every x, if x is a human then x needs to drink.”
If we want to assert that some human needs to drink we write

Ix(human(x) = needs-to-drink(x));

This is read: “There is some x such that, if x is a human then x needs to drink.”



4 1 Mathematical Reasoning, Proof Principles, and Logic

We often denote statements (also called propositions or (logical) formulae) using
letters, such as A,B,P,Q, and so on, typically upper-case letters (but sometimes
Greek letters, @, Y, etc.).

If P and Q are statements, then their conjunction is denoted P A Q (say, P and Q),
their disjunction denoted PV Q (say, P or Q), their implication P = Q or P D Q (say,
if P then Q). Some authors use the symbol — and write an implication as P — Q.
We do not like to use this notation because the symbol — is already used in the
notation for functions (f: A — B). We mostly use the symbol =-.

We also have the atomic statements _L (falsity), which corresponds to false (think
of it as the statement that is false no matter what), and the atomic statement T
(truth), which corresponds to true (think of it as the statement that is always true).
The constant _L is also called falsum or absurdum. It is a formalization of the notion
of absurdity (a state in which contradictory facts hold). Then, it is convenient to
define the negation of P as P = 1 and to abbreviate it as =P (or sometimes ~ P).
Thus, —P (say, not P) is just a shorthand for P = L.

This interpretation of negation may be confusing at first. The intuitive idea is that
—P = (P =-1) is true if and only if P is not true because if both P and P = L were
true then we could conclude that L is true, an absurdity, and if both P and P =L
were false then P would have to be both true and false, again, an absurdity. Actually,
because we don’t know what truth is, it is “safer” (and more constructive) to say
that —P is provable iff for every proof of P we can derive a contradiction (namely,
L is provable). In particular, P should not be provable. For example, —(Q A —Q)
is provable (as we show later, because any proof of O A —Q yields a proof of ).
However, the fact that a proposition P is not provable does not imply that —P is
provable. There are plenty of propositions such that both P and —P are not provable,
such as Q = R, where Q and R are two unrelated propositions (with no common
symbols).

Whenever necessary to avoid ambiguities, we add matching parentheses: (PAQ),
(PVQ), (P= Q). Forexample, PV QAR is ambiguous; it means either (PV (QAR))
or (PVQ)AR).

Another important logical operator is equivalence. If P and Q are statements,
then their equivalence, denoted P = Q (or P <= (), is an abbreviation for (P =
Q) A (Q = P). We often say “P if and only if Q” or even “P iff Q" for P = Q.
As we show shortly, to prove a logical equivalence P = Q, we have to prove both
implications P = Q and Q = P.

An implication P = Q should be understood as an if-then statement; that is, if
P is true then Q is also true. A better interpretation is that any proof of P = Q
can be used to construct a proof of Q given any proof of P. As a consequence of
this interpretation, we show later that if =P is provable, then P = Q is also provable
(instantly) whether or not Q is provable. In such a situation, we often say that P = Q
is vacuously provable. For example, (P A =P) = Q is provable for any arbitrary
Q (because if we assume that P A —P is provable, then we derive a contradiction,
and then another rule of logic tells us that any proposition whatsoever is provable.
However, we have to wait until Section 1.3 to see this).
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Of course, there are problems with the above paragraph. What does truth have to
do with all this? What do we mean when we say, “P is true”’? What is the relationship
between truth and provability?

These are actually deep (and tricky) questions whose answers are not so obvious.
One of the major roles of logic is to clarify the notion of truth and its relationship
to provability. We avoid these fundamental issues by dealing exclusively with the
notion of proof. So, the big question is: what is a proof.

Typically, the statements that we prove depend on some set of hypotheses, also
called premises (or assumptions). As we show shortly, this amounts to proving im-
plications of the form

(PLAPA---AP,) = Q.

However, there are certain advantages in defining the notion of proof (or deduction)
of a proposition from a set of premises. Sets of premises are usually denoted using
upper-case Greek letters such as I" or A.

Roughly speaking, a deduction of a proposition Q from a set of premises I is a
finite labeled tree whose root is labeled with Q (the conclusion), whose leaves are
labeled with premises from I" (possibly with multiple occurrences), and such that
every interior node corresponds to a given set of proof rules (or inference rules).
Certain simple deduction trees are declared as obvious proofs, also called axioms.

There are many kinds of proof systems: Hilbert-style systems, natural-deduction
systems, Gentzen sequents systems, and so on. We describe a so-called natural de-
duction system invented by G. Gentzen in the early 1930s (and thoroughly investi-
gated by D. Prawitz in the mid 1960s).

Fig. 1.1 David Hilbert, 1862-1943 (left and middle), Gerhard Gentzen, 1909-1945 (middle right),
and Dag Prawitz, 1936— (right)

The major advantage of this system is that it captures quite nicely the “natural”
rules of reasoning that one uses when proving mathematical statements. This does
not mean that it is easy to find proofs in such a system or that this system is indeed
very intuitive. We begin with the inference rules for implication and first consider
the following question.

How do we proceed to prove an implication, A = B?

The rule, called =-intro, is: assume that A has already been proven and then
prove B, making as many uses of A as needed.

Let us give a simple example. The odd numbers are the numbers
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1,3,5,7,9,11,13,....

Equivalently, a whole number n is odd iff it is of the form 2k + 1, where k =
0,1,2,3,4,5, 6,.... Let us denote the fact that a number n is odd by odd(n). We
would like to prove the implication

odd(n) = odd(n+2).

Following the rule =--intro, we assume odd(n) (which means that we take as
proven the fact that n is odd) and we try to conclude that n+2 must be odd. However,
to say that n is odd is to say that n = 2k + 1 for some whole number k. Now,

n+2=2k+1+42=2(k+1)+1,

which means that n+ 2 is odd. (Here, n =2h+ 1, withh=k+1,and k+1is a
whole number because & is.)

Therefore, we proved that if we assume odd(n), then we can conclude odd(n +
2), and according to our rule for proving implications, we have indeed proved the
proposition

odd(n) = odd(n+2).

Note that the effect of rule =-intro is to introduce the premise odd(n), which
was temporarily assumed, into the left-hand side (we also say antecedent) of the
proposition odd(n) = odd(n + 2). This is why this rule is called the implication
introduction.

It should be noted that the above proof of the proposition odd(n) = odd(n +2)
does not depend on any premises (other than the implicit fact that we are assuming
n is a whole number). In particular, this proof does not depend on the premise,
odd(n), which was assumed (became “active”) during our subproof step. Thus, after
having applied the rule =-intro, we should really make sure that the premise odd(n)
which was made temporarily active is deactivated, or as we say, discharged. When
we write informal proofs, we rarely (if ever) explicitly discharge premises when we
apply the rule =-intro but if we want to be rigorous we really should.

For a second example, we wish to prove the proposition P = (Q = P).

According to our rule, we assume P as a premise and we try to prove Q = P
assuming P. In order to prove Q = P, we assume Q as a new premise so the set of
premises becomes {P,Q}, and then we try to prove P from P and Q. This time, it
should be obvious that P is provable because we assumed both P and Q.

Indeed, the rule that P is always provable from any set of assumptions including
P itself is one of the basic axioms of our logic (which means that it is a rule that
requires no justification whatsover). So, we have obtained a proof of P = (Q = P).

What is not entirely satisfactory about the above “proof” of P = (Q = P) is
that when the proof ends, the premises P and Q are still hanging around as “open”
assumptions. However, a proof should not depend on any “open” assumptions and
to rectify this problem we introduce a mechanism of “discharging” or “closing”
premises, as we already suggested in our previous example.
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What this means is that certain rules of our logic are required to discard (the usual
terminology is “discharge”) certain occurrences of premises so that the resulting
proof does not depend on these premises.

Technically, there are various ways of implementing the discharging mechanism
but they all involve some form of tagging (with a “new” variable). For example, the
rule formalizing the process that we have just described to prove an implication,
A = B, known as =-introduction, uses a tagging mechanism described precisely in
Definition 1.1.

Now, the rule that we have just described is not sufficient to prove certain propo-
sitions that should be considered provable under the “standard” intuitive meaning
of implication. For example, after a moment of thought, I think most people would
want the proposition P = ((P = Q) = Q) to be provable. If we follow the proce-
dure that we have advocated, we assume both P and P = Q and we try to prove Q.
For this, we need a new rule, namely:

If P and P = Q are both provable, then Q is provable.

The above rule is known as the =--elimination rule (or modus ponens) and it is
formalized in tree-form in Definition 1.1.

We now make the above rules precise and for this, we represent proofs and de-
ductions as certain kinds of trees and view the logical rules (inference rules) as
tree-building rules. In the definition below, the expression I", P stands for the union
of the multiset I" and P. So, P may already belong to I". A picture such as

A

9
P

represents a deduction tree & whose root is labeled with P and whose leaves are
labeled with propositions from the multiset A (a set possibly with multiple occur-
rences of its members). Some of the propositions in A may be tagged by variables.
The list of untagged propositions in A is the list of premises of the deduction tree.
We often use an abbreviated version of the above notation where we omit the de-
duction Z, and simply write

A
P

For example, in the deduction tree below,
P=0 P
P= (R=YS) P O=R 0
R=3S R
S

no leaf is tagged, so the premises form the multiset

A={P= (R=S),P,Q=R,P=Q,P},
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with two occurrences of P, and the conclusion is S.

As we saw in our earlier example, certain inferences rules have the effect that
some of the original premises may be discarded; the traditional jargon is that some
premises may be discharged (or closed). This is the case for the inference rule whose
conclusion is an implication. When one or several occurrences of some proposition
P are discharged by an inference rule, these occurrences (which label some leaves)
are tagged with some new variable not already appearing in the deduction tree. If x
is a new tag, the tagged occurrences of P are denoted P* and we indicate the fact that
premises were discharged by that inference by writing x immediately to the right of
the inference bar. For example,

PY0
0
P=0

is a deduction tree in which the premise P is discharged by the inference rule. This
deduction tree only has Q as a premise, inasmuch as P is discharged.

What is the meaning of the horizontal bars? Actually, nothing really. Here, we
are victims of an old habit in logic. Observe that there is always a single proposition
immediately under a bar but there may be several propositions immediately above a
bar. The intended meaning of the bar is that the proposition below it is obtained as
the result of applying an inference rule to the propositions above it. For example, in

Q=R Q
R

the proposition R is the result of applying the =--elimination rule (see Definition
1.1 below) to the two premises Q = R and Q. Thus, the use of the bar is just a
convention used by logicians going back at least to the 1900s. Removing the bar
everywhere would not change anything in our trees, except perhaps reduce their
readability. Most logic books draw proof trees using bars to indicate inferences,
therefore we also use bars in depicting our proof trees.

Because propositions do not arise from the vacuum but instead are built up from
a set of atomic propositions using logical connectives (here, =), we assume the ex-
istence of an “official set of atomic propositions,” or set of propositional symbols,
PS = {P,,P,,Ps,...}. So, for example, P; = P, and P; = (P, = P)) are propo-
sitions. Typically, we use upper-case letters such as P,Q,R,S,A,B,C, and so on, to
denote arbitrary propositions formed using atoms from PS.

Definition 1.1. The axioms, inference rules, and deduction trees for implicational
logic are defined as follows.

Axioms.

(i) Every one-node tree labeled with a single proposition P is a deduction tree for
P with set of premises {P}.

(i1) The tree
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r.p
P

is a deduction tree for P with multiset set of premises, I U {P}.

The above is a concise way of denoting a two-node tree with its leaf labeled with
the multiset consisting of P and the propositions in I", each of these propositions
(including P) having possibly multiple occurrences but at least one, and whose root
is labeled with P. A more explicit form is

ky ki kn

—— —— ——
Pla"'aP17"'7Pi7"'7Pl'7"'7Pna"'7Pn

where ki,...,k, > 1 and n > 1. This axiom says that we always have a deduction of
P; from any set of premises including P,.
The =--introduction rule.
If 2 is a deduction tree for Q from the premises in I" U { P}, then
r,p-
7
o

P=0Q

is a deduction tree for P = Q from I".

Note that this inference rule has the additional effect of discharging some occur-
rences of the premise P. These occurrences are tagged with a new variable x, and the
tag x is also placed immediately to the right of the inference bar. This is a reminder
that the deduction tree whose conclusion is P = Q no longer has the occurrences of
P labeled with x as premises.

The =-elimination rule.

If 2, is a deduction tree for P = Q from the premises I" and %, is a deduction
for P from the premises A, then

r A

D Dr

P=0Q P
0

is a deduction tree for Q from the premises in I' U A. This rule is also known as
modus ponens.

In the above axioms and rules, I" or A may be empty; P, Q denote arbitrary propo-
sitions built up from the atoms in PS; and 2, 7, and 2, denote deductions, possibly
a one-node tree.

A deduction tree is either a one-node tree labeled with a single proposition or a
tree constructed using the above axioms and rules. A proof tree is a deduction tree
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such that all its premises are discharged. The above proof system is denoted .4~
(here, the subscript m stands for minimal, referring to the fact that this a bare-bones
logical system).

Observe that a proof tree has at least two nodes. A proof tree IT for a proposition
P may be denoted

I
P

with an empty set of premises (we don’t display @ on top of IT). We tend to denote
deductions by the letter & and proof trees by the letter I1, possibly subscripted.

In words, the =--introduction rule says that in order to prove an implication P =
O from a set of premises I, we assume that P has already been proved, add P to the
premises in I", and then prove Q from I" and P. Once this is done, the premise P is
deleted.

This rule formalizes the kind of reasoning that we all perform whenever we prove
an implication statement. In that sense, it is a natural and familiar rule, except that
we perhaps never stopped to think about what we are really doing. However, the
business about discharging the premise P when we are through with our argument
is a bit puzzling. Most people probably never carry out this “discharge step” con-
sciously, but such a process does take place implicitly.

It might help to view the action of proving an implication P = Q as the construc-
tion of a program that converts a proof of P into a proof of Q. Then, if we supply a
proof of P as input to this program (the proof of P = Q), it will output a proof of Q.
So, if we don’t give the right kind of input to this program, for example, a “wrong
proof” of P, we should not expect the program to return a proof of Q. However, this
does not say that the program is incorrect; the program was designed to do the right
thing only if it is given the right kind of input. From this functional point of view
(also called constructive), if we take the simplistic view that P and Q assume the
truth values true and false, we should not be shocked that if we give as input the
value false (for P), then the truth value of the whole implication P = Q is true. The
program P = Q is designed to produce the output value true (for Q) if it is given the
input value true (for P). So, this program only goes wrong when, given the input
true (for P), it returns the value false (for Q). In this erroneous case, P = Q should
indeed receive the value false. However, in all other cases, the program works cor-
rectly, even if it is given the wrong input (false for P).

For a concrete example, say P stands for the statement,

“Our candidate for president wins in Pennsylvania”

and Q stands for

“Our candidate is elected president.”

Then, P = Q, asserts that if our candidate for president wins in Pennsylvania
then our candidate is elected president.

If P = Q holds, then if indeed our candidate for president wins in Pennsylvania
then for sure our candidate will win the presidential election. However, if our candi-
date does not win in Pennsylvania, we can’t predict what will happen. Our candidate
may still win the presidential election but he may not.
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If our candidate president does not win in Pennsylvania, our prediction is not
proven false. In this case, the statement P = Q should be regarded as holding,
though perhaps uninteresting.

For one more example, let odd(n) assert that n is an odd natural number and let
Q(n,a,b) assert that a" + b" is divisible by a + b, where a,b are any given natural
numbers. By divisible, we mean that we can find some natural number c, so that

a"+b"=(a+b)c.

Then, we claim that the implication odd(n) = Q(n,a,b) is provable.
As usual, let us assume odd(n), so that n = 2k + 1, where k = 0,1,2,3,.... But
then, we can easily check that

2k
a2k+l +b2k+1 _ (a+b) (Z(_l)taﬂc—ibt> ’

i=0

which shows that a®**! -+ p?*1 is divisible by a + b. Therefore, we proved the im-
plication odd(n) = Q(n,a,b).

If n is not odd, then the implication odd(n) = Q(n,a,b) yields no information
about the provablity of the statement Q(n,a,b), and that is fine. Indeed, if n is even
and n > 2, then in general, a” 4 b" is not divisible by a + b, but this may happen for
some special values of n, a, and b, for example: n =2,a=2,b = 2.

1. Only the leaves of a deduction tree may be discharged. Interior nodes, including
the root, are never discharged.

2. Once a set of leaves labeled with some premise P marked with the label x has
been discharged, none of these leaves can be discharged again. So, each label
(say x) can only be used once. This corresponds to the fact that some leaves of
our deduction trees get “killed off” (discharged).

3. A proof is a deduction tree whose leaves are all discharged (I" is empty). This
corresponds to the philosophy that if a proposition has been proved, then the
validity of the proof should not depend on any assumptions that are still active.
We may think of a deduction tree as an unfinished proof tree.

4. When constructing a proof tree, we have to be careful not to include (acciden-
tally) extra premises that end up not being discharged. If this happens, we prob-
ably made a mistake and the redundant premises should be deleted. On the other
hand, if we have a proof tree, we can always add extra premises to the leaves
and create a new proof tree from the previous one by discharging all the new
premises.

5. Beware, when we deduce that an implication P = Q is provable, we do not prove
that P and Q are provable; we only prove that if P is provable then Q is provable.

The =--elimination rule formalizes the use of auxiliary lemmas, a mechanism
that we use all the time in making mathematical proofs. Think of P = Q as a lemma
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that has already been established and belongs to some database of (useful) lemmas.
This lemma says if I can prove P then I can prove Q. Now, suppose that we manage
to give a proof of P. It follows from the =--elimination rule that Q is also provable.
Observe that in an introduction rule, the conclusion contains the logical connec-
tive associated with the rule, in this case, =>; this justifies the terminology “intro-
duction”. On the other hand, in an elimination rule, the logical connective associated
with the rule is gone (although it may still appear in Q). The other inference rules
for A, V, and the like, follow this pattern of introduction and elimination.
Examples of proof trees.

(@)
P
P

P=P

So, P = P is provable; this is the least we should expect from our proof system!
Note that

px
P=P

is also a valid proof tree for P = P, because the one-node tree labeled with P* is a
deduction tree.

(b)
(P=0: P
(Q=R) 0
R
P=R '

(0=R)=(P=R)

(P=0)=((Q@=R)=(P=R))

In order to better appreciate the difference between a deduction tree and a proof
tree, consider the following two examples.

1. The tree below is a deduction tree, beause two of its leaves are labeled with
the premises P = Q and Q = R, that have not been discharged yet. So, this tree
represents a deduction of P = R from the set of premises I’ = {P = 0,0 = R} but
it is not a proof tree because I" # (. However, observe that the original premise P,
labeled x, has been discharged.

Q=R Q
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2. The next tree was obtained from the previous one by applying the =-
introduction rule which triggered the discharge of the premise Q = R labeled y,
which is no longer active. However, the premise P = Q is still active (has not been
discharged yet), so the tree below is a deduction tree of (Q = R) = (P = R) from
the set of premises I' = {P = Q}. It is not yet a proof tree inasmuch as I" # 0.

P=0 P
(Q=R)’ Q
R
P=R

(Q=R)=(P=R)

Finally, one more application of the =-introduction rule discharged the premise
P = Q, at last, yielding the proof tree in (b).

(c) This example illustrates the fact that different proof trees may arise from the
same set of premises {P,Q}: for example,

P*,Q
P
P=P
0= (P=P)

and
P QY
P
Q=P

P=(Q=P)

Similarly, there are six proof trees with a conclusion of the form
A= (B= (C=P))

begining with the deduction
PY 0 R
P

corresponding to the six permutations of the premises P, Q,R.
Note that we would not have been able to construct the above proofs if Axiom
(i),
r.p

)

P
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were not available. We need a mechanism to “stuff” more premises into the leaves of
our deduction trees in order to be able to discharge them later on. We may also view
Axiom (ii) as a weakening rule whose purpose is to weaken a set of assumptions.
Even though we are assuming all of the proposition in I" and P, we only retain the
assumption P. The necessity of allowing multisets of premises is illustrated by the
following proof of the proposition P = (P = (Q = (0 = (P = P)))):

P“ P PY,Q", QO
P
P=P
0= (P=P)

y

0= (0= (P=P))

P= (0= (0= (P=P)

P=(P=(Q= (2= (P=P))

(d) In the next example, the two occurrences of A labeled x are discharged simul-
taneously.

A= (B=0Q)) A* (A= B)’ A*
B=C B
C
A=C
(A=B)=(A=C)

(A= B=0C)=(A=B)=(A=0))

(e) In contrast to Example (d), in the proof tree below the two occurrences of A
are discharged separately. To this effect, they are labeled differently.

(A= (B=0()) A* (A= By Al
B=C B
C
A=C

(A=B)=(A=C()

X

(A= B=C)=(A=B)=(A=0))

A:>((A:>(B:>C))=>((A:>B):>(A:C)))

Remark: How do we find these proof trees? Well, we could try to enumerate all
possible proof trees systematically and see if a proof of the desired conclusion turns
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up. Obviously, this is a very inefficient procedure and moreover, how do we know
that all possible proof trees will be generated and how do we know that such a
method will terminate after a finite number of steps (what if the proposition pro-
posed as a conclusion of a proof is not provable)?

Finding an algorithm to decide whether a proposition is provable is a very dif-
ficult problem and, for sets of propositions with enough “expressive power” (such
as propositions involving first-order quantifiers), it can be shown that there is no
procedure that will give an answer in all cases and terminate in a finite number of
steps for all possible input propositions. We come back to this point in Section 1.11.
However, for the system .#,~, such a procedure exists but it is not easy to prove
that it terminates in all cases and in fact, it can take a very long time.

What we did, and we strongly advise our readers to try it when they attempt to
construct proof trees, is to construct the proof tree from the bottom up, starting from
the proposition labeling the root, rather than top-down, that is, starting from the
leaves. During this process, whenever we are trying to prove a proposition P = Q,
we use the =--introduction rule backward, that is, we add P to the set of active
premises and we try to prove Q from this new set of premises. At some point, we get
stuck with an atomic proposition, say R. Call the resulting deduction Zj,; note that R
is the only active (undischarged) premise of 7, and the node labeled R immediately
below it plays a special role; we call it the special node of Zj,. The trick is now to
switch strategy and start building a proof tree top-down, starting from the leaves,
using the =-elimination rule. If everything works out well, we get a deduction with
root R, say %4, and then we glue this deduction %, to the deduction %, in such
a way that the root of %, is identified with the special node of 2, labeled R. We
also have to make sure that all the discharged premises are linked to the correct
instance of the =--introduction rule that caused them to be discharged. One of the
difficulties is that during the bottom-up process, we don’t know how many copies of
a premise need to be discharged in a single step. We only find out how many copies
of a premise need to be discharged during the top-down process.

Here is an illustration of this method for Example (d). At the end of the bottom-
up process, we get the deduction tree Zp,:

A= (B=C))F (A= B) A C
C
A=C
(A=B)=(A=0C)

X

(A= B=0C)=(A=B)=(A=0)
At the end of the top-down process, we get the deduction tree Z4:
A=B=C A  A=pB A
B=~C B
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Finally, after gluing Z;, on top of &, (which has the correct number of premises
to be discharged), we get our proof tree:

(A= (B=C)) A (A= B) A*
B=C B
C
A=cC
(A=B)=(A=0C)

X

(A= B=0C)=(A=B)=(A=0))

Let us return to the functional interpretation of implication by giving an example.
The proposition P = ((P = Q) = Q) has the following proof.

(P=0y P
0
(P=0)=0
P=((P=0)=0)

Now, say P is the proposition R = R, which has the proof
RZ
R
R=R

N

Using =-elimination, we obtain a proof of ((R = R) = Q) = Q from the proof
of (R=R) = (((R=R)= Q)= Q) and the proof of R = R:

((R=R)= Q) (R=RY)
0
(R=R)=0)=0

Il

(R=R)=((R=R)=0=0) R=R
(R=R)=0)=0

Note that the above proof is redundant. A more direct proof can be obtained as
follows. Undo the last =-introduction in the proof of (R = R) = (((R = R) =

Q)= Q):
(R=R)= Q) R=R
o
(R=R)=0Q)=0
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and then glue the proof of R = R on top of the leaf R = R, obtaining the desired
proof of (R=-R) = Q) = O:

(R=R)= Q) R=R
Q
(R=R)=0)=0Q

In general, one has to exercise care with the label variables. It may be necessary to
rename some of these variables to avoid clashes. What we have above is an example
of proof substitution also called proof normalization. We come back to this topic in
Section 1.11.

The process of discharging premises when constructing a deduction is admittedly
a bit confusing. Part of the problem is that a deduction tree really represents the last
of a sequence of stages (corresponding to the application of inference rules) during
which the current set of “active” premises, that is, those premises that have not yet
been discharged (closed, cancelled) evolves (in fact, shrinks). Some mechanism is
needed to keep track of which premises are no longer active and this is what this
business of labeling premises with variables achieves. Historically, this is the first
mechanism that was invented. However, Gentzen (in the 1930s) came up with an
alternative solution that is mathematically easier to handle. Moreover, it turns out
that this notation is also better suited to computer implementations, if one wishes to
implement an automated theorem prover.

The point is to keep a record of all undischarged assumptions at every stage of the
deduction. Thus, a deduction is now a tree whose nodes are labeled with expressions
of the form I" — P, called sequents, where P is a proposition, and I is a record of
all undischarged assumptions at the stage of the deduction associated with this node.

During the construction of a deduction tree, it is necessary to discharge packets
of assumptions consisting of one or more occurrences of the same proposition. To
this effect, it is convenient to tag packets of assumptions with labels, in order to
discharge the propositions in these packets in a single step. We use variables for the
labels, and a packet labeled with x consisting of occurrences of the proposition P is
written as x: P. Thus, in a sequent I" — P, the expression I” is any finite set of the

formx;: Pj,...,x,: Py, where the x; are pairwise distinct (but the P; need not be dis-
tinct). Given I’ = x;: Py,..., X, Py, the notation I, x: P is only well defined when
x #£ x; for all i, 1 <i < m, in which case it denotes the set x; : Pj,...,xy: By,x: P.

Using sequents, the axioms and rules of Definition 1.2 are now expressed as
follows.

Definition 1.2. The axioms and inference rules of the system .44, (implicational
logic, Gentzen-sequent style (the 4 in NG stands for Gentzen)) are listed below:

I'x: P— P (Axioms)
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I''x:P—Q

= (=-int
I'-P=0 (S-iniro)

I'-P=0Q I' =P
I'—Q

In an application of the rule (=--intro), observe that in the lower sequent, the
proposition P (labeled x) is deleted from the list of premises occurring on the left-
hand side of the arrow in the upper sequent. We say that the proposition P that
appears as a hypothesis of the deduction is discharged (or closed). A deduction tree
is either a one-node tree labeled with an axiom or a tree constructed using the above
inference rules. A proof tree is a deduction tree whose conclusion is a sequent with
an empty set of premises (a sequent of the form @ — P).

It is important to note that the ability to label packets consisting of occurrences
of the same proposition with different labels is essential in order to be able to have
control over which groups of packets of assumptions are discharged simultaneously.
Equivalently, we could avoid tagging packets of assumptions with variables if we
assume that in a sequent I" — C, the expression I', also called a context, is a multiset
of propositions.

Let us display the proof tree for the second proof tree in Example (c) in our new
Gentzen-sequent system. The orginal proof tree is

PYOY
P
O=P

(=-elim)

P=(Q=P)
and the corresponding proof tree in our new system is
x:Py:Q—P
x:P—-Q=P
—P=(0=P)

Below we show a proof of Example (d) given above in our new system. Let

I'=x:A=(B=C),y: A= B,z: A.

I'—-A=(B=C) r—A I >A=B r—A
I' +-B=C I'—+B
x:A=(B=0C),y:A=B,z:A—=C

x:A=B=C),y:A=B—A=C
x:A=B=C)—(A=B)=(A=0C)

—+(A=B=0C)=((A=B)= (A=)



1.3 Adding A, V, L; The Proof Systems 4.~ """ and 4 @7Vt 19

Remark: An attentive reader will have surely noticed that the second version of the
=--elimination rule,

I'-P=Q I —»P
I'—Q

(=-elim),

differs slightly from the first version given in Definition 1.1. Indeed, in Prawitz’s
style, the rule that matches exactly the =-elim rule above is

r r

D D

P=0 P
0

where the deductions of P = Q and P have the same set of premises, I". Equiv-
alently, the rule in sequent format that corresponds to the =--elimination rule of
Definition 1.1 is

' -P=0Q0 A—=P
I'A—Q

where I", A must be interpreted as the union of I" and A.

A moment of reflection will reveal that the resulting proof systems are equivalent
(i.e., every proof in one system can be converted to a proof in the other system and
vice versa); if you are not sure, do Problem 1.15. The version of the =-elimination
rule in Definition 1.1 may be considered preferable because it gives us the ability
to make the sets of premises labeling leaves smaller. On the other hand, after ex-
perimenting with the construction of proofs, one gets the feeling that every proof
can be simplified to a “unique minimal” proof, if we define “minimal” in a suitable
sense, namely, that a minimal proof never contains an elimination rule immediately
following an introduction rule (for more on this, see Section 1.11). Then, it turns out
that to define the notion of uniqueness of proofs, the second version is preferable.
However, it is important to realize that in general, a proposition may possess distinct
minimal proofs.

In principle, it does not matter which of the two systems .4, or A4'Y,” we use
to construct deductions; it is basically a matter of taste. My experience is that I make
fewer mistakes with the Gentzen-sequent style system .49, ".

We now describe the inference rules dealing with the connectives A, V and L.

(=-elim’),

1.3 Adding A, V, L; The Proof Systems JVC:}’/\’V’L and
NGV

Recall that —P is an abbreviation for P =_1..
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Definition 1.3. The axioms, inference rules, and deduction trees for (propositional)
classical logic are defined as follows.

Axioms:

(i) Every one-node tree labeled with a single proposition P is a deduction tree for
P with set of premises {P}.

(i1) The tree

r.p
P

is a deduction tree for P with multiset of premises I" U {P}.
The =--introduction rule:
If 2 is a deduction of Q from the premises in I U {P}, then
rpr
2
Q

P=0

is a deduction tree for P = Q from I". All premises P labeled x are discharged.

The =--elimination rule (or modus ponens):

If 2, is a deduction tree for P = Q from the premises I, and %, is a deduction
for P from the premises A, then

r A

D D

P=Q P
Q

is a deduction tree for Q from the premises in " UA.

The A-introduction rule:

If 2, is a deduction tree for P from the premises I', and 2, is a deduction for Q
from the premises A, then

r A

D D

P Q
PAQ

is a deduction tree for P A Q from the premises in I" UA.
The A-elimination rule:
If 2 is a deduction tree for P A Q from the premises I, then

r r
17 17
PAQ PAQ
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are deduction trees for P and Q from the premises I
The V-introduction rule:
If 2 is a deduction tree for P or for Q from the premises I, then

r r

9 9

P 0
PVO PVO

are deduction trees for PV Q from the premises in I".

The V-elimination rule:

If 2, is a deduction tree for PV Q from the premises I, % is a deduction for
R from the premises in A U{P}, and Z5 is a deduction for R from the premises in
AU{Q}, then

r AP A
7% D D
PVQ R R
X,y
R

is a deduction tree for R from the premises in ' UA UA. All premises P labeled x
and all premises Q labeled y are discharged.

The 1 -elimination rule:

If 2 is a deduction tree for | from the premises I', then

is a deduction tree for P from the premises I, for any proposition P.

The proof-by-contradiction rule (also known as reductio ad absurdum rule, for
short RAA):

If 9 is a deduction tree for L from the premises in I" U {—P}, then
r,—P

9
1

—_ X

P

is a deduction tree for P from the premises I". All premises —P labeled x, are dis-
charged.

Because —P is an abbreviation for P =L, the —-introduction rule is a special case
of the =-introduction rule (with O =_1). However, it is worth stating it explicitly.
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The —-introduction rule:
If 2 is a deduction tree for L from the premises in I' U {P}, then

r,p

7
1

JE— X
-P
is a deduction tree for —P from the premises I". All premises P labeled x, are dis-
charged.
The above rule can be viewed as a proof-by-contradiction principle applied to

negated propositions.

Similarly, the —-elimination rule is a special case of =-elimination applied to
—P(=P=1)andP.

The —-elimination rule:

If 2, is a deduction tree for —P from the premises I, and %, is a deduction for
P from the premises A, then

r A

7 D

-P P
L

is a deduction tree for L from the premises in " UA.

In the above axioms and rules, I', A, or A may be empty; P,Q, R denote arbitrary
propositions built up from the atoms in PS; 2, 2, 2, denote deductions, possibly
a one-node tree; and all the premises labeled x or y are discharged.

A deduction tree is either a one-node tree labeled with a single proposition or
a tree constructed using the above axioms and inference rules. A proof tree is a
deduction tree such that all its premises are discharged. The above proof system is
denoted J%;S’A‘V’L (here, the subscript ¢ stands for classical).

The system obtained by removing the proof-by-contradiction (RAA) rule is
called (propositional) intuitionistic logic and is denoted .4} =/Vod The system ob-
tained by deleting both the | -elimination rule and the proof-by-contradiction rule
is called (propositional) minimal logic and is denoted J%,?’/\’V’J‘

The version of A4~ in terms of Gentzen sequents is the following.

Definition 1.4. The axioms and inference rules of the system .49 "V:L (of
propositional classical logic, Gentzen-sequent style) are listed below.

I''x: P— P (Axioms)

I''x:P—Q

= (=-int
F5P=0 (=--intro)
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I'-P=Q I'=P

>0 (=-elim)
I'—-P I'—>Q )
_ N-int
I -PAQ (A-intro)
I —-PA I' - PA
ﬁPQ (/\—ellm) ﬁQQ (/\—ellm)
I —P . I'—=Q .
— (V-int — (V-int
Fopvg Vo) gy (Vo)
I'-PVQ I'x:P—R I'y:0—R (V-elim)
-elim
I' - R ¢
I —_1
F:P (L-elim)
I''x: -P—1
% (by-contra)
I''x: P—1

—-introduction
I — =P ( )

I'—-»-P I'—>P

I —1
A deduction tree is either a one-node tree labeled with an axiom or a tree con-
structed using the above inference rules. A proof tree is a deduction tree whose con-
clusion is a sequent with an empty set of premises (a sequent of the form @ — P).

(—-elimination)

The rule (_L-elim) is trivial (does nothing) when P =_L, therefore from now on we
assume that P # . Propositional minimal logic, denoted .4 %,Tf’AN’J‘, is obtained
by dropping the (L-elim) and (by-contra) rules. Propositional intuitionistic logic,
denoted A'Y ?’A’V’L, is obtained by dropping the (by-contra) rule.

When we say that a proposition P is provable from I', we mean that we can
construct a proof tree whose conclusion is P and whose set of premises is I', in
one of the systems %:,A,v,J_ or (/V%f*/\*v’l. Therefore, when we use the word
“provable” unqualified, we mean provable in classical logic. If P is provable from
I" in one of the intuitionistic systems Ji{;"A’v’l or JV%?’A’V’L, then we say intu-
itionistically provable (and similarly, if P is provable from I" in one of the systems
NVt or N g7V L then we say provable in minimal logic). When P is prov-
able from I", most people write I" - P, or - I" — P, sometimes with the name of the
corresponding proof system tagged as a subscript on the sign |- if necessary to avoid
ambiguities. When I” is empty, we just say P is provable (provable in intuitionistic
logic, and so on) and write - P.
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We treat logical equivalence as a derived connective: that is, we view P = Q as
an abbreviation for (P = Q) A (Q = P). In view of the inference rules for A, we see
that to prove a logical equivalence P = Q, we just have to prove both implications
P=Qand Q= P.

The equivalence of the systems 4, """ and 4%V (as well as the sys-
tems J%é‘ﬁ’v’l and JV%?’/\’V’J‘) is not hard to show but is a bit tedious, see Prob-
lem 1.15.

In view of the —-elimination rule, we may be tempted to interpret the provability
of a negation —P as “P is not provable.” Indeed, if —P and P were both provable,
then | would be provable. So, P should not be provable if —P is. However, if P is not
provable, then —P is not provable in general. There are plenty of propositions such
that neither P nor —P is provable (for instance, P, with P an atomic proposition).
Thus, the fact that P is not provable is not equivalent to the provability of =P and
we should not interpret —P as “P is not provable.”

Let us now make some (much-needed) comments about the above inference
rules. There is no need to repeat our comments regarding the =--rules.

The A-introduction rule says that in order to prove a conjunction P A Q from
some premises I, all we have to do is to prove both that P is provable from I" and
that Q is provable from I". The A-elimination rule says that once we have proved
PAQ from I', then P (and Q) is also provable from I". This makes sense intuitively
as P A Q is “stronger” than P and Q separately (P A Q is true iff both P and Q are
true).

The V-introduction rule says that if P (or Q) has been proved from I, then PV Q
is also provable from I". Again, this makes sense intuitively as PV Q is “weaker”
than P and Q.

The V-elimination rule formalizes the proof-by-cases method. It is a more subtle
rule. The idea is that if we know that in the case where P is already assumed to be
provable and similarly in the case where Q is already assumed to be provable that
we can prove R (also using premises in I"), then if PV Q is also provable from I, as
we have “covered both cases,” it should be possible to prove R from I" only (i.e., the
premises P and Q are discarded). For example, if remainl(n) is the proposition that
asserts n is a whole number of the form 4k + 1 and remain3(n) is the proposition
that asserts n is a whole number of the form 4k + 3 (for some whole number k), then
we can prove the implication

(remainl (n) Vremain3(n)) = odd(n),

where odd(n) asserts that n is odd, namely, that n is of the form 2+ 1 for some A.

To prove the above implication we first assume the premise, remainl(n) V
remain3(n). Next, we assume each of the alternatives in this proposition. When
we assume remainl(n), we have n = 4k + 1 = 2(2k) + 1 for some k, so n is odd.
When we assume remain3(n), we have n = 4k+3 = 2(2k+ 1) + 1, so again,
n is odd. By V-elimination, we conclude that odd(n) follows from the premise
remainl (n) Vremain3(n), and by =-introduction, we obtain a proof of our implica-
tion.
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The _L-elimination rule formalizes the principle that once a false statement has
been established, then anything should be provable.

The —-introduction rule is a proof-by-contradiction principle applied to negated
propositions. In order to prove —P, we assume P and we derive a contradiction
(L). It is a more restrictive principle than the classical proof-by-contradiction rule
(RAA). Indeed, if the proposition P to be proven is not a negation (P is not of the
form —Q), then the —-introduction rule cannot be applied. On the other hand, the
classical proof-by-contradiction rule can be applied but we have to assume —P as
a premise. For further comments on the difference between the —-introduction rule
and the classical proof-by-contradiction rule, see Section 1.4.

The proof-by-contradiction rule formalizes the method of proof by contradiction.
That is, in order to prove that P can be deduced from some premises I, one may
assume the negation —P of P (intuitively, assume that P is false) and then derive a
contradiction from I" and —P (i.e., derive falsity). Then, P actually follows from I"
without using —P as a premise, that is, =P is discharged. For example, let us prove
by contradiction that if n? is odd, then 7 itself must be odd, where 7 is a natural
number.

According to the proof-by-contradiction rule, let us assume that » is not odd,
which means that » is even. (Actually, in this step we are using a property of the
natural numbers that is proved by induction but let’s not worry about that right
now) But to say that n is even means that n = 2k for some k and then n?> = 4k> =
2(2k?), so n? is even, contradicting the assumption that 1” is odd. By the proof-by-
contradiction rule, we conclude that » must be odd.

Remark: If the proposition to be proved, P, is of the form —(Q, then if we use the
proof-by-contradiction rule, we have to assume the premise =——Q and then derive a
contradiction. Because we are using classical logic, we often make implicit use of
the fact that =—(Q is equivalent to Q (see Proposition 1.2) and instead of assuming
——Q as a premise, we assume Q as a premise. But then, observe that we are really
using —-introduction.

In summary, when trying to prove a proposition P by contradiction, proceed as
follows.

(1) If Pis anegated formula (P is of the form —Q), then use the —-introduction rule;
that is, assume Q as a premise and derive a contradiction.

(2) If P is not a negated formula, then use the the proof-by-contradiction rule; that
is, assume —P as a premise and derive a contradiction.

Most people, I believe, will be comfortable with the rules of minimal logic and
will agree that they constitute a “reasonable” formalization of the rules of reasoning
involving =, A, and V. Indeed, these rules seem to express the intuitive meaning
of the connectives =, A, and V. However, some may question the two rules |-
elimination and proof-by-contradiction. Indeed, their meaning is not as clear and,
certainly, the proof-by-contradiction rule introduces a form of indirect reasoning
that is somewhat worrisome.

The problem has to do with the meaning of disjunction and negation and more
generally, with the notion of constructivity in mathematics. In fact, in the early
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1900s, some mathematicians, especially L. Brouwer (1881-1966), questioned the
validity of the proof-by-contradiction rule, among other principles.

Fig. 1.2 L. E. J. Brouwer, 1881-1966

Two specific cases illustrate the problem, namely, the propositions
PV—-P and —-—P=P

As we show shortly, the above propositions are both provable in classical logic.
Now, Brouwer and some mathematicians belonging to his school of thought (the
so-called “intuitionists” or “constructivists”) advocate that in order to prove a dis-
junction PV Q (from some premises I") one has to either exhibit a proof of P or a
proof or Q (from I'). However, it can be shown that this fails for PV —P. The fact
that PV =P is provable (in classical logic) does not imply (in general) that either
P is provable or that =P is provable. That PV —P is provable is sometimes called
the principle (or law) of the excluded middle. In intuitionistic logic, PV —P is not
provable (in general). Of course, if one gives up the proof-by-contradiction rule,
then fewer propositions become provable. On the other hand, one may claim that
the propositions that remain provable have more constructive proofs and thus, feel
on safer grounds.

A similar controversy arises with the proposition =—P = P (double-negation
rule) If we give up the proof-by-contradiction rule, then this formula is no longer
provable (i.e., m—P is no longer equivalent to P). Perhaps this relates to the fact that
if one says

“I don’t have no money,”
then this does not mean that this person has money. (Similarly with “I don’t get
no satisfaction.”). However, note that one can still prove P = ——P in minimal logic
(try doing it). Even stranger, ~——P = —P is provable in intuitionistic (and minimal)
logic, so =——P and —P are equivalent intuitionistically.

Remark: Suppose we have a deduction
I',—P

9
1
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as in the proof-by-contradiction rule. Then, by —-introduction, we get a deduction
of =—P from I':

r,-p*
9
i
[ X

—|—|P

So, if we knew that =—P was equivalent to P (actually, if we knew that ~—P = P
is provable) then the proof-by-contradiction rule would be justified as a valid rule
(it follows from modus ponens). We can view the proof-by-contradiction rule as a
sort of act of faith that consists in saying that if we can derive an inconsistency (i.e.,
chaos) by assuming the falsity of a statement P, then P has to hold in the first place.
It not so clear that such an act of faith is justified and the intuitionists refuse to take
it.

Constructivity in mathematics is a fascinating subject but it is a topic that is really
outside the scope of this course. What we hope is that our brief and very incomplete
discussion of constructivity issues made the reader aware that the rules of logic are
not cast in stone and that, in particular, there isn’t only one logic.

We feel safe in saying that most mathematicians work with classical logic and
only a few of them have reservations about using the proof-by-contradiction rule.
Nevertheless, intuitionistic logic has its advantages, especially when it comes to
proving the correctess of programs (a branch of computer science). We come back
to this point several times in this course.

In the rest of this section, we make further useful remarks about (classical) logic
and give some explicit examples of proofs illustrating the inference rules of classical
logic. We begin by proving that PV —P is provable in classical logic.

Proposition 1.1. The proposition PV —P is provable in classical logic.

Proof. We prove that PV (P = 1) is provable by using the proof-by-contradiction
rule as shown below:

px
(PV(P=L1))=L) PV(P=1)
- X
P=l
(PV(P=1))=1) PVv(P=1)
- y (by-contra)
PV(P=1)

Next, we consider the equivalence of P and =—P.
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Proposition 1.2. The proposition P = ——P is provable in minimal logic. The propo-
sition =—P = P is provable in classical logic. Therefore, in classical logic, P is
equivalent to ——P.

Proof. We leave that P = ——P is provable in minimal logic as an exercise. Below
is a proof of ~—P = P using the proof-by-contradiction rule:

(P=L1)=1) (P=1)*

i‘ x (by-contra)
P

(P=L)=1)=rP

y

0O

The next proposition shows why _L can be viewed as the “ultimate” contradiction.

Proposition 1.3. In intuitionistic logic, the propositions 1 and P A\ —P are equiv-
alent for all P. Thus, 1 and P A\ =P are also equivalent in classical propositional
logic

Proof. We need to show that both L= (P A—P) and (P A—P) =L are provable in
intuitionistic logic. The provability of L= (P A —P) is an immediate consequence
or L -elimination, with I = 0. For (P A —P) =, we have the following proof.

(PA-P)*  (PA-P)
-P P
1

(PA=P) =1

0

So, in intuitionistic logic (and also in classical logic), L is equivalent to P A =P
for all P. This means that | is the “ultimate” contradiction; it corresponds to total
inconsistency. By the way, we could have the bad luck that the system NIV
(or A, AVl or even ,/%f'/\’v’L) is inconsistent, that is, that | is provable. For-
tunately, this is not the case, although this is hard to prove. (It is also the case that
P\ =P and ——P = P are not provable in intuitionistic logic, but this too is hard to
prove.)

1.4 Clearing Up Differences Among —-Introduction,
| -Elimination, and RAA

The differences between the rules, —-introduction, | -elimination, and the proof-by-
contradiction rule (RAA) are often unclear to the uninitiated reader and this tends to
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cause confusion. In this section, we try to clear up some common misconceptions
about these rules.
Confusion 1. Why is RAA not a special case of —-introduction?

r,pe r,-ps
9 9

L (—intro) L rap)
P P

The only apparent difference between —-introduction (on the left) and RAA (on the
right) is that in RAA, the premise P is negated but the conclusion is not, whereas in
—-introduction the premise P is not negated but the conclusion is.

The important difference is that the conclusion of RAA is not negated. If we had
applied —-introduction instead of RAA on the right, we would have obtained

r,-p

7

i x(—-1ntro)

—|—|P

where the conclusion would have been —=—P as opposed to P. However, as we al-
ready said earlier, ——P = P is not provable intuitionistically. Consequently, RAA
is not a special case of —-introduction. On the other hand, one may view —-
introduction as a “constructive” version of RAA applying to negated propositions
(propositions of the form —P).

Confusion 2. Is there any difference between | -elimination and RAA?

r r',—pP*

9 9

L (Leelim) L raAp)
P P

The difference is that L -elimination does not discharge any of its premises. In fact,
RAA is a stronger rule that implies _L-elimination as we now demonstate.
RAA implies L -Elimination

Suppose we have a deduction

r

7

1
Then, for any proposition P, we can add the premise —P to every leaf of the above
deduction tree and we get the deduction tree

r,-p
@/
1
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We can now apply RAA to get the following deduction tree of P from I" (because
—P is discharged), and this is just the result of | -elimination:

r,-p*
@/
i
P

+(RAA)

The above considerations also show that RAA is obtained from —-introduction
by adding the new rule of ~—-elimination (also called double-negation elimination):

r
9

;_‘P (——-elimination)
P

Some authors prefer adding the ——-elimination rule to intuitionistic logic instead
of RAA in order to obtain classical logic. As we just demonstrated, the two additions
are equivalent: by adding either RAA or ——-elimination to intuitionistic logic, we
get classical logic.

There is another way to obtain RAA from the rules of intuitionistic logic, this
time, using the propositions of the form PV —P. We saw in Proposition 1.1 that all
formulae of the form PV —P are provable in classical logic (using RAA).

Confusion 3. Are propositions of the form PV —P provable in intuitionistic

logic?
The answer is no, which may be disturbing to some readers. In fact, it is quite diffi-
cult to prove that propositions of the form PV —P are not provable in intuitionistic
logic. One method consists in using the fact that intuitionistic proofs can be normal-
ized (see Section 1.11 for more on normalization of proofs). Another method uses
Kripke models (see Section 1.8 and van Dalen [23]).

Part of the difficulty in understanding at some intuitive level why propositions
of the form PV —P are not provable in intuitionistic logic is that the notion of truth
based on the truth values true and false is deeply rooted in all of us. In this frame
of mind, it seems ridiculous to question the provability of PV —P, because its truth
value is true whether P is assigned the value true or false. Classical two-valued
truth values semantics is too crude for intuitionistic logic.

Another difficulty is that it is tempting to equate the notion of truth and the notion
of provability. Unfortunately, because classical truth values semantics is too crude
for intuitionistic logic, there are propositions that are universally true (i.e., they eval-
uate to true for all possible truth assignments of the atomic letters in them) and yet
they are not provable intuitionistically. The propositions PV —P and =—P = P are
such examples.

One of the major motivations for advocating intuitionistic logic is that it yields
proofs that are more constructive than classical proofs. For example, in classical
logic, when we prove a disjunction PV Q, we generally can’t conclude that either P
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or Q is provable, as exemplified by PV —P. A more interesting example involving a
nonconstructive proof of a disjunction is given in Section 1.5. But, in intuitionistic
logic, from a proof of PV Q, it is possible to extract either a proof of P or a proof
of O (and similarly for existential statements; see Section 1.9). This property is not
easy to prove. It is a consequence of the normal form for intuitionistic proofs (see
Section 1.11).

In brief, besides being a fun intellectual game, intuitionistic logic is only an in-
teresting alternative to classical logic if we care about the constructive nature of
our proofs. But then, we are forced to abandon the classical two-valued truth values
semantics and adopt other semantics such as Kripke semantics. If we do not care
about the constructive nature of our proofs and if we want to stick to two-valued
truth values semantics, then we should stick to classical logic. Most people do that,
so don’t feel bad if you are not comfortable with intuitionistic logic.

One way to gauge how intuitionisic logic differs from classical logic is to ask
what kind of propositions need to be added to intuitionisic logic in order to get clas-
sical logic. It turns out that if all the propositions of the form PV —P are considered
to be axioms, then RAA follows from some of the rules of intuitionistic logic.

RAA Holds in Intuitionistic Logic + All Axioms P\ —P.

The proof involves a subtle use of the _L-elimination and V-elimination rules which
may be a bit puzzling. Assume, as we do when we use the proof-by-contradiction
rule (RAA) that we have a deduction

r,-p

7
4

Here is the deduction tree demonstrating that RAA is a derived rule:

r,-p
9
Pt L (L-clim)
pPv—P P P (veelim)
At first glance, the rightmost subtree
r,—-p

2

L (Leelim)

P

appears to use RAA and our argument looks circular. But this is not so because
the premise —P labeled y is not discharged in the step that yields P as conclusion;
the step that yields P is a L -elimination step. The premise —P labeled y is actually
discharged by the V-elimination rule (and so is the premise P labeled x). So, our
argument establishing RAA is not circular after all.
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In conclusion, intuitionistic logic is obtained from classical logic by taking away
the proof-by-contradiction rule (RAA). In this more restrictive proof system, we
obtain more constructive proofs. In that sense, the situation is better than in classical
logic. The major drawback is that we can’t think in terms of classical truth values
semantics anymore.

Conversely, classical logic is obtained from intuitionistic logic in at least three
ways:

1. Add the proof-by-contradiction rule (RAA).
2. Add the ——-elimination rule.
3. Add all propositions of the form PV —P as axioms.

1.5 De Morgan Laws and Other Rules of Classical Logic

In classical logic, we have the de Morgan laws.

Proposition 1.4. The following equivalences (de Morgan laws) are provable in clas-
sical logic.

—|(P\/Q) =-PA—Q.

In fact, ~(PV Q) = —~P A—Q and (—PV —Q) = —(P A Q) are provable in intuition-
istic logic. The proposition (P\—Q) = —(P = Q) is provable in intuitionistic logic
and ~(P = Q) = (P AN—Q) is provable in classical logic. Therefore, =(P = Q)
and P\ —Q are equivalent in classical logic. Furthermore, P = Q and =PV Q are
equivalent in classical logic and (—PV Q) = (P = Q) is provable in intuitionistic
logic.

Proof. We only prove the very last part of Proposition 1.4 leaving the other parts
as a series of exercises. Here is an intuitionistic proof of (=P V Q) = (P = Q):

—P*? P*
1 Py o
o °
(=PV Q)Y P=0Q P=0
P=0 . N

(=PVQ) = (P=0)
Here is a classical proof of (P = Q) = (-PV Q):
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_pr
(=(=PVQ))* =PV Q
L i RrAA
(P = Q) P
0
(=(=PVvQ))* =PV Q
L JRAA
~PVO

Z

(P=0)= (-PVO)

The other proofs are left as exercises. 0O

Propositions 1.2 and 1.4 show a property that is very specific to classical logic,
namely, that the logical connectives =, A,V, - are not independent. For example,
we have PA Q = —(—PV —Q), which shows that A can be expressed in terms of V
and —. In intuitionistic logic, A and V cannot be expressed in terms of each other
via negation.

The fact that the logical connectives =, A,V, — are not independent in classical
logic suggests the following question. Are there propositions, written in terms of =
only, that are provable classically but not provable intuitionistically?

The answer is yes. For instance, the proposition ((P = Q) = P) = P (known as
Peirce’s law) is provable classically (do it) but it can be shown that it is not provable
intuitionistically.

In addition to the proof-by-cases method and the proof-by-contradiction method,
we also have the proof-by-contrapositive method valid in classical logic:

Proof-by-contrapositive rule:

r,-o*
9
~P

P=0

This rule says that in order to prove an implication P = Q (from I"), one may
assume —Q as proved, and then deduce that —P is provable from I" and —Q. This

inference rule is valid in classical logic because we can construct the following
deduction.
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r ) _‘QX
9
-P P
i‘ x (by-contra)
0
y
P=0

1.6 Formal Versus Informal Proofs; Some Examples

In this section, we give some explicit examples of proofs illustrating the proof prin-
ciples that we just discussed. But first, it should be said that it is practically impossi-
ble to write formal proofs (i.e., proofs written as proof trees using the rules of one of
the systems presented earlier) of “real” statements that are not “toy propositions.”
This is because it would be extremely tedious and time-consuming to write such
proofs and these proofs would be huge and thus very hard to read.

As we said before it is possible in principle to write formalized proofs however,
most of us will never do so. So, what do we do?

Well, we construct “informal” proofs in which we still make use of the logical
rules that we have presented but we take shortcuts and sometimes we even omit
proof steps (some elimination rules, such as A-elimination and some introduction
rules, such as V-introduction) and we use a natural language (here, presumably,
English) rather than formal symbols (we say “and” for A, “or” for V, etc.). As an
example of a shortcut, when using the V-elimination rule, in most cases, the disjunc-
tion PV Q has an “obvious proof” because P and Q “exhaust all the cases,” in the
sense that Q subsumes —P (or P subsumes —Q) and classically, PV —P is an axiom.
Also, we implicitly keep track of the open premises of a proof in our head rather
than explicitly discharge premises when required. This may be the biggest source
of mistakes and we should make sure that when we have finished a proof, there are
no “dangling premises,” that is, premises that were never used in constructing the
proof. If we are “lucky,” some of these premises are in fact unnecessary and we
should discard them. Otherwise, this indicates that there is something wrong with
our proof and we should make sure that every premise is indeed used somewhere in
the proof or else look for a counterexample.

We urge our readers to read Chapter 3 of Gowers [10] which contains very illu-
minating remarks about the notion of proof in mathematics.

The next question is then, “How does one write good informal proofs?”

It is very hard to answer such a question because the notion of a “good” proof
is quite subjective and partly a “social” concept. Nevertheless, people have been
writing informal proofs for centuries so there are at least many examples of what to
do (and what not to do). As for everything else, practicing a sport, playing a music
intrument, knowing “good” wines, and so on, the more you practice, the better you
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become. Knowing the theory of swimming is fine but you have to get wet and do
some actual swimming. Similarly, knowing the proof rules is important but you have
to put them to use.

Write proofs as much as you can. Find good proof writers (like good swimmers,
good tennis players, etc.), try to figure out why they write clear and easily readable
proofs and try to emulate what they do. Don’t follow bad examples (it will take you
a little while to “smell” a bad proof style).

Another important point is that nonformalized proofs make heavy use of modus
ponens. This is because, when we search for a proof, we rarely (if ever) go back to
first principles. This would result in extremely long proofs that would be basically
incomprehensible. Instead, we search in our “database” of facts for a proposition of
the form P = Q (an auxiliary lemma) that is already known to be proved, and if we
are smart enough (lucky enough), we find that we can prove P and thus we deduce
0, the proposition that we really need to prove. Generally, we have to go through
several steps involving auxiliary lemmas. This is why it is important to build up a
database of proven facts as large as possible about a mathematical field: numbers,
trees, graphs, surfaces, and so on. This way, we increase the chance that we will
be able to prove some fact about some some field of mathematics. On the other
hand, one might argue that it might be better to start fresh and not to know much
about a problem in order to tackle it. Somehow, knowing too much may hinder
one’s creativity. There are indeed a few examples of this phenomenon where very
smart people solve a difficult problem basically “out of the blue,” having little if any
knowledge about the problem area. However, I claim that these cases are few and
that the average human being has a better chance of solving a problem if she or he
possesses a larger rather than a smaller database of mathematical facts in a problem
area. Like any sport, it is also crucial to keep practicing (constructing proofs).

Let us conclude our discussion with a concrete example illustrating the usefulnes
of auxiliary lemmas.

Say we wish to prove the implication

~(PAQ) = ((-PA=Q)V (=PAQ)V (PA-Q)). ()

It can be shown that the above proposition is not provable intuitionistically, so we
have to use the proof-by-contradiction method in our proof. One quickly realizes
that any proof ends up re-proving basic properties of A and V, such as associativity,
commutativity, idempotence, distributivity, and so on, some of the de Morgan laws,
and that the complete proof is very large. However, if we allow ourselves to use the
de Morgan laws as well as various basic properties of A and V, such as distributivity,

(AAB)VC = (ANC)V (BAC),

commutativity of A and V (AAB=BAA,AV B= BV A), associativity of A and V
(ANBAC)=(AANB)AC, AV (BVC)=(AVB)VC), and the idempotence of A
and V (ANA=A,AVA=A), then we get
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(=PA=Q)V(=PAQ)V(PA=Q) = (=PA=Q)V (=P A=Q)
V (=PAQ)V (PA-Q)
= (-PA-Q)V (=PAQ)

V (=PA=Q)V (PA-Q)
(=PA(=QVQ))V (=PA=Q)V (PA-Q)
PV (=PA-Q)V (PA-Q)
=PV ((=PVP)A-Q)
=-PV-Q,

where we make implicit uses of commutativity and associativity, and the fact that
RA(PV—P) =R, and by de Morgan,

~(PAQ) =-PV -0,

using auxiliary lemmas, we end up proving (*) without too much pain.
And now, we return to some explicit examples of informal proofs.
Recall that the set of integers is the set

z={..,-2,-1,0,1,2,...}
and that the set of natural numbers is the set
N={0,1,2,...}.

(Some authors exclude 0 from N. We don’t like this discrimination against zero.) An
integer is even if it is divisible by 2, that is, if it can be written as 2k, where k € Z.
An integer is odd if it is not divisible by 2, that is, if it can be written as 2k + 1,
where k € Z. The following facts are essentially obvious.

(a) The sum of even integers is even.

(b) The sum of an even integer and of an odd integer is odd.
(c) The sum of two odd integers is even.

(d) The product of odd integers is odd.

(e) The product of an even integer with any integer is even.

Now, we prove the following fact using the proof-by-cases method.

Proposition 1.5. Let a, b, c be odd integers. For any integers p and q, if p and q are
not both even, then
ap® +bpq+cq®

is odd.
Proof. We consider the three cases:

1. p and g are odd. In this case as a,b, and ¢ are odd, by (d) all the products
ap?,bpq, and cqg” are odd. By (c), ap® 4 bpq is even and by (b), ap® +bpq +cq*
is odd.



1.6 Formal Versus Informal Proofs; Some Examples 37

2. pis even and ¢ is odd. In this case, by (e), both ap? and bpq are even and by
(d), cg? is odd. But then, by (a), ap® + bpq is even and by (b), ap* + bpq + cq*
is odd.

3. pisodd and g is even. This case is analogous to the previous case, except that p
and ¢ are interchanged. The reader should have no trouble filling in the details.

All three cases exhaust all possibilities for p and ¢ not to be both even, thus the
proof is complete by the V-elimination rule (applied twice). O

The set of rational numbers Q consists of all fractions p/g, where p,q € Z, with
q # 0. The set of real numbers is denoted by R. A real number, a € R, is said to be
irrational if it cannot be expressed as a number in Q (a fraction).

We now use Proposition 1.5 and the proof by contradiction method to prove the
following.

Proposition 1.6. Let a, b, c be odd integers. Then, the equation
aX*+bX+c=0

has no rational solution X. Equivalently, every zero of the above equation is irra-
tional.

Proof. We proceed by contradiction (by this, we mean that we use the proof-by-
contradiction rule). So, assume that there is a rational solution X = p/q. We may
assume that p and ¢ have no common divisor, which implies that p and ¢ are not
both even. As g # 0, if aX? + bX + ¢ = 0, then by multiplying by ¢*, we get

ap® +bpq+cq® =0.

However, as p and g are not both even and a, b, ¢ are odd, we know from Proposition
1.5 that ap® 4+ bpg + cq? is odd. This contradicts the fact that p? +bpg+cq*> =0
and thus, finishes the proof. O

Remark: A closer look at the proof of Proposition 1.6 shows that rather than us-
ing the proof-by-contradiction rule we really used —-introduction (a “constructive”
version of RAA).

As as example of the proof-by-contrapositive method, we prove that if an integer
n? is even, then n must be even.

Observe that if an integer is not even then it is odd (and vice versa). This fact
may seem quite obvious but to prove it actually requires using induction (which we
haven’t officially met yet). A rigorous proof is given in Section 1.10.

Now, the contrapositive of our statement is: if n is odd, then n? is odd. But, to
say that 7 is odd is to say that n = 2k + 1 and then, n*> = (2k 4 1)> = 4k> + 4k + 1 =
2(2k* +2k) + 1, which shows that n? is odd.

As it is, because the above proof uses the proof-by-contrapositive method, it is
not constructive. Thus, the question arises, is there a constructive proof of the above
fact?
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Indeed there is a constructive proof if we observe that every integer n is either
even or odd but not both. Now, one might object that we just relied on the law of the
excluded middle but there is a way to circumvent this problem by using induction;
see Section 1.10 for a rigorous proof.

Now, because an integer is odd iff it is not even, we may proceed to prove that
if n is even, then n is not odd, by using our constructive version of the proof-by-
contradiction principle, namely, —-introduction.

Therefore, assume that n2 is even and that 7 is odd. Then, n = 2k + 1, which
implies that n* =4k% +4k+1= 2(2k2 +2k) + 1, an odd number, contradicting the
fact that n” is asssumed to be even. [

As another illustration of the proof methods that we have just presented, let us
prove that \@ is irrational, which means that \/2 is not rational. The reader may also
want to look at the proof given by Gowers in Chapter 3 of his book [10]. Obviously,
our proof is similar but we emphasize step (2) a little more.

Because we are trying to prove that v/2 is not rational, let us use our constructive
version of the proof-by-contradiction principle, namely, —-introduction. Thus, let
us assume that /2 is rational and derive a contradiction. Here are the steps of the
proof.

1. If \/2 is rational, then there exist some integers p,q € Z, with g # 0, so that
V2=p/q.
2. Any fraction p/q is equal to some fraction r/s, where r and s are not both even.
3. By (2), we may assume that
v2="?,
q

where p,q € Z are not both even and with g # 0.
4. By (3), because ¢ # 0, by multiplying both sides by g, we get

gvV2=p.
5. By (4), by squaring both sides, we get
24 = p°.

6. Inasmuch as p? = 242, the number p> must be even. By a fact previously estab-
lished, p itself is even; that is, p = 2s, for some s € Z.

7. By (6), if we substitute 2s for p in the equation in (5) we get 2¢> = 4s°. By
dividing both sides by 2, we get

q2 =2s%.

8. By (7), we see that ¢ is even, from which we deduce (as above) that g itself is
even.

9. Now, assuming that v/2 = p/q where p and q are not both even (and g # 0),
we concluded that both p and q are even (as shown in (6) and(8)), reaching
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a contradiction. Therefore, by negation introduction, we proved that v/2 is not
rational.

A closer examination of the steps of the above proof reveals that the only step
that may require further justification is step (2): that any fraction p/q is equal to
some fraction r/s where r and s are not both even.

This fact does require a proof and the proof uses the division algorithm, which
itself requires induction (see Section 5.3, Theorem 5.7). Besides this point, all the
other steps only require simple arithmetic properties of the integers and are con-
structive.

Remark: Actually, every fraction p/q is equal to some fraction r/s where r and
s have no common divisor except 1. This follows from the fact that every pair of
integers has a greatest common divisor (a gcd; see Section 5.4) and r and s are
obtained by dividing p and ¢ by their gcd. Using this fact and Euclid’s proposition
(Proposition 5.9), we can obtain a shorter proof of the irrationality of /2. First, we
may assume that p and ¢ have no common divisor besides 1 (we say that p and ¢
are relatively prime). From (5), we have

2¢* = p?,

so ¢ divides p?. However, ¢ and p are relatively prime and as g divides p> = p x p,
by Euclid’s proposition, g divides p. But because 1 is the only common divisor of p
and g, we must have g = 1. Now, we get p2 =2, which is impossible inasmuch as 2
is not a perfect square.

The above argument can be easily adapted to prove that if the positive integer n
is not a perfect square, then /n is not rational.

Let us return briefly to the issue of constructivity in classical logic, in particular
when it comes to disjunctions. Consider the question: are there two irrational real
numbers a and b such that a” is rational? Here is a way to prove that this is indeed

. 2 . . .

the case. Consider the number ﬂf. If this number is rational, then a = v/2 and
b= ﬁ is an answer to our question (because we already know that ﬁ is irrational).
Now, observe that

(\fZﬁ)‘/j = \/Eﬁx\/E = \/52 =2 isrational.

Thus, if \@ﬁ is irrational, then a = \ﬁﬁ and b = /2 is an answer to our question.
So, we proved that

(v/2 is irrational and ﬁﬂ is rational) or

(/2" and V/2 are irrational and (v/2" ") V? is rational).

However, the above proof does not tell us whether \/Qﬁ is rational!

We see one of the shortcomings of classical reasoning: certain statements (in

particular, disjunctive or existential) are provable but their proof does not provide
an explicit answer. It is in that sense that classical logic is not constructive.
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Many more examples of nonconstructive arguments in classical logic can be
given.
Remark: Actually, it turns out that another irrational number b can be found so that
b, . . . s .
V/2" is rational and the proof that b is not rational is fairly simple. It also turns out

2. S .
that the exact nature of ﬂ\[ (rational or irrational) is known. The answers to these
puzzles can be found in Section 1.9.

1.7 Truth Values Semantics for Classical Logic
Soundness and Completeness

So far, even though we have deliberately focused on proof theory and ignored se-
mantic issues, we feel that we can’t postpone any longer a discussion of the truth
values semantics for classical propositional logic.

We all learned early on that the logical connectives =, A, V, and — can be inter-
preted as Boolean functions, that is, functions whose arguments and whose values
range over the set of truth values,

BOOL = {true, false}.

These functions are given by the following truth tables.

P | QO |P=Q|PANQ|PVQ|—-P
true true| true | true | true |false
true |false| false |false | true |false
false|true| true |false | true |true
false|false| true |false |false |true

Now, any proposition P built up over the set of atomic propositions PS (our
propositional symbols) contains a finite set of propositional letters, say

{Ph...,Pm}.

If we assign some truth value (from BOOL) to each symbol P; then we can “com-
pute” the truth value of P under this assignment by using recursively using the truth
tables above. For example, the proposition P; = (P; = P,), under the truth assign-
ment v given by

P, = true, P, = false,

evaluates to false. Indeed, the truth value, v(P; = (P = P3)), is computed recur-
sively as
V(P] = (P1 = Pz)) = V(Pl) = V(Pl = Pz).

Now, v(P;) = true and v(P; = P,) is computed recursively as



1.7 Truth Values Semantics for Classical Logic 41
v(P; = P) =v(P) = v(Py).
Because v(P;) = true and v(P,) = false, using our truth table, we get
v(P; = P;) = true = false = false.
Plugging this into the right-hand side of v(P; = (P; = P,)), we finally get
v(P; = (P; = P;)) = true = false = false.
However, under the truth assignment v given by
P, = true, P, = true,

we find that our proposition evaluates to true.
If we now consider the proposition

P= (P1 = (P2 =>P1)),

then it is easy to see that P evaluates to true for all four possible truth assignments
for P1 and Pz.

Note that to be rigorous, we need to justify why it is legitimate to define a func-
tion by recursion. This is done in Section 2.5.

Definition 1.5. We say that a proposition P is satisfiable iff it evaluates to true for
some truth assignment (taking values in BOOL) of the propositional symbols oc-
curring in P and otherwise we say that it is unsatisfiable. A proposition P is valid
(or a rautology) iff it evaluates to true for all truth assignments of the propositional
symbols occurring in P.

The problem of deciding whether a proposition is satisfiable is called the satisfia-
bility problem and is sometimes denoted by SAT. The problem of deciding whether
a proposition is valid is called the validity problem.

For example, the proposition

P= (Pl V=PV ﬁP3) AN (—|P1 V —|P3) N (Pl VP, \/P4) A\ (—|P3 \/P4) A\ (—‘Pl \/P4)

is satisfiable because it evaluates to true under the truth assignment P; = true,
P, = false, P; = false, and P4 = true. On the other hand, the proposition

0= (P] VP, \/P3) A (—|P1 \/Pz) A (—|P2 \/P3) A (P] \Y —\P3) A (—\P1 VPV —\P3)

is unsatisfiable as one can verify by trying all eight truth assignments for Py, P,, P5.
The reader should also verify that the proposition

R = (ﬁP] /\ﬁPz/\ﬁPg,) V (P1 /\ﬁPz) V (Pz/\ﬁP3) V (ﬁPl /\P3) V (P1 AP, /\P3)

is valid (observe that the proposition R is the negation of the proposition Q).
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The satisfiability problem is a famous problem in computer science because of
its complexity. Try it; solving it is not as easy as you think. The difficulty is that if
a proposition P contains n distinct propositional letters, then there are 2" possible
truth assignments and checking all of them is practically impossible when  is large.

In fact, the satisfiability problem turns out to be an NP-complete problem, a very
important concept that you will learn about in a course on the theory of compu-
tation and complexity. Very good expositions of this kind of material are found in
Hopcroft, Motwani, and Ullman [12] and Lewis and Papadimitriou [16]. The valid-
ity problem is also important and it is related to SAT. Indeed, it is easy to see that a
proposition P is valid iff —P is unsatisfiable.

What’s the relationship between validity and provability in the system NIV
(or NGV )2

Remarkably, in classical logic, validity and provability are equivalent.

In order to prove the above claim, we need to do two things:

(1) Prove that if a proposition P is provable in the system N7V (or the system
N7V then it is valid. This is known as soundness or consistency (of the
proof system).

(2) Prove that if a proposition P is valid, then it has a proof in the system NNV
(or A°G7>">V+1). This is known as the completeness (of the proof system).

In general, it is relatively easy to prove (1) but proving (2) can be quite com-
plicated. In fact, some proof systems are not complete with respect to certain
semantics. For instance, the proof system for intuitionistic logic .A4] =i AVd (or

NG ?’A’V’L) is not complete with respect to truth values semantics. As an example,
((P = Q) = P) = P (known as Peirce’s law), is valid but it can be shown that it
cannot be proved in intuitionistic logic.

In this book, we content ourselves with soundness.

Proposition 1.7. (Soundness of N and JV%?’/\’V’L) If a proposition P is
provable in the system NIV (or JV%?’A’V’L), then it is valid (according to the
truth values semantics).

Sketch of Proof. It is enough to prove that if there is a deduction of a proposition P
from a set of premises I then for every truth assignment for which all the proposi-
tions in I evaluate to true, then P evaluates to true. However, this is clear for the
axioms and every inference rule preserves that property.

Now, if P is provable, a proof of P has an empty set of premises and so P evaluates
to true for all truth assignments, which means that P is valid. O

Theorem 1.1. (Completeness of N and JV%?’A’V’L) If a proposition P is
valid (according to the truth values semantics), then P is provable in the system

NV or NGTIVL),

Proofs of completeness for classical logic can be found in van Dalen [23] or
Gallier [4] (but for a different proof system).



1.8 Kripke Models for Intuitionistic Logic 43

Soundness (Proposition 1.7) has a very useful consequence: in order to prove
that a proposition P is not provable, it is enough to find a truth assignment for which
P evaluates to false. We say that such a truth assignment is a counterexample for
P (or that P can be falsified). For example, no propositional symbol P; is provable
because it is falsified by the truth assignment P; = false.

The soundness of the proof system N or N @7 V:1y also has the ex-
tremely important consequence that L cannot be proved in this system, which means
that contradictory statements cannot be derived. This is by no means obvious at first
sight, but reassuring. It is also possible to prove that the proof system NIV
is consistent (i.e., L cannot be proved) by purely proof-theoretic means involving
proof normalization (See Section 1.11), but this requires a lot more work.

Note that completeness amounts to the fact that every unprovable formula has a
counterexample.

Remark: Truth values semantics is not the right kind of semantics for intuitionistic
logic; it is too coarse. A more subtle kind of semantics is required. Among the
various semantics for intuitionistic logic, one of the most natural is the notion of
the Kripke model. Then, again, soundness and completeness hold for intuitionistic
proof systems (see Section 1.8 and van Dalen [23]).

Fig. 1.3 Saul Kripke, 1940-

1.8 Kripke Models for Intuitionistic Logic
Soundness and Completeness

In this section, we briefly describe the semantics of intuitionistic propositional logic
in terms of Kripke models. This section has been included to quench the thirst of
those readers who can’t wait to see what kind of decent semantics can be given
for intuitionistic propositional logic and it can be safely omitted. We recommend
reviewing the material of Section 5.1 before reading this section.

In classical truth values semantics based on BOOL = {true, false}, we might say
that truth is absolute. The idea of Kripke semantics is that there is a set of worlds W
together with a partial ordering < on W, and that truth depends on in which world
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we are. Furthermore, as we “go up” from a world « to a world v with u < v, truth
“can only increase,” that is, whatever is true in world u# remains true in world v. Also,
the truth of some propositions, such as P = Q or —P, depends on “future worlds.”
With this type of semantics, which is no longer absolute, we can capture exactly the
essence of intuitionistic logic. We now make these ideas precise.

Definition 1.6. A Kripke model for intuitionistic propositional logic is a pair 2 =
(W, @) where W is a partially ordered (nonempty) set called a set of worlds and ¢ is
a function @: W — BOOLYS such that for every u € W, the function ¢@(u): PS —
BOOL is an assignment of truth values to the propositional symbols in PS satisfying
the following property. For all u,v € W, for all P; € PS,

ifu <vand @(u)(P;) = true, then ¢(v)(P;) = true.

As we said in our informal comments, truth can’t decrease when we move from a
world u to a world v with u < v but truth can increase; it is possible that ¢ (u)(P;) =
false and yet, @(v)(P;) = true. We use Kripke models to define the semantics of
propositions as follows.

Definition 1.7. Given a Kripke model .Z" = (W, @), for every u € W and for every
proposition P we say that P is satisfied by % at u and we write @ (u)(P) = true iff

(a) ¢(u)(P;) = true, if P=P; € PS.

(b) @(u)(Q) = true and @(u)(R) = true, if P= Q AR.

(¢) ¢(u)(Q) =true or @(u)(R) = true, if P=QVR.

(d) For all v such that u <v, if (v)(Q) = true, then ¢(v)(R) = true, if P=Q = R.
(e) For all v such that u <v, @(v)(Q) = false, if P = —Q.

(f) @(u)(L) = false; that is, L is not satisfied by %" at u (for any .#" and any u).

We say that P is valid in ¢ (or that 2 is a model of P) iff P is satisfied by 2" =
(W, ) at u for all u € W and we say that P is intuitionistically valid iff P is valid in
every Kripke model 7.

When P is satisfied by JZ” at u we also say that P is true at u in ¢ . Note that the
truth at u € W of a proposition of the form Q = R or —=Q depends on the truth of O
and R at all “future worlds,” v € W, with u < v. Observe that classical truth values
semantics corresponds to the special case where W consists of a single element (a
single world).

If W = {0, 1} ordered so that 0 < 1 and if ¢ is given by

¢(0)(P;) = false
o(1)(P;) = true,

then #.0 = (W, @) is a Kripke structure. The reader should check that the proposi-
tion P = (P; V —P;) has the value false at 0 because ¢(0)(P;) = false but ¢(1)(P;) =
true, so clause (e) fails for —P; at u = 0. Therefore, P = (P; V —P;) is not valid in
Jhaa and thus, it is not intuitionistically valid. We escaped the classical truth values
semantics by using a universe with two worlds. The reader should also check that
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@(u)(——P) =true iff forall vsuchthatu <v

there is some w with v < w so that ¢(w)(P) = true.

This shows that in Kripke semantics, ——P is weaker than P, in the sense that
¢@(u)(——P) = true does not necessarily imply that ¢@(u)(P) = true. The reader
should also check that the proposition ——P; = P; is not valid in the Kripke structure
%ad

As we said in the previous section, Kripke semantics is a perfect fit to intuition-
istic provability in the sense that soundness and completeness hold.

Proposition 1.8. (Soundness of (/‘?:,/\7\/‘1_ and JV%?’/\’V’J‘) If a proposition P is

provable in the system e/ifj’/\’v’l (or JV%?’A’V’L), then it is valid in every Kripke
model, that is, it is intuitionistically valid.

Proposition 1.8 is not hard to prove. We consider any deduction of a proposition
P from a set of premises I and we prove that for every Kripke model % = (W, @),
for every u € W, if every premise in I is satisfied by %" at u, then P is also satisfied
by % at u. This is obvious for the axioms and it is easy to see that the inference
rules preserve this property.

Completeness also holds, but it is harder to prove (see van Dalen [23]).

Theorem 1.2. (Completeness ofe/K;s‘A‘v‘l and JV%?’A’V’L) If a proposition P is
intuitionistically valid, then P is provable in the system JI{:’/\’V’J‘ (or JV%?'A'V'J‘).

Another proof of completeness for a different proof system for propositional in-
tuitionistic logic (a Gentzen-sequent calculus equivalent to .4¥ ?’A’V’J‘) is given in
Takeuti [21]. We find this proof more instructive than van Dalen’s proof. This proof
also shows that if a proposition P is not intuitionistically provable, then there is a
Kripke model .#~ where W is a finite tree in which P is not valid. Such a Kripke
model is called a counterexample for P.

We now add quantifiers to our language and give the corresponding inference
rules.

1.9 Adding Quantifiers; The Proof Systems ,/VC:”A’V’V’H’L,
r/1/g:>,/\.,\/,V,H,L
C

As we mentioned in Section 1.1, atomic propositions may contain variables. The
intention is that such variables correspond to arbitrary objects. An example is

human(x) = needs-to-drink(x).

Now, in mathematics, we usually prove universal statements, that is statements that
hold for all possible “objects,” or existential statements, that is, statements asserting
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the existence of some object satisfying a given property. As we saw earlier, we assert
that every human needs to drink by writing the proposition

Vx(human(x) = needs-to-drink(x)).

Observe that once the quantifier V (pronounced “for all” or “for every”) is applied
to the variable x, the variable x becomes a placeholder and replacing x by y or any
other variable does not change anything. What matters is the locations to which the
outer x points in the inner proposition. We say that x is a bound variable (sometimes
a “dummy variable”).

If we want to assert that some human needs to drink we write

Ix(human(x) = needs-to-drink(x));

Again, once the quantifier 3 (pronounced “there exists”) is applied to the variable x,
the variable x becomes a placeholder. However, the intended meaning of the second
proposition is very different and weaker than the first. It only asserts the existence
of some object satisfying the statement

human(x) = needs-to-drink(x).

Statements may contain variables that are not bound by quantifiers. For example,
in
Vyparent(x,y)
the variable y is bound but the variable x is not. Here, the intended meaning of
parent(x,y) is that x is a parent of y. Variables that are not bound are called free. The
proposition
Vydxparent(x,y),

which contains only bound variables is meant to assert that every y has some par-
ent x. Typically, in mathematics, we only prove statements without free variables.
However, statements with free variables may occur during intermediate stages of a
proof.

The intuitive meaning of the statement VxP is that P holds for all possible objects
x and the intuitive meaning of the statement JxP is that P holds for some object x.
Thus, we see that it would be useful to use symbols to denote various objects. For
example, if we want to assert some facts about the “parent” predicate, we may want
to introduce some constant symbols (for short, constants) such as “Jean,” “Mia,” and
so on and write

parent(Jean, Mia)

to assert that Jean is a parent of Mia. Often, we also have to use function symbols
(or operators, constructors), for instance, to write a statement about numbers: +, *,
and so on. Using constant symbols, function symbols, and variables, we can form
terms, such as

(xxx+1)x(3*xy+2).
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In addition to function symbols, we also use predicate symbols, which are names
for atomic properties. We have already seen several examples of predicate symbols:
“human,” “parent.” So, in general, when we try to prove properties of certain classes
of objects (people, numbers, strings, graphs, and so on), we assume that we have a
certain alphabet consisting of constant symbols, function symbols, and predicate
symbols. Using these symbols and an infinite supply of variables (assumed distinct
from the variables we use to label premises) we can form terms and predicate terms.
We say that we have a (logical) language. Using this language, we can write com-
pound statements.

Let us be a little more precise. In a first-order language L in addition to the
logical connectives =, A, V,—, 1, V, and 3, we have a set L of nonlogical symbols
consisting of

(1) A set CS of constant symbols, c1,ca,...,.
(i1) A set FS of function symbols, fi, f2,...,. Each function symbol f has a rank
ny > 1, which is the number of arguments of f.

(iii) A set PS of predicate symbols, Py, P,, .. .,. Each predicate symbol P has a rank
np > 0, which is the number of arguments of P. Predicate symbols of rank 0
are propositional symbols as in earlier sections.

(iv) The equality predicate = is added to our language when we want to deal with
equations.

(v) First-order variables ?1,1,, ... used to form quantified formulae.

The difference between function symbols and predicate symbols is that function
symbols are interpreted as functions defined on a structure (e.g., addition, +, on
N), whereas predicate symbols are interpreted as properties of objects, that is, they
take the value true or false. An example is the language of Peano arithmetic, L. =
{0,S,+, *,=}. Here, the intended structure is N, 0 is of course zero, S is interpreted
as the function S(n) = n+ 1, the symbol + is addition, x is multiplication, and = is
equality.

Using a first-order language L, we can form terms, predicate terms, and formulae.
The terms over L are the following expressions.

(i) Every variable ¢ is a term.
(i) Every constant symbol ¢ € CS, is a term.
(iii) If f € FS is a function symbol taking n arguments and 7,...,7T, are terms
already constructed, then f(7y,...,T,) is a term.

The predicate terms over L are the following expressions.

(1) If P € PS is a predicate symbol taking n arguments and 7,...,7T, are terms
already constructed, then P(7,...,7,) is a predicate term. When n = 0, the
predicate symbol P is a predicate term called a propositional symbol.

(i) When we allow the equality predicate, for any two terms 7; and 7, the expres-
sion 7] = T is a predicate term. It is usually called an equation.

The (first-order) formulae over L are the following expressions.
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(i) Every predicate term P(7j,...,T,) is an atomic formula. This includes all
propositional letters. We also view L (and sometimes T) as an atomic formula.

(i) When we allow the equality predicate, every equation T; = T, is an atomic
formula.

(iii) If P and Q are formulae already constructed, then P = Q, PAQ, PV Q, —P are
compound formulae. We treat P = Q as an abbreviation for (P = Q) A (Q = P),
as before.

@iv) If P is a formula already constructed and ¢ is any variable, then V¢P and JtP
are quantified compound formulae.

All this can be made very precise but this is quite tedious. Our primary goal is
to explain the basic rules of logic and not to teach a full-fledged logic course. We
hope that our intuitive explanations will suffice and we now come to the heart of the
matter, the inference rules for the quantifiers. Once again, for a complete treatment,
readers are referred to Gallier [4], van Dalen [23], or Huth and Ryan [14].

Unlike the rules for =>,V, A and L, which are rather straightforward, the rules
for quantifiers are more subtle due to the presence of variables (occurring in terms
and predicates). We have to be careful to forbid inferences that would yield “wrong”
results and for this we have to be very precise about the way we use free variables.
More specifically, we have to exercise care when we make substitutions of terms for
variables in propositions. For example, say we have the predicate “odd,” intended
to express that a number is odd. Now, we can substitute the term (2y + 1)? for x in
odd(x) and obtain

odd((2y+1)%).
More generally, if P(,12,...,1,) is a statement containing the free variables i, ...,
and if 71,..., T, are terms, we can form the new statement

P[Tl/l‘l,...,Tn/tn]

obtained by substituting the term 7; for all free occurrences of the variable 7;, for
i=1,...,n. By the way, we denote terms by the Greek letter T because we use the
letter ¢ for a variable and using ¢ for both variables and terms would be confusing;
sorry.

However, if P(t1,1,...,t,) contains quantifiers, some bad things can happen;
namely, some of the variables occurring in some term 7; may become quantified
when 7; is substituted for #;. For example, consider

Vaxdy P(x,,2)
which contains the free variable z and substitute the term x 4y for z: we get
Vax3y P(x,y,x+y).

We see that the variables x and y occurring in the term x 4y become bound variables
after substitution. We say that there is a “capture of variables.”
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This is not what we intended to happen. To fix this problem, we recall that bound
variables are really place holders, so they can be renamed without changing any-
thing. Therefore, we can rename the bound variables x and y in VxJy P(x,y,z) to u
and v, getting the statement Yu3v P(u,v,z) and now, the result of the substitution is

Yudv P(u,v,x+y).

Again, all this needs to be explained very carefuly but this can be done.

Finally, here are the inference rules for the quantifiers, first stated in a natural
deduction style and then in sequent style. It is assumed that we use two disjoint
sets of variables for labeling premises (x,y,...) and free variables (z,u,v,...). As we
show, the V-introduction rule and the 3-elimination rule involve a crucial restriction
on the occurrences of certain variables. Remember, variables are terms.

Definition 1.8. The inference rules for the quantifiers are
V-introduction:
If 2 is a deduction tree for P[u/t] from the premises I, then
r
2
Plu/i]
VtP

is a deduction tree for V¢P from the premises I". Here, u must be a variable that does
not occur free in any of the propositions in I" or in V¢P. The notation P[u/t] stands
for the result of substituting u for all free occurrences of 7 in P.

Recall that I" denotes the set of premises of the deduction tree Z, so if Z only
has one node, then I" = {P[u/f]} and ¢ should not occur in P.

V-elimination:

If Z is a deduction tree for V¢P from the premises I”, then

r
2
VtP
Plt/1]
is a deduction tree for P[7/t] from the premises I". Here 7 is an arbitrary term and it

is assumed that bound variables in P have been renamed so that none of the variables
in T are captured after substitution.

F-introduction:
If 2 is a deduction tree for P[7/t] from the premises I", then

r
9
Plt/t]
JtP
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is a deduction tree for 3¢ P from the premises I". As in V-elimination, 7 is an arbitrary
term and the same proviso on bound variables in P applies.

d-elimination:

If 2, is a deduction tree for J¢P from the premises I, and if %, is a deduction
tree for C from the premises in A U {P[u/t]}, then

r A, Plu/t]*

@1 @2

JtP C .
C

is a deduction tree of C from the set of premises in I" UA. Here, u must be a variable
that does not occur free in any of the propositions in A, 3¢P, or C, and all premises
Plu/t] labeled x are discharged.

In the V-introduction and the 3J-elimination rules, the variable u is called the
eigenvariable of the inference.

In the above rules, I" or A may be empty; P,C denote arbitrary propositions
constructed from a first-order language L; 2, 9, 2, are deductions, possibly a one-
node tree; and ¢ is any variable.

The system of first-order classical logic J%:’V’A’J"V'H is obtained by adding the
above rules to the system of propositional classical logic NV The system of
first-order intuitionistic logic A = VALY s obtained by adding the above rules
to the system of propositional intuitionistic logic 4] =YL Deduction trees and
proof trees are defined as in the propositional case except that the quantifier rules
are also allowed.

Using sequents, the quantifier rules in first-order logic are expressed as follows:

Definition 1.9. The inference rules for the quantifiers in Gentzen-sequent style are

I' — Plu/it] (V-intro) I —vtP

I' —»vtP I' — P[t/t] (v-elim)

where in (V-intro), u does not occur free in I or VtP;

I' — P[t/t]
I' = 3tP

I'—»3tP z: Plu/t],l’ - C
r—c

(d-intro) (F-elim),

where in (3-elim), u does not occur free in I", JtP, or C. Again, ¢ is any variable.
The variable u is called the eigenvariable of the inference. The systems

NGNS and JV%?‘V‘A’J"V’H are defined from the systems .4’ %-"""* and

NG ?’V’A’L, respectively, by adding the above rules. As usual, a deduction tree is
a either a one-node tree or a tree constructed using the above rules and a proof tree
is a deduction tree whose conclusion is a sequent with an empty set of premises (a
sequent of the form @ — P).
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When we say that a proposition P is provable from I we mean that we can
construct a proof tree whose conclusion is P and whose set of premises is I in
one of the systems NIV oy %?’A’V’L’v’a. Therefore, as in propositional
logic, when we use the word “provable” unqualified, we mean provable in classical
logic. Otherwise, we say intuitionistically provable.

In order to prove that the proof systems NIV and g?,/\,v,i,v,a are
equivalent (and similarly for 4] F ANV and g ?’A’V’L’v’a), we need to prove

{/V=>,/\,\/,J_,V,E|
c

that every deduction in the system using the 3-elimination rule

r A, Plu/t]*
D D
P C .
C

(with the usual restriction on «) can be converted to a deduction using the following
version of the 3-elimination rule.

r T, Pu/t)*

.@] @2

JtP Cc .
C

where u is a variable that does not occur free in any of the propositions in I", 3P,
or C. We leave the details as Problem 1.17.

A first look at the above rules shows that universal formulae VP behave some-
what like infinite conjunctions and that existential formulae 3¢P behave somewhat
like infinite disjunctions.

The V-introduction rule looks a little strange but the idea behind it is actually
very simple: Because u is totally unconstrained, if P[u/t] is provable (from I'), then
intuitively P[u/t] holds of any arbitrary object, and so, the statement V¢ P should also
be provable (from I"). Note that the tree

Plu/t]
VtP

is generally an illegal deduction because the deduction tree above V¢P is a one-node
tree consisting of the single premise P[u/t], and u occurs in P[u/t] unless ¢ does not
occur in P.

The meaning of the V-elimination is that if VzP is provable (from I"), then P
holds for all objects and so, in particular for the object denoted by the term 7; that
is, P[t/t] should be provable (from I').

The J-introduction rule is dual to the V-elimination rule. If P[t/t] is provable
(from I'), this means that the object denoted by T satisfies P, so JtP should be
provable (this latter formula asserts the existence of some object satisfying P, and T
is such an object).
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The 3-elimination rule is reminiscent of the \V-elimination rule and is a little more
tricky. It goes as follows. Suppose that we proved JzP (from I"). Moreover, suppose
that for every possible case P[u/t] we were able to prove C (from I'). Then, as we
have “exhausted” all possible cases and as we know from the provability of 3¢P that
some case must hold, we can conclude that C is provable (from I") without using
Plu/t] as a premise.

Like the V-elimination rule, the 3-elimination rule is not very constructive. It
allows making a conclusion (C) by considering alternatives without knowing which
one actually occurs.

Remark: Analogously to disjunction, in (first-order) intuitionistic logic, if an exis-
tential statement 3¢P is provable, then from any proof of 3P, some term 7 can be
extracted so that P[7/f] is provable. Such a term 7 is called a witness. The witness
property is not easy to prove. It follows from the fact that intuitionistic proofs have a
normal form (see Section 1.11). However, no such property holds in classical logic
(for instance, see the a” rational with a, b irrational example revisited below).

Here is an example of a proof in the system ,/Vc:s’v’/\’L’v’3 (actually, in the system
%:’V’A’l’v’a) of the formula Vz(P A Q) = VtP AVtQ.

Vi(PAQ)* Vi(PAQ)*
Plu/t] A Qlu/1] Plu/t] A Qlu/t]
Plu/i] Qlu/1]
VtP VtQ
VtP AVtQ

Vi(PAQ) = VtP AVtQ

In the above proof, u is a new variable, that is, a variable that does not occur free in
P or Q. We also have used some basic properties of substitutions such as

(PAQ)[t/t] = P[t/i] A Ql7/1]

(PVQ)[t/1] = Plt/i]vQ[t/1]

(P=Q)[t/i] = P[t/1] = Qlz/1]
(=P)[z/t] = —P[z/t
(VsP)[t/t] = VsP[t/t]
(3sP)[t/1] = AsP[z/1],

for any term 7 such that no variable in 7 is captured during the substitution (in
particular, in the last two cases, the variable s does not occur in 7).

The reader should show that VP AVtQ = Vt (P A Q) is also provable in the system
e/ifé’v’A‘l’v’a. However, in general, one can’t just replace V by 3 (or A by V) and
still obtain provable statements. For example, 3rP AJrQ = 3t (P A Q) is not provable
at all.
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Here are some useful equivalences involving quantifiers. The first two are analo-
gous to the de Morgan laws for A and V.

Proposition 1.9. The following equivalences are provable in classical first-order
logic.

—VtP = 3t—-P
—JtP =Vt-P
Vi(PAQ) =VtPAVIQ
F(PVQ)=TPVIHO.

In fact, the last three and 3t—P = —VtP are provable intuitionistically. Moreover,
the formulae

H(PAQ)=TFPAIHQ and VitPVV:Q=Vt(PVQ)

are provable in intuitionistic first-order logic (and thus, also in classical first-order
logic).

Proof. Left as an exercise to the reader. O

Remark: We can illustrate, again, the fact that classical logic allows for noncon-
structive proofs by re-examining the example at the end of Section 1.3. There, we

proved that if \ﬁﬁ is rational, then @ = v/2 and b = v/2 are both irrational num-

. . . V2. 2
bers such that ¢ is rational and if v/2"  is irrational then a = \@f and b = /2 are
both irrational numbers such that a” is rational. By 3-introduction, we deduce that

if /2" is rational then there exist some irrational numbers a, b so that aP is rational

and if ﬂﬂ is irrational then there exist some irrational numbers a, b so that a® is
rational. In classical logic, as PV —P is provable, by V-elimination, we just proved
that there exist some irrational numbers a and b so that a® is rational.

However, this argument does not give us explicitly numbers a and b with the
required properties. It only tells us that such numbers must exist. Now, it turns out

that \@ﬁ is indeed irrational (this follows from the Gel’fond—Schneider theorem,
a hard theorem in number theory). Furthermore, there are also simpler explicit so-
lutions such as a = v/2 and b = log, 9, as the reader should check.

We conclude this section by giving an example of a “wrong proof.” Here is an
example in which the V-introduction rule is applied illegally, and thus, yields a state-
ment that is actually false (not provable). In the incorrect “proof” below, P is an
atomic predicate symbol taking two arguments (e.g., “parent”) and O is a constant
denoting zero:
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P(u,0)*
_ ~  illegal step!
VtP(z,0)

X

P(1,0) = VtP(z,0)
Vs(P(s,0) = VtP(t,0))
P(0,0) = VrP(,0)

The problem is that the variable u occurs free in the premise Plu/t,0] = P(u,0)
and therefore, the application of the V-introduction rule in the first step is illegal.
However, note that this premise is discharged in the second step and so, the appli-
cation of the V-introduction rule in the third step is legal. The (false) conclusion of
this faulty proof is that P(0,0) = VtP(z,0) is provable. Indeed, there are plenty of
properties such that the fact that the single instance P(0,0) holds does not imply that
P(t,0) holds for all 7.

Remark: The above example shows why it is desirable to have premises that are
universally quantified. A premise of the form VP can be instantiated to P[u/t], using
V-elimination, where u is a brand new variable. Later on, it may be possible to use V-
introduction without running into trouble with free occurrences of u in the premises.
But we still have to be very careful when we use V-introduction or 3-elimination.

Before concluding this section, let us give a few more examples of proofs using
the rules for the quantifiers. First, let us prove that

ViP =VuPlu/t],

where u is any variable not free in V¢P and such that u is not captured during the
substitution. This rule allows us to rename bound variables (under very mild condi-
tions). We have the proofs

(VeP)*
Plu/i]

YuPlu/t]

VtP = YuP[u/t]
and
(VuPlu/1])
Plu/t]
VtP
VuPlu/t] = VtP

Here is now a proof (intuitionistic) of

I (P= Q)= (VtP=Q),
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where ¢ does not occur (free or bound) in Q.

(VeP)
(Plu/t] = Q)* Plu/1]
(F(P=Q))f 0 )
0
-y
VtP = Q

H(P= Q)= (ViP= Q)

In the above proof, « is a new variable that does not occur in Q, VzP, or
Jt(P = Q). Because ¢ does not occur in Q, we have

(P = Q)[u/t] = Plu/t] = Q.

The converse requires (RAA) and is a bit more complicated. Here is a classical

proof:

~Plu/t]’ Plu/t]’

1
e,
Plu/1]%, QP Plu/t] = Q
) . (=3t(P=Q)) (P=Q)
Plu/t] = Q _ Lt s®raAA)
(=3 (P=0Q)) F(P=0Q) Plu/t
L p (ViP = Q)" ViP
-0 o
L ranp)
(P = Q)

X

(VtP= Q)= 3(P= Q)
Next, we give intuitionistic proofs of

(FPAQ)= FH(PNQ)

and
I (PAQ)= (FPNQ),

where ¢ does not occur (free or bound) in Q.
Here is an intuitionistic proof of the first implication:
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(FtPAQ)*

P/t Q
(3tP A Q)" Plu/t] A Q
BET J(PAQ)

(PAQ)

(FtPAQ)= F(PAQ)

In the above proof, u is a new variable that does not occur in 3¢P or Q. Because
t does not occur in Q, we have

(PAQ)[u/t] = Plu/t] AQ.

Here is an intuitionistic proof of the converse:

(Plu/t]A Q)
Plu/1] (Plu/t] A Q)
(F(PANQ))* JtP (F(PANQ))* [0)
3P ' 0

FIPAQ

I (PAQ)= (FtPAQ)

Finally, we give a proof (intuitionistic) of
(VtPV Q) = Vt(PV Q),

where ¢ does not occur (free or bound) in Q.

(VtP)*
Plu/i] o
Pluft]vQ Plu/t]v Q
(VtPV Q)? Vi(PV Q) Vi(PV Q)
Vi(PV Q) x’y

(VtPV Q) = Vt(PV Q)

In the above proof, u is a new variable that does not occur in V¢P or Q. Because
t does not occur in Q, we have

(PV Q){u/i] = Plu/i] v Q.

The converse requires (RAA).
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The useful above equivalences (and more) are summarized in the following
propositions.

Proposition 1.10. (1) The following equivalences are provable in classical first-
order logic, provided that t does not occur (free or bound) in Q.

ViPAQ =ViH(PAQ)
IPVQ = FH(PVQ)
IPAQ =TFH(PAQ)
VPV Q =Vi(PV Q).

Furthermore, the first three are provable intuitionistically and so is (VtPV Q) =
Vi(PV Q).

(2) The following equivalences are provable in classical logic, provided that t
does not occur (free or bound) in P.

Vi(P= Q) = (P=V:tQ)
#(P= Q) =(P= Q).

Furthermore, the first one is provable intuitionistically and so is 3t(P = Q) = (P =
Q).

(3) The following equivalences are provable in classical logic, provided that t
does not occur (free or bound) in Q.

Vi(P= Q) = (3P = Q)
H(P= Q)= (VtP= Q).

Furthermore, the first one is provable intuitionistically and so is (P = Q) =
(VtP = Q).

Proofs that have not been supplied are left as exercises.

Obviously, every first-order formula that is provable intuitionistically is also
provable classically and we know that there are formulae that are provable clas-
sically but not provable intuitionistically. Therefore, it appears that classical logic is
more general than intuitionistic logic. However, this not not quite so because there
is a way of translating classical logic into intuitionistic logic. To be more precise,
every classical formula A can be translated into a formula A* where A* is classically
equivalent to A and A is provable classically iff A* is provable intuitionistically. Var-
ious translations are known, all based on a “trick” involving double-negation (This
is because =——A and —A are intuitionistically equivalent). Translations were given
by Kolmogorov (1925), Godel (1933), and Gentzen (1933).

For example, Godel used the following translation.
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Fig. 1.4 Andrey N. Kolmogorov, 1903-1987 (left) and Kurt Godel, 1906—1978 (right)

A* = =—=A, if A is atomic,

(mA)" =A%,
(AAB)* = (A" ABY),
(A= B)" = ~(A* A-B"),
(AVB)* =

)

)

) = —(~A" A-BY),
(VxA)* = VxA*,

(ﬂxA)* = ﬁVXﬁA*.
Actually, if we restrict our attention to propositions (i.e., formulae without quan-
tifiers), a theorem of V. Glivenko (1929) states that if a proposition A is provable
classically, then ——A is provable intuitionistically. In view of these results, the pro-
ponents of intuitionistic logic claim that classical logic is really a special case of
intuitionistic logic. However, the above translations have some undesirable proper-
ties, as noticed by Girard. For more details on all this, see Gallier [5].

1.10 First-Order Theories

The way we presented deduction trees and proof trees may have given our readers
the impression that the set of premises I" was just an auxiliary notion. Indeed, in
all of our examples, I" ends up being empty. However, nonempty I''s are crucially
needed if we want to develop theories about various kinds of structures and objects,
such as the natural numbers, groups, rings, fields, trees, graphs, sets, and the like.
Indeed, we need to make definitions about the objects we want to study and we need
to state some axioms asserting the main properties of these objects. We do this by
putting these definitions and axioms in I". Actually, we have to allow I" to be infinite
but we still require that our deduction trees be finite; they can only use finitely many
of the formulae in I'. We are then interested in all formulae P such that A — P is
provable, where A is any finite subset of I"; the set of all such Ps is called a theory
(or first-order theory). Of course we have the usual problem of consistency: if we
are not careful, our theory may be inconsistent, that is, it may consist of all formulae.
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Let us give two examples of theories.

Our first example is the theory of equality. Indeed, our readers may have noticed
that we have avoided dealing with the equality relation. In practice, we can’t do that.

Given a language L with a given supply of constant, function, and predicate
symbols, the theory of equality consists of the following formulae taken as axioms.

Vx(x = x)
VX] "'vxnvyl "'vyn[(xl =1 ARERWAW :yn) :>f(x],---7xn) :f(yla"'vyn)]
Vxy o Vxa ¥y Yy [(xr = y1 Ao Axp = yp) AP(X1, . x0) = P(Viy e, om)],

for all function symbols (of n arguments) and all predicate symbols (of n arguments),
including the equality predicate, =, itself.

It is not immediately clear from the above axioms that = is symmetric and tran-
sitive but this can be shown easily.

Our second example is the first-order theory of the natural numbers known as
Peano arithmetic (for short, PA).

Fig. 1.5 Giuseppe Peano, 1858-932

Here, we have the constant O (zero), the unary function symbol § (for successor
function; the intended meaning is S(n) = n+ 1) and the binary function symbols +
(for addition) and * (for multiplication). In addition to the axioms for the theory of
equality we have the following axioms:

Vx=(S(x) =0)

Vavy(S(x) = S(y) = x =)
Vx(x+0=1x)

VaVy(x+S(y) = S(x+y))

Vx(x*x0=0)

VaVy(xx S(y) = xxy+x)

[A(0) AVx(A(x) = A(S(x)))] = VnA(n),

where A is any first-order formula with one free variable.
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This last axiom is the induction axiom. Observe how + and * are defined re-
cursively in terms of 0 and S and that there are infinitely many induction axioms
(countably many).

Many properties that hold for the natural numbers (i.e., are true when the symbols
0,S, 4+, * have their usual interpretation and all variables range over the natural num-
bers) can be proved in this theory (Peano arithmetic), but not all. This is another very
famous result of Godel known as Gddel’s incompleteness theorem (1931). However,
the topic of incompleteness is definitely outside the scope of this course, so we do
not say any more about it.

Fig. 1.6 Kurt Godel with Albert Einstein

However, we feel that it should be intructive for the reader to see how simple
properties of the natural numbers can be derived (in principle) in Peano arithmetic.

First, it is convenient to introduce abbreviations for the terms of the form $"(0),
which represent the natural numbers. Thus, we add a countable supply of constants,
0,1,2,3,..., to denote the natural numbers and add the axioms

n=5"0),

for all natural numbers n. We also write n+ 1 for S(n).

Let us illustrate the use of the quantifier rules involving terms (V-elimination and
J-introduction) by proving some simple properties of the natural numbers, namely,
being even or odd. We also prove a property of the natural number that we used
before (in the proof that V2 is irrational), namely, that every natural number is
either even or odd. For this, we add the predicate symbols, “even” and “odd”, to our
language, and assume the following axioms defining these predicates:

Vn(even(n) = Jk(n=2xk))
Vn(odd(n) = Jk(n =2xk+1)).

Consider the term, 2 (m+ 1) * (m+2) -+ 1, where m is any given natural number.
We would like to prove that odd(2  (m + 1) x (m+2) + 1) is provable in Peano
arithmetic.

As an auxiliary lemma, we first prove that
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Vxodd(2xx+1),

is provable in Peano arithmetic. Let p be a variable not occurring in any of the
axioms of Peano arithmetic (the variable p stands for an arbitrary natural number).
From the axiom,

Vn(odd(n) = Jk(n =2xk+1)),

by V-elimination where the term 2 * p + 1 is substituted for the variable n we get
odd(2xp+1)=3kQRxp+1=2xk+1). (*)
Now, we can think of the provable equation 2« p+1=2%p+1 as
(2xp+1=2xk+1)[p/k],
s0, by F-introduction, we can conclude that
Ik2xp+1=2xk+1),

which, by (%), implies that
odd(2xp+1).

But now, because p is a variable not occurring free in the axioms of Peano arith-
metic, by V-introduction, we conclude that

Vxodd(2xx+1).

Finally, if we use V-elimination where we substitute the term, 7= (m+1)* (m+2),
for x, we get
odd(2x(m+1)x(m+2)+1),

as claimed.
Now, we wish to prove the formula:

Vn(even(n) Vv odd(n)).
We use the induction principle of Peano arithmetic with
A(n) =even(n) Vodd(n).

For the base case, n = 0, because 0 = 2 (0 (which can be proved from the Peano
axioms), we see that even(0) holds and so even(0) VV odd(0) is proved.

For n =1, because 1 = 2% 0+ 1 (which can be proved from the Peano axioms),
we see that odd(1) holds and so even(1) V odd(1) is proved.

For the induction step, we may assume that A(n) has been proved and we need
to prove that A(n+ 1) holds.

So, assume that even(n) V odd(n) holds. We do a proof by cases.
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(a) If even(n) holds, by definition this means that n = 2k for some k and then,
n+1=2k+ 1, which again, by definition means that odd(n + 1) holds and thus,
even(n+ 1) Vodd(n+ 1) holds.

(b) If odd(n) holds, by definition this means that n = 2k + 1 for some k and then,
n+1=2k+2=2(k+ 1), which again, by definition means that even(n+ 1) holds
and thus, even(n+ 1)V odd(n + 1) holds.

By V-elimination, we conclude that even(n+ 1) V odd(n + 1) holds, establishing
the induction step.

Therefore, using induction, we have proved that

Vn(even(n) Vv odd(n)).

Actually, we know that even(n) and odd(n) are mutually exclusive, which means
that
Vn—(even(n) Aodd(n))

holds, but how do we prove it?

We can do this using induction. For n = 0, the statement odd(0) means that
0 =2k+ 1 = S(2k), for some k. However, the first axiom of Peano arithmetic states
that S(x) # O for all x, so we get a contradiction.

For the induction step, assume that —(even(n) A odd(n)) holds. We need to prove
that ~(even(n+ 1) Aodd(n+ 1)) holds and we can do this by using our constructive
proof-by-contradiction rule. So, assume that even(n+ 1) Aodd(n+ 1) holds. At this
stage, we realize that if we could prove that

Vn(even(n+ 1) = odd(n)) (%)

and
Vn(odd(n+ 1) = even(n)) (%)

then even(n+ 1) Aodd(n+ 1) would imply even(n) A odd(n), contradicting the as-
sumption —(even(n) Aodd(n)). Therefore, the proof is complete if we can prove (x)
and ().

Let’s consider the implication (x) leaving the proof of (xx) as an exercise.

Assume that even(n+ 1) holds. Then, n+ 1 = 2k, for some natural number k. We
can’t have k = 0 because otherwise we would have n+ 1 = 0, contradicting one of
the Peano axioms. But then, & is of the form k = A+ 1, for some natural number, £,
SO

n+1=2k=2(h+1)=2h+2=2h+1)+1.

By the second Peano axiom, we must have
n=2h+1,

which proves that n is odd, as desired.
In that last proof, we made implicit use of the fact that every natural number n
different from zero is of the form n = m + 1, for some natural number m which is
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formalized as
Vn((n#0) = Im(n=m+1)).

This is easily proved by induction.
Having done all this work, we have finally proved (*) and after proving (), we
will have proved that
Vn—(even(n) Aodd(n)).

It is also easy to prove that
Vn(even(n) Vv odd(n))

and
Vn—(even(n) Aodd(n))

together imply that
Vn(even(n) = —odd(n)) and Vn(odd(n) = —even(n)),
are provable, facts that we used several times in Section 1.6. This is because, if
Vx(PVQ) and Vx—(PAQ)
can be deduced intuitionistically from a set of premises, I, then
Vx(P=-Q) and Vx(Q=-P)
can also be deduced intuitionistically from I". It also follows that Vx(—~—P = P) and

Vx(——Q = Q) can be deduced intuitionistically from I".

Remark: Even though we proved that every nonzero natural number 7 is of the
form n = m+ 1, for some natural number m, the expression n — 1 does not make
sense because the predecessor function n +— n — 1 has not been defined yet in our
logical system. We need to define a function symbol “pred” satisfying the axioms:

pred(0) =0
Vn(pred(n+1) = n).

For simplicity of notation, we write n— 1 instead of pred(n). Then, we can prove that
if k #£0, then 2k — 1 =2(k— 1) 4 1 (which really should be written as pred(2k) =
2pred(k) + 1). This can indeed be done by induction; we leave the details as an
exercise. We can also define substraction, —, as a function sastisfying the axioms

Vn(n—0 = n)
VnVm(n— (m+1) = pred(n —m)).
It is then possible to prove the usual properties of subtraction (by induction).

These examples of proofs in the theory of Peano arithmetic illustrate the fact that
constructing proofs in an axiomatized theory is a very laborious and tedious process.



64 1 Mathematical Reasoning, Proof Principles, and Logic

Many small technical lemmas need to be established from the axioms, which renders
these proofs very lengthy and often unintuitive. It is therefore important to build up a
database of useful basic facts if we wish to prove, with a certain amount of comfort,
properties of objects whose properties are defined by an axiomatic theory (such as
the natural numbers). However, when in doubt, we can always go back to the formal
theory and try to prove rigorously the facts that we are not sure about, even though
this is usually a tedious and painful process. Human provers navigate in a “spectrum
of formality,” most of the time constructing informal proofs containing quite a few
(harmless) shortcuts, sometimes making extra efforts to construct more formalized
and rigorous arguments if the need arises.

Now, what if the theory of Peano arithmetic were inconsistent! How do know
that Peano arithmetic does not imply any contradiction? This is an important and
hard question that motivated a lot of the work of Gentzen. An easy answer is that the
standard model N of the natural numbers under addition and multiplication validates
all the axioms of Peano arithmetic. Therefore, if both P and =P could be proved
from the Peano axioms, then both P and —P would be true in N, which is absurd. To
make all this rigorous, we need to define the notion of truth in a structure, a notion
explained in every logic book. It should be noted that the constructivists will object
to the above method for showing the consistency of Peano arithmetic, because it
assumes that the infinite set N exists as a completed entity. Until further notice, we
have faith in the consistency of Peano arithmetic (so far, no inconsistency has been
found).

Another very interesting theory is set theory. There are a number of axiomatiza-
tions of set theory and we discuss one of them (ZF) very briefly in Section 1.12.

Several times in this chapter, we have claimed that certain formulae are not prov-
able in some logical system. What kind of reasoning do we use to validate such
claims? In the next section, we briefly address this question as well as related ones.

1.11 Decision Procedures, Proof Normalization,
Counterexamples

In the previous sections, we saw how the rules of mathematical reasoning can be
formalized in various natural deduction systems and we defined a precise notion of
proof. We observed that finding a proof for a given proposition was not a simple
matter, nor was it to acertain that a proposition is unprovable. Thus, it is natural to
ask the following question.

The Decision Problem: Is there a general procedure that takes any arbitrary
proposition P as input, always terminates in a finite number of steps, and tells us
whether P is provable?

Clearly, it would be very nice if such a procedure existed, especially if it also
produced a proof of P when P is provable.

Unfortunately, for rich enough languages, such as first-order logic, it is impos-
sible to find such a procedure. This deep result known as the undecidability of the
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decision problem or Church’s theorem was proved by A. Church in 1936 (actually,
Church proved the undecidability of the validity problem but, by Godel’s complete-
ness theorem, validity and provability are equivalent).

Fig. 1.7 Alonzo Church, 1903-1995 (left) and Alan Turing, 1912-1954 (right)

Proving Church’s theorem is hard and a lot of work. One needs to develop a good
deal of what is called the theory of computation. This involves defining models of
computation such as Turing machines and proving other deep results such as the
undecidability of the halting problem and the undecidability of the Post correspon-
dence problem, among other things, see Hopcroft, Motwani, and Ullman [12] and
Lewis and Papadimitriou [16].

So, our hopes to find a “universal theorem prover” are crushed. However, if we
restrict ourselves to propositional logic, classical or intuitionistic, it turns out that
procedures solving the decision problem do exist and they even produce a proof of
the input proposition when that proposition is provable.

Unfortunately, proving that such procedures exist and are correct in the proposi-
tional case is rather difficult, especially for intuitionistic logic. The difficulties have
a lot to do with our choice of a natural deduction system. Indeed, even for the sys-
tem 4, (or A4, ), provable propositions may have infinitely many proofs. This
makes the search process impossible; when do we know how to stop, especially if
a proposition is not provable. The problem is that proofs may contain redundancies
(Gentzen said “detours”). A typical example of redundancy is when an elimination
immediately follows an introduction, as in the following example in which 2; de-
notes a deduction with conclusion I",x: A — B and %, denotes a deduction with
conclusion I" — A.

D
I''x:A—B D5
I' +A=1B I —-A

I' - B

Intuitively, it should be possible to construct a deduction for I — B from the
two deductions Z; and &, without using at all the hypothesis x: A. This is indeed
the case. If we look closely at the deduction &, from the shape of the inference
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rules, assumptions are never created, and the leaves must be labeled with expres-
sions of the form I'',;A,x: A,y: C— C or I',A,x: A — A, where y # x and either
I'=I"orI' =I"',y: C. We can form a new deduction for I" — B as follows. In
21, wherever a leaf of the form I";A,x: A — A occurs, replace it by the deduction
obtained from 2, by adding A to the premise of each sequent in %,. Actually, one
should be careful to first make a fresh copy of &, by renaming all the variables so
that clashes with variables in &, are avoided. Finally, delete the assumption x: A
from the premise of every sequent in the resulting proof. The resulting deduction is
obtained by a kind of substitution and may be denoted as %[, /x], with some mi-
nor abuse of notation. Note that the assumptions x: A occurring in the leaves of the
formI'',A,x: A,y: C — C were never used anyway. The step that consists in trans-
forming the above redundant proof figure into the deduction Z;[%,/x] is called a
reduction step or normalization step.

The idea of proof normalization goes back to Gentzen ([7], 1935). Gentzen noted
that (formal) proofs can contain redundancies, or “detours,” and that most complica-
tions in the analysis of proofs are due to these redundancies. Thus, Gentzen had the
idea that the analysis of proofs would be simplified if it were possible to show that
every proof can be converted to an equivalent irredundant proof, a proof in normal
form. Gentzen proved a technical result to that effect, the “cut-elimination theorem,”
for a sequent-calculus formulation of first-order logic [7]. Cut-free proofs are direct,
in the sense that they never use auxiliary lemmas via the cut rule.

Remark: It is important to note that Gentzen’s result gives a particular algorithm to
produce a proof in normal form. Thus we know that every proof can be reduced to
some normal form using a specific strategy, but there may be more than one normal
form, and certain normalization strategies may not terminate.

About 30 years later, Prawitz ([17], 1965) reconsidered the issue of proof nor-
malization, but in the framework of natural deduction rather than the framework of
sequent calculi.! Prawitz explained very clearly what redundancies are in systems of
natural deduction, and he proved that every proof can be reduced to a normal form.
Furthermore, this normal form is unique. A few years later, Prawitz ([18], 1971)
showed that in fact, every reduction sequence terminates, a property also called
strong normalization.

A remarkable connection between proof normalization and the notion of compu-
tation must also be mentioned. Curry (1958) made the remarkably insightful obser-
vation that certain typed combinators can be viewed as representations of proofs (in
a Hilbert system) of certain propositions. (See in Curry and Feys [2] (1958), Chapter
9E, pages 312-315.)

Building up on this observation, Howard ([13], 1969) described a general cor-
respondence among propositions and types, proofs in natural deduction and cer-
tain typed A-terms, and proof normalization and f-reduction. (The simply typed
A-calculus was invented by Church, 1940). This correspondence, usually referred

! This is somewhat ironical, inasmuch as Gentzen began his investigations using a natural deduc-
tion system, but decided to switch to sequent calculi (known as Gentzen systems) for technical
reasons.
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Fig. 1.8 Haskell B. Curry, 1900-1982

to as the Curry—Howard isomorphism or formulae-as-types principle, is fundamen-
tal and very fruitful.

The Curry/Howard isomorphism establishes a deep correspondence between the
notion of proof and the notion of computation. Furthermore, and this is the deepest
aspect of the Curry/Howard isomorphism, proof normalization corresponds to term
reduction in the A-calculus associated with the proof system. To make the story
short, the correspondence between proofs in intuitionistic logic and typed A-terms
on one hand and between proof normalization and f3-conversion, can be used to
translate results about typed A-terms into results about proofs in intuitionistic logic.

In summary, using some suitable intuitionistic sequent calculi and Gentzen’s cut
elimination theorem or some suitable typed A-calculi and (strong) normalization re-
sults about them, it is possible to prove that there is a decision procedure for proposi-
tional intuitionistic logic. However, it can also be shown that the time-complexity of
any such procedure is very high. As a matter of fact, it was shown by Statman (1979)
that deciding whether a proposition is intuitionisticaly provable is P-space complete
[19]. Here, we are alluding to complexity theory, another active area of computer
science, Hopcroft, Motwani, and Ullman [12] and Lewis and Papadimitriou [16].

Readers who wish to learn more about these topics can read my two survey pa-
pers Gallier [6] (On the Correspondence Between Proofs and A-Terms) and Gal-
lier [5] (A Tutorial on Proof Systems and Typed A-Calculi), both available on the
website http://www.cis.upenn.edu/jean/gbooks/logic.html and the excellent intro-
duction to proof theory by Troelstra and Schwichtenberg [22].

Anybody who really wants to understand logic should of course take a look at
Kleene [15] (the famous “I.M.”), but this is not recommended to beginners.

Let us return to the question of deciding whether a proposition is not provable. To
simplify the discussion, let us restrict our attention to propositional classical logic.
So far, we have presented a very proof-theoretic view of logic, that is, a view based
on the notion of provability as opposed to a more semantic view of based on the
notions of truth and models. A possible excuse for our bias is that, as Peter Andrews
(from CMU) puts it, “truth is elusive.” Therefore, it is simpler to understand what
truth is in terms of the more “mechanical” notion of provability. (Peter Andrews
even gave the subtitle

To Truth Through Proof
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Fig. 1.9 Stephen C. Kleene, 1909-1994

to his logic book Andrews [1].)

Fig. 1.10 Peter Andrews, 1937—

However, mathematicians are not mechanical theorem provers (even if they prove
lots of stuff). Indeed, mathematicians almost always think of the objects they deal
with (functions, curves, surfaces, groups, rings, etc.) as rather concrete objects (even
if they may not seem concrete to the uninitiated) and not as abstract entities solely
characterized by arcane axioms.

It is indeed natural and fruitful to try to interpret formal statements semantically.
For propositional classical logic, this can be done quite easily if we interpret atomic
propositional letters using the truth values true and false, as explained in Section
1.7. Then, the crucial point that every provable proposition (say in N9 C:}’V’/\’L ) has
the value true no matter how we assign truth values to the letters in our proposition.
In this case, we say that P is valid.

The fact that provability implies validity is called soundness or consistency of
the proof system. The soundness of the proof system .4'¥ ?’V’A’L is easy to prove,
as sketched in Section 1.7.

We now have a method to show that a proposition P is not provable: Find some
truth assignment that makes P false.

Such an assignment falsifying P is called a counterexample. If P has a counterex-
ample, then it can’t be provable because if it were, then by soundness it would be
true for all possible truth assignments.

But now, another question comes up. If a proposition is not provable, can we
always find a counterexample for it? Equivalently, is every valid proposition prov-
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able? If every valid proposition is provable, we say that our proof system is complete
(this is the completeness of our system).

The system .4 ?’v’/\’l is indeed complete. In fact, all the classical systems that
we have discussed are sound and complete. Completeness is usually a lot harder
to prove than soundness. For first-order classical logic, this is known as Gdodel’s
completeness theorem (1929). Again, we refer our readers to Gallier [4], van Dalen
[23], or or Huth and Ryan [14] for a thorough discussion of these matters. In the
first-order case, one has to define first-order structures (or first-order models).

What about intuitionistic logic?

Well, one has to come up with a richer notion of semantics because it is no longer
true that if a proposition is valid (in the sense of our two-valued semantics using
true, false), then it is provable. Several semantics have been given for intuitionistic
logic. In our opinion, the most natural is the notion of the Kripke model, presented in
Section 1.8. Then, again, soundness and completeness hold for intuitionistic proof
systems, even in the first-order case (see Section 1.8 and van Dalen [23]).

In summary, semantic models can be used to provide counterexamples of un-
provable propositions. This is a quick method to establish that a proposition is not
provable.

We close this section by repeating something we said earlier: there isn’t just
one logic but instead, many logics. In addition to classical and intuitionistic logic
(propositional and first-order), there are: modal logics, higher-order logics, and [lin-
ear logic, a logic due to Jean-Yves Girard, attempting to unify classical and intu-
itionistic logic (among other goals).

Fig. 1.11 Jean-Yves Girard, 1947—

An excellent introduction to these logics can be found in Troelstra and Schwicht-
enberg [22]. We warn our readers that most presentations of linear logic are (very)
difficult to follow. This is definitely true of Girard’s seminal paper [9]. A more ap-
proachable version can be found in Girard, Lafont, and Taylor [8], but most readers
will still wonder what hit them when they attempt to read it.

In computer science, there is also dynamic logic, used to prove properties of
programs and temporal logic and its variants (originally invented by A. Pnueli), to
prove properties of real-time systems. So, logic is alive and well.
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1.12 Basics Concepts of Set Theory

Having learned some fundamental notions of logic, it is now a good place before
proceeding to more interesting things, such as functions and relations, to go through
a very quick review of some basic concepts of set theory. This section takes the
very “naive” point of view that a set is a collection of objects, the collection being
regarded as a single object. Having first-order logic at our disposal, we could for-
malize set theory very rigorously in terms of axioms. This was done by Zermelo
first (1908) and in a more satisfactory form by Zermelo and Fraenkel in 1921, in
a theory known as the “Zermelo—Fraenkel” (ZF) axioms. Another axiomatization
was given by John von Neumann in 1925 and later improved by Bernays in 1937. A
modification of Bernay’s axioms was used by Kurt Godel in 1940. This approach is
now known as “von Neumann—Bernays” (VNB) or “Godel-Bernays” (GB) set the-
ory. There are many books that give an axiomatic presentation of set theory. Among
them, we recommend Enderton [3], which we find remarkably clear and elegant,
Suppes [20] (a little more advanced), and Halmos [11], a classic (at a more elemen-
tary level).

Fig. 1.12 Ermnst E. Zermelo, 1871-1953 (left), Adolf A. Fraenkel, 1891-1965 (middle left), John
von Neumann, 1903—-1957 (middle right) and Paul I. Bernays, 1888—1977 (right)

However, it must be said that set theory was first created by Georg Cantor (1845—
1918) between 1871 and 1879. However, Cantor’s work was not unanimously well
received by all mathematicians.

Fig. 1.13 Georg F. L. P. Cantor, 1845-1918
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Cantor regarded infinite objects as objects to be treated in much the same way
as finite sets, a point of view that was shocking to a number of very prominent
mathematicians who bitterly attacked him (among them, the powerful Kronecker).
Also, it turns out that some paradoxes in set theory popped up in the early 1900s, in
particular, Russell’s paradox.

Fig. 1.14 Bertrand A. W. Russell, 1872-1970

Russell’s paradox (found by Russell in 1902) has to to with the
“set of all sets that are not members of themselves,”

which we denote by
R={x|x¢x}.

(In general, the notation {x | P} stand for the set of all objects satisfying the property
P)

Now, classically, either R € R or R ¢ R. However, if R € R, then the definition of
R says that R ¢ R; if R ¢ R, then again, the definition of R says that R € R.

So, we have a contradiction and the existence of such a set is a paradox. The
problem is that we are allowing a property (here, P(x) = x ¢ x), which is “too wild”
and circular in nature. As we show, the way out, as found by Zermelo, is to place a
restriction on the property P and to also make sure that P picks out elements from
some already given set (see the subset axioms below).

The apparition of these paradoxes prompted mathematicians, with Hilbert among
its leaders, to put set theory on firmer ground. This was achieved by Zermelo,
Fraenkel, von Neumann, Bernays, and Godel, to name only the major players.

In what follows, we are assuming that we are working in classical logic. We intro-
duce various operations on sets using definitions involving the logical connectives
A, V, =, ¥, and 3. In order to ensure the existence of some of these sets requires
some of the axioms of set theory, but we are rather casual about that.

Given a set A we write that some object a is an element of (belongs to) the set A
as

acA

and that a is not an element of A (does not belong to A) as

a¢A.
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When are two sets A and B equal? This corresponds to the first axiom of set
theory, called the

Extensionality Axiom
Two sets A and B are equal iff they have exactly the same elements; that is,

Vx(x € A= x€B)AVx(x e B=x€A).

The above says: every element of A is an element of B and conversely.
There is a special set having no elements at all, the empty set, denoted 0. This is
the following.

Empty Set Axiom There is a set having no members. This set is denoted @ and it is
characterized by the property
Vx(x ¢ 0).

Remark: Beginners often wonder whether there is more than one empty set. For
example, is the empty set of professors distinct from the empty set of potatoes?
The answer is, by the extensionality axiom, there is only one empty set.
Given any two objects a and b, we can form the set {a,b} containing exactly
these two objects. Amazingly enough, this must also be an axiom:

Pairing Axiom
Given any two objects a and b (think sets), there is a set {a,b} having as members
just a and b.

Observe that if a and b are identical, then we have the set {a,a}, which is denoted
by {a} and is called a singleton set (this set has a as its only element).

To form bigger sets, we use the union operation. This too requires an axiom.

Union Axiom (Version 1)
For any two sets A and B, there is a set AU B called the union of A and B defined by

x€AUB iff (x€A)V(xe€B).

This reads, x is a member of A U B if either x belongs to A or x belongs to B (or
both). We also write
AUB={x|x€A or x€B}.

Using the union operation, we can form bigger sets by taking unions with singletons.
For example, we can form

{a,b,c} ={a,b}U{c}.

Remark: We can systematically construct bigger and bigger sets by the following
method: Given any set A let
AT =AU{A}.
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If we start from the empty set, we obtain sets that can be used to define the natural
numbers and the + operation corresponds to the successor function on the natural
numbers (i.e., n+—>n—+1).

Another operation is the power set formation. It is indeed a “powerful”” operation,
in the sense that it allows us to form very big sets. For this, it is helpful to define
the notion of inclusion between sets. Given any two sets, A and B, we say that A is
a subset of B (or that A is included in B), denoted A C B, iff every element of A is
also an element of B, that is,

Vx(x €A = x €B).

We say that A is a proper subset of B iff A C B and A # B. This implies that that
there is some b € B with b ¢ A. We usually write A C B.
Observe that the equality of two sets can be expressed by

A=B iff ACB and BCA.

Power Set Axiom
Given any set A, there is a set Z(A) (also denoted 2*4) called the power set of A
whose members are exactly the subsets of A; that is,

XePA) iff XCA.
For example, if A = {a,b,c}, then

P(A) ={0,{a},{b}.{c} {a,b},{a,c},{b,c} {a,b,c}},

a set containing eight elements. Note that the empty set and A itself are always
members of Z2(A).

Remark: If A has n elements, it is not hard to show that &7(A) has 2" elements.
For this reason, many people, including me, prefer the notation 24 for the power set
of A.

At this stage, we define intersection and complementation. For this, given any
set A and given a property P (specified by a first-order formula) we need to be able
to define the subset of A consisting of those elements satisfying P. This subset is
denoted by

{xeA|P}.

Unfortunately, there are problems with this construction. If the formula P is some-
how a circular definition and refers to the subset that we are trying to define, then
some paradoxes may arise.

The way out is to place a restriction on the formula used to define our subsets,
and this leads to the subset axioms, first formulated by Zermelo. These axioms are
also called comprehension axioms or axioms of separation.

Subset Axioms
For every first-order formula P we have the axiom:
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VAIXVx(x e X iff (x€A)AP),

where P does not contain X as a free variable. (However, P may contain x free.)
The subset axioms says that for every set A there is a set X consisting exactly of
those elements of A so that P holds. For short, we usually write

X={xcA|P}.

As an example, consider the formula
P(B,x) =x €B.
Then, the subset axiom says
VA3IXVx(x € AAx € B),

which means that X is the set of elements that belong both to A and B. This is called
the intersection of A and B, denoted by AN B. Note that

ANB={x|x€A and xe€B}.

We can also define the relative complement of B in A, denoted A — B, given by
the formula P(B,x) = x ¢ B, so that

A—B={x|x€A and x¢ B}.

In particular, if A is any given set and B is any subset of A, the set A — B is also
denoted B and is called the complement of B. Because A,V, and — satisfy the de
Morgan laws (remember, we are dealing with classical logic), for any set X, the op-
erations of union, intersection, and complementation on subsets of X satisfy various
identities, in particular the de Morgan laws
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and various associativity, commutativity, and distributivity laws.
So far, the union axiom only applies to two sets but later on we need to form
infinite unions. Thus, it is necessary to generalize our union axiom as follows.

Union Axiom (Final Version)
Given any set X (think of X as a set of sets), there is a set [ JX defined so that

xelJx iff 3IB(BEXAx€EB).

This says that [JX consists of all elements that belong to some member of X.
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If we take X = {A, B}, where A and B are two sets, we see that
J{A,B} =AUB,

and so, our final version of the union axiom subsumes our previous union axiom
which we now discard in favor of the more general version.
Observe that

A =4, (J{A1,..., A} =AU UA,.

and in particular, | JO = 0.
Using the subset axioms, we can also define infinite intersections. For every
nonempty set X there is a set (X defined by

xe()X iff VB(BEX==x€B).

The existence of (X is justified as follows: Because X is nonempty, it contains
some set, A; let
P(X,x)=VB(B€ X = x€B).

Then, the subset axioms asserts the existence of a set Y so that for every x,
xeY iff x€A and P(X,x)

which is equivalent to
xey iff P(X,x).

Therefore, the set Y is our desired set, () X.
Observe that

(WA,B} =ANB, ({AL,...,As} =A1N--NA,.

Note that (0 is not defined. Intuitively, it would have to be the set of all sets, but
such a set does not exist, as we now show. This is basically a version of Russell’s
paradox.

Theorem 1.3. (Russell) There is no set of all sets, that is, there is no set to which
every other set belongs.

Proof. Let A be any set. We construct a set B that does not belong to A. If the
set of all sets existed, then we could produce a set that does not belong to it, a
contradiction. Let

B={acA|a¢a}.

We claim that B ¢ A. We proceed by contradiction, so assume B € A. However, by
the definition of B, we have

BeB iff BEA and B¢B.
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Because B € A, the above is equivalent to
BeB iff B ¢ B,

which is a contradiction. Therefore, B ¢ A and we deduce that there is no set of all
sets. 0O

Remarks:

(1) We should justify why the equivalence B € B iff B ¢ B is a contradiction. What
we mean by “a contradiction” is that if the above equivalence holds, then we
can derive | (falsity) and thus, all propositions become provable. This is be-
cause we can show that for any proposition P if P = —P is provable, then every
proposition is provable. We leave the proof of this fact as an easy exercise for
the reader. By the way, this holds classically as well as intuitionistically.

(2) We said that in the subset axioms, the variable X is not allowed to occur free in
P. A slight modification of Russell’s paradox shows that allowing X to be free
in P leads to paradoxical sets. For example, pick A to be any nonempty set and
set P(X,x) = x ¢ X. Then, look at the (alleged) set

X={xeA|x¢ X}

As an exercise, the reader should show that X is empty iff X is nonempty,

This is as far as we can go with the elementary notions of set theory that we
have introduced so far. In order to proceed further, we need to define relations and
functions, which is the object of the next chapter.

The reader may also wonder why we have not yet discussed infinite sets. This
is because we don’t know how to show that they exist. Again, perhaps surprisingly,
this takes another axiom, the axiom of infinity. We also have to define when a set is
infinite. However, we do not go into this right now. Instead, we accept that the set of
natural numbers N exists and is infinite. Once we have the notion of a function, we
will be able to show that other sets are infinite by comparing their “size” with that
of N (This is the purpose of cardinal numbers, but this would lead us too far afield).

Remark: In an axiomatic presentation of set theory, the natural numbers can be
defined from the empty set using the operation A — AT = AU {A} introduced just
after the union axiom. The idea due to von Neumann is that the natural numbers,
0,1,2,3,..., can be viewed as concise notations for the following sets.
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0=0
=07 = {0} = {0}
2=1"={0,{0}} ={0,1}
3=2"={0.{0},{0.{0}}} = {0,1,2}

n+1=n"={0,1,2,...,n}

: ,IlHN von NEUMANN

MATHEMATIGIAN

Fig. 1.15 John von Neumann

However, the above subsumes induction. Thus, we have to proceed in a different
way to avoid circularities.

Definition 1.10. We say that a set X is inductive iff

(HoeX.
(2) Forevery A € X, we have AT € X.

Axiom of Infinity
There is some inductive set.
Having done this, we make the following.

Definition 1.11. A natural number is a set that belongs to every inductive set.

Using the subset axioms, we can show that there is a set whose members are
exactly the natural numbers. The argument is very similar to the one used to prove
that arbitrary intersections exist. By the axiom of infinity, there is some inductive
set, say A. Now consider the property P(x) which asserts that x belongs to every
inductive set. By the subset axioms applied to P, there is a set, N, such that

xeN iff x€A and P(x)

and because A is inductive and P says that x belongs to every inductive set, the above
is equivalent to
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xeN iff P(x);

that is, x € N iff x belongs to every inductive set. Therefore, the set of all natural
numbers N does exist. The set N is also denoted @. We can now easily show the
following.

Theorem 1.4. The set N is inductive and it is a subset of every inductive set.

Proof. Recall that @ belongs to every inductive set; so, 0 is a natural number (0).
As N is the set of natural numbers, @ (= 0) belongs to N. Secondly, if n € N, this
means that n belongs to every inductive set (n is a natural number), which implies
that n* = n+ 1 belongs to every inductive set, which means that n+ 1 is a natural
number, that is, n+ 1 € N. Because N is the set of natural numbers and because
every natural number belongs to every inductive set, we conclude that N is a subset
of every inductive set. O

It would be tempting to view N as the intersection of the family of inductive
sets, but unfortunately this family is not a set; it is too “big” to be a set.

As a consequence of the above fact, we obtain the following.

Induction Principle for N: Any inductive subset of N is equal to N itself.
Now, in our setting, 0 = @ and n*™ = n+ 1, so the above principle can be restated
as follows.

Induction Principle for N (Version 2): For any subset, SCN,if0€ Sandn+1¢€ S
whenever n € S, then S = N.

We show how to rephrase this induction principle a little more conveniently in
terms of the notion of function in the next chapter.

Remarks:

1. We still don’t know what an infinite set is or, for that matter, that N is infinite.
This is shown in the next chapter (see Corollary 2.2).

2. Zermelo-Fraenkel set theory (+ Choice) has three more axioms that we did
not discuss: The axiom of choice, the replacement axioms and the regularity
axiom. For our purposes, only the axiom of choice is needed and we introduce
it in Chapter 2. Let us just say that the replacement axioms are needed to deal
with ordinals and cardinals and that the regularity axiom is needed to show that
every set is grounded. For more about these axioms, see Enderton [3], Chapter
7. The regularity axiom also implies that no set can be a member of itself, an
eventuality that is not ruled out by our current set of axioms.

As we said at the beginning of this section, set theory can be axiomatized in
first-order logic. To illustrate the generality and expressiveness of first-order logic,
we conclude this section by stating the axioms of Zermelo—Fraenkel set theory (for
short, ZF) as first-order formulae. The language of Zermelo—Fraenkel set theory
consists of the constant @ (for the empty set), the equality symbol, and of the binary
predicate symbol € for set membership. It is convenient to abbreviate —(x = y) as
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x#yand =(x €y) as x ¢ y. The axioms are the equality axioms plus the following
seven axioms.

VAVB(Vx(x eA=x€B)=A=B)
Vx(x ¢ 0)

Vavb3ZVx(x e Z= (x=aVx=D))
VX3YVx(x €Y =3B(B€ X Ax € B))
VAFYVX(X €Y =Vz(z€ X =z € A))
VAIXVx(x e X = (x € A)AP)
IXOeX AV (yeX =yU{y} X)),

where P is any first-order formula that does not contain X free.

Axiom (1) is the extensionality axiom.
Axiom (2) is the empty set axiom.
Axiom (3) asserts the existence of a set ¥ whose only members are a and b. By
extensionality, this set is unique and it is denoted {a,b}. We also denote {a,a}
by {a}.

e Axiom (4) asserts the existence of set Y which is the union of all the sets that
belong to X. By extensionality, this set is unique and it is denoted | JX. When
X = {A,B}, we write U{A,B} =AUB.

e Axiom (5) asserts the existence of set Y which is the set of all subsets of A (the
power set of A). By extensionality, this set is unique and it is denoted ?(A) or
24,
Axioms (6) are the subset axioms (or axioms of separation).
Axiom (7) is the infinity axiom, stated using the abbreviations introduced above.

For a comprehensive treatment of axiomatic theory (including the missing three
axioms), see [3] and Suppes [20].

1.13 Summary

The main goal of this chapter is to describe precisely the logical rules used in mathe-
matical reasoning and the notion of a mathematical proof. A brief introduction to set
theory is also provided. We decided to describe the rules of reasoning in a formal-
ism known as a natural deduction system because the logical rules of such a system
mimic rather closely the informal rules that (nearly) everybody uses when construct-
ing a proof in everyday life. Another advantage of natural deduction systems is that
it is very easy to present various versions of the rules involving negation and thus,
to explain why the “proof-by-contradiction” proof rule or the “law of the excluded
middle” allow for the derivation of “nonconstructive” proofs. This is a subtle point
often not even touched in traditional presentations of logic. However, inasmuch as
most of our readers write computer programs and expect that their programs will
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not just promise to give an answer but will actually produce results, we feel that
they will grasp rather easily the difference between constructive and nonconstruc-
tive proofs, and appreciate the latter, even if they are harder to find.

We describe the syntax of propositional logic.

The proof rules for implication are defined in a natural deduction system
(Prawitz-style).

Deductions proceed from assumptions (or premises) using inference rules.

The process of discharging (or closing) a premise is explained. A proof is a
deduction in which all the premises have been discharged.

e We explain how we can search for a proof using a combined bottom-up and
top-down process.

e We propose another mechanism for decribing the process of discharging a
premise and this leads to a formulation of the rules in terms of sequents and
to a Gentzen system.

e We introduce falsity L and negation —P as an abbrevation for P = 1. We de-
scribe the inference rules for conjunction, disjunction, and negation, in both
Prawitz style and Gentzen-sequent style natural deduction systems

e  One of the rules for negation is the proof-by-contradiction rule (also known as
RAA).

We define intuitionistic and classical logic.

We introduce the notion of a constructive (or intuitionistic) proof and discuss
the two nonconstructive culprits: PV —P (the law of the excluded middle) and
——P = P (double-negation rule).

We show that PV —P and ——P = P are provable in classical logic

We clear up some potential confusion involving the various versions of the rules
regarding negation.

1. RAA is not a special case of —-introduction.

2. RAA is not equivalent to | -elimination; in fact, it implies it.

3. Not all propositions of the form PV —P are provable in intuitionistic logic.
However, RAA holds in intuitionistic logic plus all propositions of the form
PV —P.

4. We define double-negation elimination.

We present the de Morgan laws and prove their validity in classical logic.

We present the proof-by-contrapositive rule and show that it is valid in classical
logic.

We give some examples of proofs of “real” statements.

We give an example of a nonconstructive proof of the statement: there are two
irrational numbers, a and b, so that a” is rational.

We explain the truth-value semantics of propositional logic.

We define the truth tables for the propositional connectives

We define the notions of satisfiability, unsatisfiability, validity, and tautology.
We define the satisfiability problem and the validity problem (for classical
propositional logic).
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We mention the NP-completeness of satisfiability.

We discuss soundness (or consistency) and completeness.

We state the soundness and completeness theorems for propositional classical
logic formulated in natural deduction.

We explain how to use counterexamples to prove that certain propositions are
not provable.

We give a brief introduction to Kripke semantics for propositional intuitionistic
logic.

We define Kripke models (based on a set of worlds).

We define validity in a Kripke model.

We state the the soundness and completeness theorems for propositional intu-
itionistic logic formulated in natural deduction.

We add first-order quantifiers (“for all” V and “there exists” J) to the language
of propositional logic and define first-order logic.

We describe free and bound variables.

We give inference rules for the quantifiers in Prawitz-style and Gentzen sequent-
style natural deduction systems.

We explain the eigenvariable restriction in the V-introduction and 3-elimination
rules.

We prove some “de Morgan”-type rules for the quantified formulae valid in
classical logic.

We discuss the nonconstructiveness of proofs of certain existential statements.
We explain briefly how classical logic can be translated into intuitionistic logic
(the Godel translation).

We define first-order theories and give the example of Peano arithmetic.

We revisit the decision problem and mention the undecidability of the decision
problem for first-order logic (Church’s theorem).

We discuss the notion of detours in proofs and the notion of proof normaliza-
tion.

We mention strong normalization.

We mention the correspondence between propositions and types and proofs and
typed A-terms (the Curry—Howard isomorphism).

We mention Gddel’s completeness theorem for first-order logic.

Again, we mention the use of counterexamples.

We mention Gddel’s incompleteness theorem.

We present informally the axioms of Zermelo—Fraenkel set theory (ZF).

We present Russell’s paradox, a warning against “self-referential” definitions of
sets.

We define the empty set (0), the set {a,b}, whose elements are a and b, the
union AU B, of two sets A and B, and the power set 24 of A.

We state carefully Zermelo’s subset axioms for defining the subset {x € A | P}
of elements of a given set A satisfying a property P.

Then, we define the intersection AN B, and the relative complement A — B, of
two sets A and B.

We also define the union | JA and the intersection [\ A, of a set of sets A.
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e  We show that one should avoid sets that are “too big;” in particular, we prove
that there is no set of all sets.
We define the natural numbers “a la Von Neumann.”
We define inductive sets and state the axiom of infinity.
‘We show that the natural numbers form an inductive set N, and thus, obtain an
induction principle for N.

e  We summarize the axioms of Zermelo—Fraenkel set theory in first-order logic.

Problems

1.1. (a) Give a proof of the proposition P = (Q = P) in the system ./4;,~.
(b) Prove that if there are deduction trees of P = Q and Q = R from the set of

premises I" in the system .#;,”, then there is a deduction tree for P = R from I in

1.2. Give a proof of the proposition (P = Q) = (P = (Q=R)) = (P=R)) in
the system .4;,~.

1.3. (a) Prove the “de Morgan” laws in classical logic:

—|(P/\Q) =-PV-Q
—|(P\/Q) =-PA-Q.

(b) Prove that ~(PV Q) = —P A —Q is also provable in intuitionistic logic.
(c) Prove that the proposition (P A =Q) = —(P = Q) is provable in intuitionistic
logic and =(P = Q) = (P A—Q) is provable in classical logic.

1.4. (a) Show that P = ——P is provable in intuitionistic logic.
(b) Show that ———P and —P are equivalent in intuitionistic logic.

1.5. Show that if we assume that all propositions of the form PV —P are provable,
then the proof-by-contradiction rule can be established from the rules of intuitionis-
tic logic.

1.6. Recall that an integer is even if it is divisible by 2, that is, if it can be written
as 2k, where k € Z. An integer is odd if it is not divisible by 2, that is, if it can be
written as 2k + 1, where k € Z. Prove the following facts.

(a) The sum of even integers is even.

(b) The sum of an even integer and of an odd integer is odd.
(c) The sum of two odd integers is even.

(d) The product of odd integers is odd.

(e) The product of an even integer with any integer is even.
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1.7. (a) Show that if we assume that all propositions of the form
P= (Q=R)

are axioms (where P, Q, R are arbitrary propositions), then every proposition is prov-
able.

(b) Show that if P is provable (intuitionistically or classically), then Q = P is
also provable for every proposition Q.

1.8. (a) Give intuitionistic proofs for the equivalences

PVP=P
PANP=P
PVQ=QVP
PANQ=QAP.

(b) Give intuitionistic proofs for the equivalences

PA(PVQ)=P
PV(PANQ)=P

1.9. Give intuitionistic proofs for the propositions

P= (0= (PNQ))
(P= Q)= ((P= Q)= —P)
(P=R)= ((Q=R)= ((PVQ)=R)).

1.10. Prove that the following equivalences are provable intuitionistically:

PA(P=Q)=PAQ
ON(P=0Q)=0
(P=(QOAR)) = ((P=Q)A(P=R)).

1.11. Give intuitionistic proofs for

(P= Q)= —~~(=PVQ)
——(—=P = P).

1.12. Give an intuitionistic proof for =—(PV —P).
1.13. Give intuitionistic proofs for the propositions
(PV—P)= (—-—-P=P) and (-—P=P)= (PV-P).

Hint. For the second implication, you may want to use Problem 1.12.
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1.14. Give intuitionistic proofs for the propositions
(P=Q)=—-—(-PVQ) and (—-P= Q)= ——(PVQ).

1.15. (1) Prove that every deduction (in 4.~ or ,/1§:>’A’V’L) of a proposition P
from any set of premises I,
r

2
P

can be converted to a deduction of P from the set of premises I'UA, where A is any
set of propositions (not necessarily disjoint from I"):

rua
9/
P
(2) Consider the proof system obtained by changing the following rules of the

proof system NIV given in Definition 1.3:
=--elimination rule:

r A
2 Dy
P=0 P
0
A-introduction rule:
r A
2 D
p 0
PAQ
V-elimination rule:
r A, P* A,Q
9 D> Ds
PV QO R R
xy
—-elimination rule:
r A
2 Dy
-P P
L

to the following rules using the same set of premises I :
=-elimination rule':
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r r

D Dy
P=0Q P

A-introduction rule': ¢

r r

D D

P )

PAO

V-elimination rule':

r r.pe Qe

D D D5
PVQO R R
Xy
—-elimination rule':
r r
9 Dy
P P
1

and call the resulting proof system .4 AV

f/VC’;S’A"V"L of a proposition P from a set of

Prove that every deduction in
premises I” can be converted to a deduction of P from I in .4,/ = AVeL
Hint. Use induction on deduction trees and part (1) of the problem.

Conclude from the above that the same set of propositions is provable in the
systems E/I/f}’/\’V’J‘ and Ji{’é’A’v’l and similarly for (/1{=>’A'V'J‘ and JZ':X’A’V’L,

the systems obtained by dropping the proof-by-contradiction rule.

1.16. Prove that the following version of the V-elimination rule formulated in
Gentzen-sequent style is a consequence of the rules of intuitionistic logic:
I''x:P—R I')y:Q—R
I'z2PVvQ—R

Conversely, if we assume that the above rule holds, then prove that the V-
elimination rule

I'-PvQ I''x:P—R I,y:Q—R
I' - R
follows from the rules of intuitionistic logic (of course, excluding the V-elimination
rule).

(V-elim)
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1.17. (1) Prove that every deduction (in the proof system %ﬁ’A’V’L’V’H or the proof
system A, =>"A"V"J"V’H) of a formula P from any set of premises I,

r

2
P
can be converted to a deduction of P from the set of premises I UA, where A is any

set of formulae (not necessarily disjoint from I") such that all the variable free in I
are distinct from all the eigenvariables occurring in the original deduction:

rua
9/
P
(2) LetI' = {Py,...,P,} be a set of first-order formulae. If {ry,...,,} is the set
of all variables occurring free in the formulae in I", we denote by I'[} /1, . .., T /tm)

the set of substituted formulae

{Pl[fl/tlw~~7Tm/tm]7-~~aPm[Tl/l1>-~'7Tm/tm}}a

where 7y,..., T, are any terms such that no capture takes place when the substitu-
tions are made.

Given any deduction of a formula P from a set of premises I" (in the proof system
N7V o the proof system e/ifﬁ’A’v’L’v’a), if {r1,...,t,} is the set of all the
variables occurring free in the formulae in I", then prove that there is a deduction
of Pluy /ty,... thy/ty) from I'[uy /t1,... tp/tn], where {uy, ..., u,} is a set of vari-
ables not occurring free or bound in any of the propositions in I" or in P (e.g., a set
of “fresh” variables).

Hint. Use induction on deduction trees.
(3) Prove that every deduction (in the proof system JI{‘:»’/\’V’L’V’E or the proof

system .4, =>"/\"V"J"V'H) using the 3-elimination rule
r A, Plu/t]*
D D>
aP c
X
C

(with the usual restriction on «) can be converted to a deduction using the following
version of the 3-elimination rule.

r L, Plu/t)*
D D
P C .
C

where u is a variable that does not occur free in any of the propositions in I", J¢P,
orC.
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Hint. Use induction on deduction trees and parts (1) and (2) of this problem.
1.18. (a) Give intuitionistic proofs for the distributivity of A over V and of V over
N:
PA(QVR)=(PAQ)V(PAR)
PV(QAR)=(PVQ)A(PVR).

(b) Give intuitionistic proofs for the associativity of A and V:

PA(QAR)=(PAQ)AR

PV(QVR)=(PVQ)VR.
1.19. Recall that in Problem 1.1 we proved that if P = Q and Q = R are provable,
then P = R is provable. Deduce from this fact that if P = Q and Q = R hold, then
P = R holds (intuitionistically or classically).

Prove that if P = Q holds then Q = P holds (intuitionistically or classically).
Finally, check that P = P holds (intuitionistically or classically).

1.20. Prove (intuitionistically or classically) that if P, = Q| and P, = O, then

1. (Pl /\Pz) = (Q1 /\Qz)
2. (P] \/PQ) = (Ql \/QQ).

(b) Prove (intuitionistically or classically) that if Q; = P, and P, = Q> then

L(PL=P)=(01= )
2. =P = 0.

(c) Prove (intuitionistically or classically) that if P = Q, then

1. VtP = VtQ
2. JtP = 3tQ.

(d) Prove (intuitionistically or classically) that if P; = Q; and P, = Q> then

1. (AAAP) =(Q1N02)
2. (PVP)=(01VO)
3.(P=P)=(01= )

4. —‘Pl = _‘Ql
5.VtP =VtQ,
6. ItP; = 3tQ;.

1.21. Show that the following are provable in classical first-order logic:

—VtP = 3t-P
—3tP =Vt—P
Vi(PAQ) =ViPAVIQ
I(PVQ)=FHPVIO.
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(b) Moreover, show that the propositions 3t (P A Q) = 3tP A 3rQ and
ViP\VYtQ = Vt(PV Q) are provable in intuitionistic first-order logic (and thus, also
in classical first-order logic).

(c) Prove intuitionistically that

IxVyP = Vy3dxP.

Give an informal argument to the effect that the converse, Vy3xP = JxVyP, is
not provable, even classically.

1.22. (a) Assume that Q is a formula that does not contain the variable ¢ (free or
bound). Give a classical proof of

Vi(PV Q)= (VtPV Q).

(b) If P is a proposition, write P(x) for P[x/t] and P(y) for P[y/t], where x and y are
distinct variables that do not occur in the orginal proposition P. Give an intuitionistic
proof for

—VaxTy(=P(x) AP(y)).

(c) Give a classical proof for

xVy(P(x) V —P(y)).

Hint. Negate the above, then use some identities we’ve shown (such as de Morgan)
and reduce the problem to part (b).

1.23. (a) Let X = {X; | 1 <i < n} be a finite family of sets. Prove that if X;;; C X;
for all i, with 1 <i<n—1, then

(b) Recall that N, =N—{0} ={1,2,3,...,n,...}. Give an example of an infinite
family of sets, X = {X; | i € N}, such that
1. X;y1 CX; foralli> 1.
2. X; is infinite for every i > 1.
3. N X has a single element.
(c) Give an example of an infinite family of sets, X = {X; | i € N, }, such that

1. X;y1 CX; foralli> 1.
2. X; is infinite for every i > 1.
3.NX =0.
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1.24. Prove that the following propositions are provable intuitionistically:
(P:>ﬁP)EﬁP, (ﬁPiP)EﬁﬁP.

Use these to conlude that if the equivalence P = —P is provable intuitionistically,
then every proposition is provable (intuitionistically).

1.25. (1) Prove that if we assume that all propositions of the form,
(P=0Q)=P)=P,

are axioms (Peirce’s law), then ——P = P becomes provable in intuitionistic logic.
Thus, another way to get classical logic from intuitionistic logic is to add Peirce’s
law to intuitionistic logic.
Hint. Pick Q in a suitable way and use Problem 1.24.

(2) Prove ((P = Q) = P) = P in classical logic.
Hint. Use the de Morgan laws.

1.26. Let A be any nonempty set. Prove that the definition
X={acAl|a¢g X}

yields a “set,” X, such that X is empty iff X is nonempty and therefore does not
define a set, after all.

1.27. Prove the following fact: if
r I')R
2 and P
PVQ 0
are deduction trees provable intuitionistically, then there is a deduction tree
I''P=R
2
0
for Q from the premises in I' U {P = S}.
1.28. Recall that the constant T stands for true. So, we add to our proof systems
(intuitionistic and classical) all axioms of the form
ky ki kn

—— —— ——
PPty P B P P,

where k; > 1 and n > 0; note that n = 0 is allowed, which amounts to the one-node
tree, T.
(a) Prove that the following equivalences hold intuitionistically.
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PVT=T
PANT=P

Prove that if P is intuitionistically (or classically) provable, then P = T is also
provable intuitionistically (or classically). In particular, in classical logic,
PV —P=T. Also prove that

Pvl1=P
PANLlL=1

hold intuitionistically.
(b) In the rest of this problem, we are dealing only with classical logic. The
connective exclusive or, denoted @, is defined by

PO =(PA-Q)V (-PAQ).

In solving the following questions, you will find that constructing proofs using the
rules of classical logic is very tedious because these proofs are very long. Instead,
use some identities from previous problems.

Prove the equivalence

(c) Prove that
PoP=1
POO=Q0@®P

(POQ)®R=P®H(QDR).
(d) Prove the equivalence
PVO=(PNQ)®(P®Q).
1.29. Give a classical proof of
~(P==Q)= (PAQ).

1.30. (a) Prove that the rule

r A

i D
P=0 -0
—

can be derived from the other rules of intuitionistic logic.
(b) Give an intuitionistic proof of =P from I" = {~(—PV Q),P = Q} or equiva-
lently, an intuitionistic proof of
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(~=PvO)A(P=0)) = ~P.
1.31. (a) Give intuitionistic proofs for the equivalences
dxdyP =dydxP and VaVyP = VyVxP.
(b) Give intuitionistic proofs for
(VtPANQ) =VH(PAQ) and VH(PAQ)= (VtPAQ),

where ¢ does not occur (free or bound) in Q.
(c) Give intuitionistic proofs for

(FIrPVQ)=F(PVQ) and I (PVQ)= (ItPVQ),
where ¢ does not occur (free or bound) in Q.

1.32. An integer, n € Z, is divisible by 3 iff n = 3k, for some k € Z. Thus (by the
division theorem), an integer, n € Z, is not divisible by 3 iff it is of the form n =
3k+1,3k+2, for some k € Z (you don’t have to prove this).

Prove that for any integer, n € Z, if n® is divisible by 3, then n is divisible by 3.

Hint. Prove the contrapositive. If n of the form n = 3k + 1,3k + 2, then so is n” (for
a different k).

1.33. Use Problem 1.32 to prove that \/3 is irrational, that is, v/3 can’t be written as
V3 =p/q, with p,q € Z and q # 0.

1.34. Give an intuitionistic proof of the proposition
(P=RA(Q=R))=((PVQ)=R).
1.35. Give an intuitionistic proof of the proposition
(PAQ)=R)=(P=(Q=R)).

1.36. (a) Give an intuitionistic proof of the proposition
(PAQ) = (PV Q).

(b) Prove that the proposition (PV Q) = (P A Q) is not valid, where P,Q, are
propositional symbols.

(c) Prove that the proposition (PV Q) = (P A Q) is not provable in general and
that if we assume that all propositions of the form (PV Q) = (P A Q) are axioms,
then every proposition becomes provable intuitionistically.

1.37. Give the details of the proof of Proposition 1.7; namely, if a proposition P is
provable in the system N or NG 7MLy then it is valid (according to the
truth values semantics).
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1.38. Give the details of the proof of Theorem 1.8; namely, if a proposition P is
provable in the system .4/ =ML or ¥ G ?’A’V’J‘), then it is valid in every Kripke
model; that is, it is intuitionistically valid.

1.39. Prove that b = log, 9 is irrational. Then, prove that a = V2and b= log, 9 are
two irrational numbers such that a is rational.

1.40. (1) Prove that if ¥x—(P A Q) can be deduced intuitionistically from a set of
premises I", then Vx(P = —Q) and Vx(Q = —P) can also be deduced intuitionisti-
cally from I".

(2) Prove that if Vx(PV Q) can be deduced intuitionistically from a set of
premises I', then Vx(—P = Q) and Vx(—Q = P) can also be deduced intuitionis-
tically from I".

Conclude that if

Vx(PVQ) and Vx—(PAQ)

can be deduced intuitionistically from a set of premises I, then
Vx(P=-Q) and Vx(Q=-P)

can also be deduced intuitionistically from I".

(3) Prove that if Vx(P = Q) can be deduced intuitionistically from a set of
premises I, then Vx(—=Q = —P) can also be deduced intuitionistically from I". Use
this to prove that if

Vx(P=-Q) and Vx(Q=-P)

can be deduced intuitionistically from a set of premises I', then Vx(——P = P) and
Vx(——Q = Q) can be deduced intuitionistically from I".

1.41. Prove that the formula,
Vxeven(2 xx),

is provable in Peano arithmetic. Prove that
even(2x (n+1)* (n+3)),

is provable in Peano arithmetic for any natural number n.

1.42. A first-order formula A is said to be in prenex-form if either

(1) A is a quantifier-free formula.
(2) A=VtBor A = JtB, where B is in prenex-form.

In other words, a formula is in prenex form iff it is of the form

01110217 - Ot P,

where P is quantifier-free and where Q105 --- Oy, is a string of quantifiers, Q; €
{v,3}.

Prove that every first-order formula A is classically equivalent to a formula B in
prenex form.
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1.43. Even though natural deduction proof systems for classical propositional logic
are complete (with respect to the truth values semantics), they are not adequate for
designing algorithms searching for proofs (because of the amount of nondetermin-
ism involved).

Gentzen designed a different kind of proof system using sequents (later refined
by Kleene, Smullyan, and others) that is far better suited for the design of automated
theorem provers. Using such a proof system (a sequent calculus), it is relatively easy
to design a procedure that terminates for all input propositions P and either certifies
that P is (classically) valid or else returns some (or all) falsifying truth assignment(s)
for P. In fact, if P is valid, the tree returned by the algorithm can be viewed as a proof
of P in this proof system.

For this miniproject, we describe a Gentzen sequent-calculus G' for propositional
logic that lends itself well to the implementation of algorithms searching for proofs
or falsifying truth assignments of propositions.

Such algorithms build trees whose nodes are labeled with pairs of sets called
sequents. A sequent is a pair of sets of propositions denoted by

P17~~~7Pm_>Q17~~7Qn7

with m,n > 0. Symbolically, a sequent is usally denoted I" — A, where I" and A are
two finite sets of propositions (not necessarily disjoint).
For example,

—P=(Q=P), PVQ—, PLO—PAQ

are sequents. The sequent —, where both I' = A = () corresponds to falsity.

The choice of the symbol — to separate the two sets of propositions I" and A is
commonly used and was introduced by Gentzen but there is nothing special about
it. If you don’t like it, you may replace it by any symbol of your choice as long as
that symbol does not clash with the logical connectives (=, A, V, ). For example,
you could denote a sequent

Pio. P Q1o On,

using the semicolon as a separator.
Given a truth assignment v to the propositional letters in the propositions P; and
Q;, we say that v satisfies the sequent, Py,..., Py — Q1,...,Qy, iff

V(LA ABy) = (Q1V -V Qn)) = true,
or equivalently, v falsifies the sequent, Py,...,P, — Q1,...,Qp, iff
V(PLA-- APy A=Q1 A+ A—Q,) = true,

iff
v(P)=true,1<i<m and v(Q;)="false, 1< j<n.
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A sequent is valid iff it is satisfied by all truth assignments iff it cannot be falsified.

Note that a sequent Py,...,P, — Q1,...,0, can be falsified iff some truth as-
signment satisfies all of Py,...,P, and falsifies all of Qy,...,0,. In particular,
if {Py,...,Py} and {Qy,...,0,} have some common proposition (they have a
nonempty intersection), then the sequent, Py,...,B, — Q1,...,0Qy, is valid. On the
other hand if all the P;s and Q;s are propositional letters and {P,...,B,} and
{01,...,0,} are disjoint (they have no symbol in common), then the sequent,
Pi,...,Py— 01,...,0y, is falsified by the truth assignment v where v(P;) = true,
fori=1,...mand v(Q;) = false, for j=1,...,n.

The main idea behind the design of the proof system G’ is to systematically try
to falsify a sequent. If such an attempt fails, the sequent is valid and a proof tree is
found. Otherwise, all falsifying truth assignments are returned. In some sense

failure to falsify is success (in finding a proof).

The rules of G’ are designed so that the conclusion of a rule is falsified by a truth
assignment v iff its single premise of one of its two premises is falsified by v. Thus,
these rules can be viewed as two-way rules that can either be read bottom-up or
top-down.

Here are the axioms and the rules of the sequent calculus G':

Axioms: I',P — P,A

Inference rules:

I,PO,A— A FSAPA I —AQA ,
= A:left A: right
[.PAOA A I SAPAOA
I''PA—A I',Q0,A—A I' - APQA
= 0 Ve left L=A4R0A V: right

[.PVO,A—A I SAPVOA
IA—PA OT,A—A PL —0.A A ,

: left : right

T P=0A>A T TS A PooaA 8
r'A—PA PL—AA ,
1 —:left ——————  —:right
I —-PA—A IS A-PA

where I, A, A are any finite sets of propositions, possibly the empty set.

A deduction tree is either a one-node tree labeled with a sequent or a tree con-
structed according to the rules of system G'. A proof tree (or proof) is a deduction
tree whose leaves are all axioms. A proof tree for a proposition P is a proof tree for
the sequent — P (with an empty left-hand side).

For example,

P,O—P

is a proof tree.
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Here is a proof tree for (P = Q) = (=Q = —P):

P,=Q—P Q—0,~P
—Q— PP —0,0— P
— P.(=Q = —P) Q— (=Q = —P)

(P=0Q) = (-Q=~P)
—(P= Q)= (-0 = —P)

The following is a deduction tree but not a proof tree,

PR— P R,O,P —
R— —PP R,Q — —P
— P, (R=—P) Q0— (R=-P)

(P=Q)— (R= —P)
—(P=0)=(R=-P)

because its rightmost leaf, R, O, P —, is falsified by the truth assignment
v(P) =v(Q) = v(R) = true, which also falsifies (P = Q) = (R= —P).

Let us call a sequent Py,...,P, — Q1,...,0, finished if either it is an axiom
(P; = Q; for some i and some ) or all the propositions F; and Q; are atomic
and {Py,...,P,} N{01,...,0u} = 0. We also say that a deduction tree is finished if
all its leaves are finished sequents.

The beauty of the system G’ is that for every sequent, Py,...,P, — O1,...,0p,
the process of building a deduction tree from this sequent always terminates with a
tree where all leaves are finished independently of the order in which the rules are
applied. Therefore, we can apply any strategy we want when we build a deduction
tree and we are sure that we will get a deduction tree with all its leaves finished. If
all the leaves are axioms, then we have a proof tree and the sequent is valid, or else
all the leaves that are not axioms yield a falsifying assignment, and all falsifying
assignments for the root sequent are found this way.

If we only want to know whether a proposition (or a sequent) is valid, we can
stop as soon as we find a finished sequent that is not an axiom because in this case,
the input sequent is falsifiable.

(1) Prove that for every sequent Py, ..., P, — Q1,...,Q, any sequence of applica-
tions of the rules of G’ terminates with a deduction tree whose leaves are all finished
sequents (a finished deduction tree).

Hint. Define the number of connectives ¢(P) in a proposition P as follows.

(1) If P is a propositional symbol, then

(2) If P = =0, then
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(3) If P = Q*R, where x € {=,V,A}, then
c(Q*R)=c(Q)+c(R)+1.

Given a sequent,
F—)A:P17...,Pm_>Q17"'7Qn7

define the number of connectives, c(I" — A),in " — A by
c(I'=A)=c(P)+-+c(Pn)+c(Q1)+---+c(Qn).

Prove that the application of every rule decreases the number of connectives in the
premise(s) of the rule.
(2) Prove that for every sequent P,...,P, = Qy,...,0Q, for every finished de-

duction tree T constructed from Py,...,B, — Q1,...,0, using the rules of G, ev-
ery truth assignment v satisfies Py,...,P, — Q1,...,0, iff v satisfies every leaf of
T. Equivalently, a truth assignment v falsifies P,..., P, — Q1,...,Q, iff v falsifies

some leaf of T'.

Deduce from the above that a sequent is valid iff all leaves of every finished
deduction tree T are axioms. Furthermore, if a sequent is not valid, then for ev-
ery finished deduction tree T, for that sequent, every falsifying assignment for that
sequent is a falsifying assignment of some leaf of the tree, 7.

(3) Programming Project:

Design an algorithm taking any sequent as input and constructing a finished deduc-
tion tree. If the deduction tree is a proof tree, output this proof tree in some fashion
(such a tree can be quite big so you may have to find ways of “flattening” these
trees). If the sequent is falsifiable, stop when the algorithm encounters the first leaf
that is not an axiom and output the corresponding falsifying truth assignment.

I suggest using a depth-first expansion strategy for constructing a deduction tree.
What this means is that when building a deduction tree, the algorithm will proceed
recursively as follows. Given a nonfinished sequent

Al,...,AI, —)Bl,...,Bq7
if A; is the leftmost nonatomic proposition if such proposition occurs on the left or
if B; is the leftmost nonatomic proposition if all the A;s are atomic, then

(1) The sequent is of the form
F,A,',A —>A,

with A; the leftmost nonatomic proposition. Then either

(a) A; = C; AD; or A; = —C;, in which case either we recursively construct a
(finished) deduction tree

D
I',C;,D;,A — A

to get the deduction tree
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7
I'.C;,D;,A — A
I'CiAD;,A — A

or we recursively construct a (finished) deduction tree
D
I'A—C,A
to get the deduction tree
D
I''A—Ci,A
I',—Ci,A— A
or

(b) A; =C;V D, or A; = C; = D;, in which case either we recursively construct
two (finished) deduction trees

D 2
I'Ci;A—A and I',D;;A—A
to get the deduction tree
D )
I'Ci,A— A I'D;{,A — A
', CGivD;,A—A

or we recursively construct two (finished) deduction trees
2 D
I'A—Ci,A and D;I'A—A
to get the deduction tree
D )
I'A—Ci,A D;,I';A — A
I'.Ci=Dj,A— A

(2) The nonfinished sequent is of the form
I' - A,Bj,A,

with B; the leftmost nonatomic proposition. Then either
(@ Bj=C;VDjorB;j=Cj= Dj,or Bj =—Cj, in which case either we recur-
sively construct a (finished) deduction tree
D
I' = ACj,D;,A
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to get the deduction tree

D
F%A,CJ',DJ',A
I' = ACivDj,A

or we recursively construct a (finished) deduction tree
D
C;,I' = D;,A A
to get the deduction tree
D
C;,I' = D;AA
I' - ACj= D;,A

or we recursively construct a (finished) deduction tree

2
C;,I' =+ A A
to get the deduction tree
D
Ci,I' = A A
I' = A -Cj,A
or
(b) B; = Cj ADj, in which case we recursively construct two (finished) deduc-
tion trees
91 @2

I' = A,Cj A and I' - A,D;,A
to get the deduction tree
7 D
I' —ACjA I' - AD;,A
I' - ACinNDj,A

If you prefer, you can apply a breadth-first expansion strategy for constructing a
deduction tree.

1.44. Let A and be B be any two sets of sets.

(1) Prove that
(Ua)u(UB) =Unus).

(2) Assume that A and B are nonempty. Prove that
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(N4)n(NB) =Naus).

(3) Assume that A and B are nonempty. Prove that

Uans < (Ua)n(Us)

and give a counterexample of the inclusion

(Ua)n(Us) cUmns).

Hint. Reduce the above questions to the provability of certain formulae that you
have already proved in a previous assignment (you need not re-prove these formu-
lae).

1.45. A set A is said to be transitive iff for all a € A and all x € a, then x € A, or
equivalently, for all @ € A,
acA=aCA.

(1) Check that a set A is transitive iff

Jaca
iff
AC2M

(2) Recall the definition of the von Neumann successor of a set A given by
AT =AU{A}.
Prove that if A is a transitive set, then

U@ =a.

(3) Recall the von Neumann definition of the natural numbers. Check that for
every natural number m
memtandm Cm™.

Prove that every natural number is a transitive set.
Hint. Use induction.
(4) Prove that for any two von Neumann natural numbers m and n, if m™ = n™,
then m = n.
(5) Prove that the set, N, of natural numbers is a transitive set.
Hint. Use induction.
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Chapter 2
Relations, Functions, Partial Functions

2.1 What is a Function?

We use functions all the time in mathematics and in computer science. But, what
exactly is a function?

Roughly speaking, a function f is a rule or mechanism that takes input values in
some input domain, say X, and produces output values in some output domain, say
Y, in such a way that to each input x € X corresponds a unique output value y € Y,
denoted f(x). We usually write y = f(x), or better, x — f(x).

Often, functions are defined by some sort of closed expression (a formula), but
not always. For example, the formula

y=2x

defines a function. Here, we can take both the input and output domain to be R, the
set of real numbers. Instead, we could have taken N, the set of natural numbers; this
gives us a different function. In the above example, 2x makes sense for all input x,
whether the input domain is N or R, so our formula yields a function defined for all
of its input values.
Now, look at the function defined by the formula
X
y= 7

If the input and output domains are both R, again this function is well defined.
However, what if we assume that the input and output domains are both N? This
time, we have a problem when x is odd. For example, 3/2 is not an integer, so our
function is not defined for all of its input values. It is actually a partial function, a
concept that subsumes the notion of a function but is more general. Observe that this
partial function is defined for the set of even natural numbers (sometimes denoted
2N) and this set is called the domain (of definition) of f. If we enlarge the output
domain to be @, the set of rational numbers, then our partial function is defined for
all inputs.

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_2, © Springer Science+Business Media, LLC 2011 101
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Another example of a partial function is given by

_ox+l
y_xz—E»)H—Z7

assuming that both the input and output domains are R. Observe that for x = 1 and
x = 2, the denominator vanishes, so we get the undefined fractions 2/0 and 3/0.
This partial function “blows up” for x = 1 and x = 2, its value is “infinity” (= ),
which is not an element of R. So, the domain of fis R — {1,2}.

In summary, partial functions need not be defined for all of their input values and
we need to pay close attention to both the input and the output domain of our partial
functions.

The following example illustrates another difficulty: consider the partial function

given by
Y=V

If we assume that the input domain is R and that the output domain is R* = {x €
R | x > 0}, then this partial function is not defined for negative values of x. To fix
this problem, we can extend the output domain to be C, the complex numbers. Then
we can make sense of \/x when x < 0. However, a new problem comes up: every
negative number x has two complex square roots, —i\/—x and +iy/—x (where i is
“the” square root of —1). Which of the two should we pick?

In this case, we could systematically pick +iy/—x but what if we extend the
input domain to be C? Then, it is not clear which of the two complex roots should
be picked, as there is no obvious total order on C. We can treat f as a multivalued
function, that is, a function that may return several possible outputs for a given input
value.

Experience shows that it is awkward to deal with multivalued functions and that
it is best to treat them as relations (or to change the output domain to be a power set,
which is equivalent to viewing the function as a relation).

Let us give one more example showing that it is not always easy to make sure
that a formula is a proper definition of a function. Consider the function from R to
R given by

Here, n! is the function factorial, defined by
n=n-(n—1)---2-1

How do we make sense of this infinite expression? Well, that’s where analysis comes
in, with the notion of limit of a series, and so on. It turns out that f(x) is the expo-
nential function f(x) = e*. Actually, e* is even defined when x is a complex number
or even a square matrix (with real or complex entries). Don’t panic, we do not use
such functions in this course.

Another issue comes up, that is, the notion of computability. In all of our ex-
amples, and for most (partial) functions we will ever need to compute, it is clear
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that it is possible to give a mechanical procedure, that is, a computer program that
computes our functions (even if it hard to write such a program or if such a program
takes a very long time to compute the output from the input).

Unfortunately, there are functions that, although well defined mathematically, are
not computable.! For an example, let us go back to first-order logic and the notion
of provable proposition. Given a finite (or countably infinite) alphabet of function,
predicate, constant symbols, and a countable supply of variables, it is quite clear
that the set % of all propositions built up from these symbols and variables can be
enumerated systematically. We can define the function Prov with input domain .%
and output domain {0, 1}, so that, for every proposition P € .Z#,

| 1 if Pis provable (classically)
Prov(P) = { 0 if P is not provable (classically).

Mathematically, for every proposition, P € .#, either P is provable or it is not, so this
function makes sense. However, by Church’s theorem (see Section 1.11), we know
that there is no computer program that will terminate for all input propositions and
give an answer in a finite number of steps. So, although the function Prov makes
sense as an abstract function, it is not computable.

Is this a paradox? No, if we are careful when defining a function not to incorpo-
rate in the definition any notion of computability and instead to take a more abstract
and, in some some sense, naive view of a function as some kind of input/output
process given by pairs (input value, output value) (without worrying about the way
the output is “computed” from the input).

A rigorous way to proceed is to use the notion of ordered pair and of graph of a
function. Before we do so, let us point out some facts about “functions” that were
revealed by our examples:

1. In order to define a “function,” in addition to defining its input/output behavior,
it is also important to specify what is its input domain and its output domain.

2. Some “functions” may not be defined for all of their input values; a function
can be a partial function.

3. The input/output behavior of a “function” can be defined by a set of ordered
pairs. As we show next, this is the graph of the function.

We are now going to formalize the notion of function (possibly partial) using the
concept of ordered pair.

! This can be proved quickly using the notion of countable set defined later in this chapter. The set
of functions from N to itself is not countable but computer programs are finite strings over a finite
alphabet, so the set of computer programs is countable.
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2.2 Ordered Pairs, Cartesian Products, Relations,
Functions, Partial Functions

Given two sets A and B, one of the basic constructions of set theory is the formation
of an ordered pair, {(a,b), where a € A and b € B. Sometimes, we also write (a,b)
for an ordered pair. The main property of ordered pairs is that if {(a;,b;) and (ay,b)
are ordered pairs, where aj,a; € A and by,b; € B, then

<a1,b1> = <(12,b2> iff a) =ap and b] = bz.
Observe that this property implies that

(a,b) # (b,a),

unless a = b. Thus, the ordered pair (a, b) is not a notational variant for the set {a, b};
implicit to the notion of ordered pair is the fact that there is an order (even though we
have not yet defined this notion) among the elements of the pair. Indeed, in {(a,b),
the element a comes first and b comes second. Accordingly, given an ordered pair
p = {a,b), we denote a by pri(p) and b by pra(p) (first and second projection or
first and second coordinate).

Remark: Readers who like set theory will be happy to hear that an ordered pair
(a,b) can be defined as the set {{a},{a,b}}. This definition is due to K. Kura-
towski, 1921. An earlier (more complicated) definition given by N. Wiener in 1914

is {{{a},0}, {{b}}}.

Fig. 2.1 Kazimierz Kuratowski, 1896-1980

Now, from set theory, it can be shown that given two sets A and B, the set of
all ordered pairs (a,b), with a € A and b € B, is a set denoted A X B and called
the Cartesian product of A and B (in that order). The set A x B is also called the
cross-product of A and B.

By convention, we agree that @ x B =A x @ = (). To simplify the terminology, we
often say pair for ordered pair, with the understanding that pairs are always ordered
(otherwise, we should say set).
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Of course, given three sets, A,B,C, we can form (A x B) x C and we call its
elements (ordered) triples (or triplets). To simplify the notation, we write {(a,b,c)
instead of ((a,b),c) and A x B x C instead of (A x B) x C.

More generally, given n sets Ay, ..., A, (n > 2), we define the set of n-tuples,

Al XAy X -+ XAy, as (- ((A] X Az) X A3) X -++) X Ay. An element of A| X Ay X
-+« X A, is denoted by (ay,...,a,) (an n-tuple). We agree that when n = 1, we just
have A and a 1-tuple is just an element of A;.

We now have all we need to define relations.

Definition 2.1. Given two sets A and B, a (binary) relation between A and B is any
triple (A,R,B), where R C A x B is any set of ordered pairs from A x B. When
(a,b) € R, we also write aRb and we say that a and b are related by R. The set

dom(R) ={a € A|3beB, (a,b) € R}
is called the domain of R and the set
range(R) = {b € B|3a € A, (a,b) € R}

is called the range of R. Note that dom(R) C A and range(R) C B. When A = B, we
often say that R is a (binary) relation over A.

Sometimes, the term correspondence between A and B is used instead of the term
relation between A and B and the word relation is reserved for the case where A = B.

It is worth emphasizing that two relations (A, R, B) and (A’,R',B) are equal iff
A=A, B=PB,and R =R'. In particular, if R = R’ but either A # A’ or B # B', then
the relations (A, R, B) and (A’, R’ B') are considered to be different. For simplicity,
we usually refer to a relation (A, R, B) as a relation R C A X B.

Among all relations between A and B, we mention three relations that play a
special role:

1. R = 0, the empty relation. Note that dom(0) = range(®) = 0. This is not a very
exciting relation.
2. When A = B, we have the identity relation,

idya = {(a,a) |a € A}.

The identity relation relates every element to itself, and that’s it. Note that
dom(idy) = range(ids) = A.

3. The relation A x B itself. This relation relates every element of A to every ele-
ment of B. Note that dom(A x B) = A and range(A x B) = B.

Relations can be represented graphically by pictures often called graphs. (Be-
ware, the term “graph” is very much overloaded. Later on, we define what a graph
is.) We depict the elements of both sets A and B as points (perhaps with different
colors) and we indicate that a € A and b € B are related (i.e., (a,b) € R) by drawing
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an oriented edge (an arrow) starting from a (its source) and ending in b (its target).
Here is an example:

as o

a4 o b4
as o bg
ag o bg
ay >0 bl

Fig. 2.2 A binary relation, R

In Figure 2.2, A = {ay,az,a3,a4,as} and B = {b;,by,b3,bs}. Observe that as is
not related to any element of B, b3 is not related to any element of A, and that some
elements of A, namely, a,a3,aa, are related to several elements of B.

Now, given a relation R C A X B, some element a € A may be related to several
distinct elements b € B. If so, R does not correspond to our notion of a function, be-
cause we want our functions to be single-valued. So, we impose a natural condition
on relations to get relations that correspond to functions.

Definition 2.2. We say that a relation R between two sets A and B is functional if for
every a € A, there is at most one b € B so that (a,b) € R. Equivalently, R is functional
if forall @ € A and all by,b; € B, if (a,b1) € R and (a,b,) € R, then by = b,.

The picture in Figure 2.3 shows an example of a functional relation.
Using Definition 2.2, we can give a rigorous definition of a function (partial or
not).

Definition 2.3. A partial function f is a triple f = (A, G,B), where A is a set called
the input domain of f, B is a set called the output domain of f (sometimes codomain
of f), and G C A x B s a functional relation called the graph of f (see Figure 2.4); we
let graph(f) = G. We write f: A — B to indicate that A is the input domain of f and
that B is the codomain of f and we let dom(f) = dom(G) and range(f) = range(G).
For every a € dom(f), the unique element b € B, so that (a,b) € graph(f) is denoted
by f(a) (so, b = f(a)). Often we say that b = f(a) is the image of a by f. The range
of f is also called the image of f and is denoted Im (f). If dom(f) = A, we say that
f is a total function, for short, a function with domain A.
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as o

a4 o o b4
as o b3
as o bg
a1 o o bl

Fig. 2.3 A functional relation G

AXB

Fig. 2.4 A (partial) function (A, G,B)

As in the case of relations, it is worth emphasizing that two functions (partial or
total) f = (A,G,B) and f' = (A’,G',B') are equal iff A=A", B=B',and G=G. In
particular, if G = G’ but either A # A’ or B # B’, then the functions (partial or total)
f and f’ are considered to be different.

Observe that most computer programs are not defined for all inputs. For exam-
ple, programs designed to run on numerical inputs will typically crash when given
strings as input. Thus, most computer programs compute partial functions that are
not total and it may be very hard to figure out what is the domain of these functions.
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This is a strong motivation for considering the notion of a partial function and not
just the notion of a (total) function.

Remarks:

1. If f = (A, G, B) is a partial function and b = f(a) for some a € dom(f), we say
that f maps a to b; we may write f: a — b. For any b € B, the set

{acAl f(a)=b}

is denoted f~!(b) and called the inverse image or preimage of b by f. (It is also
called the fibre of f above b. We explain this peculiar language later on.) Note
that f~1(b) # 0 iff b is in the image (range) of f. Often, a function, partial or
not, is called a map.

2. Note that Definition 2.3 allows A = (. In this case, we must have G = () and,
technically, (0,0, B) is a total function. It is the empty function from @ to B.

3. When a partial function is a total function, we don’t call it a “partial total func-
tion,” but simply a “function.” The usual practice is that the term “function”
refers to a total function. However, sometimes we say “total function” to stress
that a function is indeed defined on all of its input domain.

4. Note that if a partial function f = (A, G, B) is not a total function, then dom(f) #
A and for all a € A —dom(f), there is no b € B so that (a,b) € graph(f). This
corresponds to the intuitive fact that f does not produce any output for any value
not in its domain of definition. We can imagine that f “blows up” for this input
(as in the situation where the denominator of a fraction is 0) or that the program
computing f loops indefinitely for that input.

5. If f =(A,G,B) is a total function and A # 0, then B # 0.

. For any set A, the identity relation id4, is actually a function id4: A — A.

7. Given any two sets A and B, the rules (a,b) — a = pri({a,b)) and (a,b) — b =
pr2({a,b)) make pr; and pr; into functions pr;: AxB—Aand prp: AXB— B
called the first and second projections.

[*))

8. A function f: A — B is sometimes denoted A i> B. Some authors use a dif-
ferent kind of arrow to indicate that f is partial, for example, a dotted or dashed
arrow. We do not go that far.

9. The set of all functions, f: A — B, is denoted by BA.If A and B are finite, A has
m elements and B has n elements, it is easy to prove that B4 has n” elements.

The reader might wonder why, in the definition of a (total) function, f: A — B,
we do not require B = Im f, inasmuch as we require that dom(f) = A.

The reason has to do with experience and convenience. It turns out that in most
cases, we know what the domain of a function is, but it may be very hard to deter-
mine exactly what its image is. Thus, it is more convenient to be flexible about the
codomain. As long as we know that f maps into B, we are satisfied.

For example, consider functions f: R — R? from the real line into the plane. The
image of such a function is a curve in the plane R?. Actually, to really get “decent”
curves we need to impose some reasonable conditions on f, for example, to be
differentiable. Even continuity may yield very strange curves (see Section 2.10).
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But even for a very well-behaved function, f, it may be very hard to figure out what
the image of f is. Consider the function ¢ — (x(z),y(¢)) given by

(1417
=T
1— 2

y(t) = %~

The curve that is the image of this function, shown in Figure 2.5, is called the
“lemniscate of Bernoulli.”

Fig. 2.5 Lemniscate of Bernoulli

Observe that this curve has a self-intersection at the origin, which is not so obvi-
ous at first glance.

2.3 Induction Principles on N

Now that we have the notion of function, we can restate the induction principle
(Version 2) stated at the end of Section 1.12 to make it more flexible. We define a
property of the natural numbers as any function, P: N — {true, false}. The idea
is that P(n) holds iff P(n) = true, else P(n) = false. Then, we have the following
principle.

Principle of Induction for N (Version 3).
Let P be any property of the natural numbers. In order to prove that P(n) holds for
all n € N, it is enough to prove that

(1) P(0) holds.
(2) For every n € N, the implication P(n) = P(n+ 1) holds.

As a formula, (1) and (2) can be written

[P(O)A(Vn e N)(P(n) = P(n+1))] = (Yn € N)P(n).
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Step (1) is usually called the basis or base step of the induction and step (2) is
called the induction step. In step (2), P(n) is called the induction hypothesis. That
the above induction principle is valid is given by the following.

Proposition 2.1. The principle of induction stated above is valid.

Proof. Let
S={neN|P(n) = true}.

By the induction principle (Version 2) stated at the end of Section 1.12, it is enough
to prove that S is inductive, because then S = N and we are done.

Because P(0) hold, we have 0 € S. Now, if n € S (i.e., if P(n) holds), because
P(n) = P(n+ 1) holds for every n we deduce that P(n+ 1) holds; thatis, n+1 € S.
Therefore, S is inductive as claimed and this finishes the proof. O

Induction is a very valuable tool for proving properties of the natural numbers and
we make extensive use of it. We also show other more powerful induction principles.
Let us give some examples illustrating how it is used.

We begin by finding a formula for the sum

1+243++n,

where n € N. If we compute this sum for small values of n, say n =0,1,2,3,4,5,6
we get

0=0
1=1
1+2=3
1+2+3=6

14243+4=10
14+2+43+44+45=15
1+2434+4+5+6 =21.

What is the pattern?
After a moment of reflection, we see that

=(0x1)/2
1=(1x2)/2
=(2x3)/2
=(3x4)/2
10—(4x5V2
15=(5%6)/2
21 = (6x7)/2,

SO we conjecture
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Claim I:
n(n+1)

2 )

14243+ +n=

where n € N.
For the basis of the induction, where n = 0, we get 0 = 0, so the base step holds.
For the induction step, for any n € N, assume that

n(n—i—l)'

142434 +n=——

Consider 1 +2+43+---+n+ (n+1). Then, using the induction hypothesis, we have

1
1+2+3+-~+n+or+0:="m;')+n+1
nn+1)+2(n+1)
2
(i D)(n+2)
e

establishing the induction hypothesis and therefore proving our formula. O
Next, let us find a formula for the sum of the first n + 1 odd numbers:

14345+ +2n+1

where n € N. If we compute this sum for small values of n, say n =0,1,2,3,4,5,6
we get

1=1
1+3=4
1+3+45=9

1+3+54+7=16
I1+3+54+74+9 =25
1+3+5+7+9+11 =36
I1+3+54+7+9+11+13 = 49.

This time, it is clear what the pattern is: we get perfect squares. Thus, we conjecture
Claim 2:
143454+ +2n+1=(n+1)%

where n € N.
For the basis of the induction, where n =0, we get 1 = 12, so the base step holds.
For the induction step, for any n € N, assume that

14345+ +2n+1=(n+1)~
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Consider 1 +3+5+---4+2n+1+2(n+1)+1=143+5+---+2n+1+2n+3.
Then, using the induction hypothesis, we have

14345+ +2n+1+42n+3 = (n+1)>+2n+3
=’ 4 2n+14+2n+3=n>+4n+4
= (n+2)°.

Therefore, the induction step holds and this completes the proof by induction. O

The two formulae that we just discussed are subject to a nice geometric inter-
petation that suggests a closed-form expression for each sum and this is often the
case for sums of special kinds of numbers. For the first formula, if we represent n
as a sequence of n “bullets,” then we can form a rectangular array with n rows and
n+ 1 columns showing that the desired sum is half of the number of bullets in the
array, which is indeed n(n + 1)/2, as shown below for n = 5:

® OO0 O0OO0O0
® ®0O0O0O0
®® e 00O
® e 606000
®©0e 0660600

Thus, we see that the numbers

have a simple geometric interpretation in terms of triangles of bullets; for example,
A4 = 10 is represented by the triangle

For this reason, the numbers A, are often called triangular numbers. A natural
question then arises; what is the sum

A+ 8+ A3+ o+ A2

The reader should compute these sums for small values of n and try to guess a for-
mula that should then be proved correct by induction. It is not too hard to find a nice
formula for these sums. The reader may also want to find a geometric interpretation
for the above sums (stacks of cannon balls).

In order to get a geometric interpretation for the sum

14345+ +2n+1,
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we represent 2n + 1 using 2n + 1 bullets displayed in a V-shape; for example, 7 =
2 x 3+ 1 is represented by

which clearly reveals that
14+34+5+-+2n+1=(n+1)>~
A natural question is then; what is the sum
124224324 40?2

Again, the reader should compute these sums for small values of n, then guess
a formula and check its correctness by induction. It is not too difficult to find such
a formula. For a fascinating discussion of all sorts of numbers and their geometric
interpretations (including the numbers we just introduced), the reader is urged to
read Chapter 2 of Conway and Guy [1].

Sometimes, it is necessary to prove a property P(n) for all natural numbers n > m,
where m > 0. Our induction principle does not seem to apply because the base case
is not n = 0. However, we can define the property Q(n) given by

Q(n)=P(m+n), neN,

and because Q(n) holds for all n € N iff P(k) holds for all k > m, we can apply our
induction principle to prove Q(n) for all n € N and thus, P(k), for all kK > m (note,
k = m+ n). Of course, this amounts to considering that the base case is n = m and
this is what we always do without any further justification. Here is an example.
Let us prove that
(3n)2 < 2" forall n> 10.

The base case is n = 10. For n = 10, we get

(3% 10)? =307 =900 < 1024 =29,
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which is indeed true. Let us now prove the induction step. Assuming that (31)% < 2"
holds for all n > 10, we want to prove that (3(n+1))? <2"+!. As

(B(n+1))?=Bn+3)>=(3n)> +18n+9,

if we can prove that 18749 < (3n)2 when n > 10, using the induction hypothesis,
(3n)2 < 2" we have

(Bn+1))*=(3n)> +18n+9 < (3n)* + (3n)> < 2" 42" =21
establishing the induction step. However,
(3n)> — (18n+9) = 3n—3)> — 18

and (3n—3)? > 18 as soon as 1 > 3, s0 18749 < (3n)? when n > 10, as required.
Observe that the formula (31)? < 2" fails for n = 9, because (3 x 9)? =27? =729
and 2° = 512, but 729 > 512. Thus, the base has to be n = 10.
There is another induction principle which is often more flexible than our original
induction principle. This principle, called complete induction (or sometimes strong
induction), is stated below.

Complete Induction Principle for N.
In order to prove that a predicate P(n) holds for all n € N it is enough to prove
that

(1) P(0) holds (the base case).
(2) Forevery m € N, if (Vk € N)(k <m = P(k)) then P(m+1).

The difference between ordinary induction and complete induction is that in com-
plete induction, the induction hypothesis (Vk € N)(k <m = P(k)) assumes that P(k)
holds for all kK < m and not just for m (as in ordinary induction), in order to deduce
P(m+1). This gives us more proving power as we have more knowledge in order
to prove P(m+ 1). Complete induction is discussed more extensively in Section 5.3
and its validity is proved as a consequence of the fact that every nonempty subset of
N has a smallest element but we can also justify its validity as follows. Define Q(m)
by

O(m) = (Vk e N)(k <m = P(k)).

Then, it is an easy exercise to show that if we apply our (ordinary) induction princi-
ple to Q(m) (induction principle, Version 3), then we get the principle of complete
induction. Here is an example of a proof using complete induction.

Define the sequence of natural numbers F;,, (Fibonacci sequence) by

k=1 Fh=1, Fho=Fun+F, n>0.

We claim that
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Fig. 2.6 Leonardo P. Fibonacci, 1170-1250

The base case corresponds to n = 3, where

31
F3:32@:37

which is true. Note that we also need to consider the case n = 4 by itself before we
do the induction step because even though Fy = F3 + F3, the induction hypothesis
only applies to F3 (n > 3 in the inequality above). We have

32 9
F4 =5 > ? = 57
which is true because 10 > 9. Now for the induction step where n > 3, we have

Foi2 = Fip1+Fy
311—1 3n—2
z 2n72 + 2n73
32 3 35 3729 3"
55 ()-8
— on-3 2 m—=319 — on=3 4 on—17

since 5/2 > 9/4, which concludes the proof of the induction step. Observe that we
used the induction hypothesis for both F;,. | and F; in order to deduce that it holds
for F,, ;. This is where we needed the extra power of complete induction.

Remark: The Fibonacci sequence F, is really a function from N to N defined recur-
sively but we haven’t proved yet that recursive definitions are legitimate methods for
defining functions. In fact, certain restrictions are needed on the kind of recursion
used to define functions. This topic is explored further in Section 2.5. Using results
from Section 2.5, it can be shown that the Fibonacci sequence is a well-defined
function (but this does not follow immediately from Theorem 2.1).

Induction proofs can be subtle and it might be instructive to see some examples
of faulty induction proofs.

Assertion 1: For every natural numbers n > 1, the number n?> —n+11is an odd
prime (recall that a prime number is a natural number p > 2, which is only divisible
by 1 and itself).
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Proof. We use induction on n > 1. For the base case n = 1, we have 2—1+11=
11, which is an odd prime, so the induction step holds.
Assume inductively that n> —n+ 11 is prime. Then, as

(n+12—n+1)+11=n’4+2n+1—-n—1+11=n’+n+11,

we see that
(m+1)2—(n+1)+11=n>—n+11+2n.

By the induction hypothesis, n> —n -+ 11 is an odd prime p, and because 2 is even,
p+2nis odd and therefore prime, establishing the induction hypothesis. 0O

If we compute n> —n+ 11 for n = 1,2,...,10, we find that these numbers are
indeed all prime, but for n = 11, we get

121=112—114+11=11x11,

which is not prime.

Where is the mistake?

What is wrong is the induction step: the fact that n”> —n+ 11 is prime does not
imply that (n+1)? — (n4+1) +11 = n®> + n+ 11 is prime, as illustrated by n = 10.
Our “proof” of the induction step is nonsense.

The lesson is: the fact that a statement holds for many values of n € N does not
imply that it holds for all n € N (or all n > k, for some fixed k € N).

Interestingly, the prime numbers k, so that n> —n+ k is prime forn =1,2,... k-
1, are all known (there are only six of them). It can be shown that these are the prime
numbers k such that 1 — 4k is a Heegner number, where the Heegner numbers are
the nine integers:

-1,-2,-3,-7,—11, —19, —43, —67, —163.
The above results are hard to prove and require some deep theorems of number
theory. What can also be shown (and you should prove it) is that no nonconstant
polynomial takes prime numbers as values for all natural numbers.

Assertion 2: Every Fibonacci number F), is even.

Proof. For the base case, F, = 2, which is even, so the base case holds.

Assume inductively that F;, is even for all n > 2. Then, as

Fn+2:Fn+l+Fn

and as both F;, and F;,; are even by the induction hypothesis, we conclude that F,»
iseven. 0O

However, Assertion 2 is clearly false, because the Fibonacci sequence begins
with
1,1,2,3,5,8,13,21,34,....

This time, the mistake is that we did not check the two base cases, Fp =1 and F} = 1.
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Our experience is that if an induction proof is wrong, then, in many cases, the
base step is faulty. So, pay attention to the base step(s).
A useful way to produce new relations or functions is to compose them.

2.4 Composition of Relations and Functions

We begin with the definition of the composition of relations.

Definition 2.4. Given two relations R C A x B and S C B x C, the composition of R
and S, denoted Ro S, is the relation between A and C defined by

RoS={{a,c) €cAxC|3beB,(a,b)€cRand (b,c) €S}

One should check that for any relation R C A X B, we have id4 o R = R and
Roidp = R. If R and § are the graphs of functions, possibly partial, is Ro S the graph
of some function? The answer is yes, as shown in the following.

Proposition 2.2. Let R C A X B and S C B x C be two relations.

(a) If R and S are both functional relations, then Ro S is also a functional relation.
Consequently, Ro S is the graph of some partial function.

(b) If dom(R) = A and dom(S) = B, then dom(Ro S) = A.

(c) If R is the graph of a (total) function from A to B and S is the graph of a (total)
function from B to C, then Ro S is the graph of a (total) function from A to C.

Proof. (a) Assume that (a,c;) € RoS and (a,c;) € Ro S. By definition of Ro S,
there exist b1, b, € B so that

(a,b1> €R, <b1,6‘1> €S,
(a,by) €R, (by,c2) €.

As R is functional, {a,b1) € R and {a,b,) € R implies by = b,. Let b = by = by, so
that (b1,c1) = (b,c1) and (b2,c2) = (b,c2). But, S is also functional, so (b,c|) € S
and (b, c;) € S implies that ¢; = ¢, which proves that R o S is functional.

(b) If A = 0 then R = 0 and so Ro S = 0, which implies that dom(RoS) =0 =A.
If A = 0, pick any a € A. The fact that dom(R) = A # (0 means that there is some
b € B so that (a,b) € R and so, B # 0. As dom(S) = B # 0, there is some ¢ € C
so that (b,c) € S. Then, by the definition of Ro S, we see that (a,c) € RoS. The
argument holds for any a € A, therefore we deduce that dom(Ro S) = A.

(c) If R and S are the graphs of partial functions, then this means that they are
functional and (a) implies that Ro S is also functional. This shows that Ro S is the
graph of the partial function (A,RoS,C). If R and S are the graphs of total functions,
then dom(R) = A and dom(S) = B. By (b), we deduce that dom(Ro S) = A. By the
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first part of (c), Ro S is the graph of the partial function (A,Ro S,C), which is a total
function, inasmuch as dom(RoS) =A. O

Proposition 2.2 shows that it is legitimate to define the composition of functions,
possibly partial. Thus, we make the following definition.

Definition 2.5. Given two functions f: A — B and g: B — C, possibly partial, the
composition of f and g, denoted go f, is the function (possibly partial)

go f = (A,graph(f)ograph(g),C).

The reader must have noticed that the composition of two functions f: A — B and
g: B— Cisdenoted go f, whereas the graph of go f is denoted graph(f) o graph(g).
This “reversal” of the order in which function composition and relation composition
are written is unfortunate and somewhat confusing.

Once again, we are the victims of tradition. The main reason for writing function
composition as go f is that traditionally the result of applying a function f to an
argument x is written f(x). Then, (go f)(x) = g(f(x)), because z = (go f)(x) iff
there is some y so that y = f(x) and z = g(y); that is, z = g(f(x)). Some people,
in particular algebraists, write function composition as f o g, but then, they write
the result of applying a function f to an argument x as xf. With this convention,
x(fog) = (xf)g, which also makes sense.

We prefer to stick to the convention where we write f(x) for the result of applying
a function f to an argument x and, consequently, we use the notation g o f for the
composition of f with g, even though it is the opposite of the convention for writing
the composition of relations.

Given any three relations, RCAxB,SCBxC,and T C C x D, the reader should
verify that

(RoS)oT =Ro(SoT).

We say that composition is associative. Similarly, for any three functions (possibly
partial), f: A — B, g: B— C, and h: C — D, we have (associativity of function
composition)

(hog)of=ho(gof).

2.5 Recursion on N

The following situation often occurs. We have some set A, some fixed elementa € A,
some function g: A — A, and we wish to define a new function #: N — A, so that

h(0) = a,
h(n+1) = g(h(n)) for all n € N.
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This way of defining 4 is called a recursive definition (or a definition by primitive
recursion). I would be surprised if any computer scientist had any trouble with this
“definition” of & but how can we justify rigorously that such a function exists and is
unique?

Indeed, the existence (and uniqueness) of & requires proof. The proof, although
not really hard, is surprisingly involved and in fact quite subtle. For those reasons,
we do not give a proof of the following theorem but instead the main idea of the
proof. The reader will find a complete proof in Enderton [2] (Chapter 4).

Theorem 2.1. (Recursion theorem on N) Given any set A, any fixed element a € A,
and any function g: A — A, there is a unique function h: N — A, so that

h(0) = a,
h(n+1) = g(h(n)) for all n € N.

Proof. The idea is to approximate /. To do this, define a function f to be acceptable
iff

1. dom(f) C N and range(f) C A.

2. If 0 € dom(f), then f(0) =a.

3. Ifn+1 € dom(f), then n € dom(f) and f(n+ 1) = g(f(n)).

Let .# be the collection of all acceptable functions and set

h=J7.

All we can say, so far, is that £ is a relation. We claim that # is the desired function.
For this, four things need to be proved:

1. The relation 4 is a function.
2. The function £ is acceptable.
3. The function /& has domain N.
4. The function 4 is unique.

As expected, we make heavy use of induction in proving (1)—(4). For complete
details, see Enderton [2] (Chapter 4). O

Theorem 2.1 is very important. Indeed, experience shows that it is used almost
as much as induction. As an example, we show how to define addition on N. Indeed,
at the moment, we know what the natural numbers are but we don’t know what are
the arithmetic operations such as + or * (at least, not in our axiomatic treatment; of
course, nobody needs an axiomatic treatment to know how to add or multiply).

How do we define m + n, where m,n € N?

If we try to use Theorem 2.1 directly, we seem to have a problem, because ad-
dition is a function of two arguments, but & and g in the theorem only take one
argument. We can overcome this problem in two ways:
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(1) We prove a generalization of Theorem 2.1 involving functions of several argu-
ments, but with recursion only in a single argument. This can be done quite
easily but we have to be a little careful.

(2) For any fixed m, we define add,,(n) as add,(n) = m + n; that is, we define
addition of a fixed m to any n. Then, we let m+n = add,,(n).

Solution (2) involves much less work, thus we follow it. Let S denote the succes-
sor function on N, that is, the function given by

S(n)=n"=n+1.

Then, using Theorem 2.1 with @ = m and g = S, we get a function, add,,, such that

add,(0) =
add,y(n+1) = S(add,(n)) = add,,(n) + 1 forall neN.

m,

Finally, for all m,n € N, we define m+ n by
m+n=add,(n).

Now, we have our addition function on N. But this is not the end of the story be-
cause we don’t know yet that the above definition yields a function having the usual
properties of addition, such as

m+0=m
m—+n=n+m
(m+n)+p=m+(n+p).

To prove these properties, of course, we use induction.
We can also define multiplication. Mimicking what we did for addition, define
mult,,(n) by recursion as follows.

multy,(0) = 0,
multy,(n+ 1) = multy,(n) +m for all n € N.

Then, we set
m-n = mult,,(n).

Note how the recursive definition of mult,, uses the adddition function +, previ-
ously defined. Again, to prove the usual properties of multiplication as well as the
distributivity of - over +, we use induction. Using recursion, we can define many
more arithmetic functions. For example, the reader should try defining exponentia-
tion m".
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We still haven’t defined the usual ordering on the natural numbers but we do so
later. Of course, we all know what it is and we do not refrain from using it. Still, it
is interesting to give such a definition in our axiomatic framework.

2.6 Inverses of Functions and Relations

Given a function f: A — B (possibly partial), with A # 0, suppose there is some
function g: B — A (possibly partial), called a left inverse of f, such that

gof=ida.

If such a g exists, we see that f must be total but more is true. Indeed, assume that
f(a) = f(b). Then, by applying g, we get

(gof)(a) = g(f(a)) = g(f(b)) = (g f) (D).

However, because g o f = id, we have (go f)(a) =ida(a) = a and (go f)(b) =
id4 (D) = b, so we deduce that
a=b.

Therefore, we showed that if a function f with nonempty domain has a left inverse,
then f is total and has the property that for all a,b € A, f(a) = f(b) implies that
a = b, or equivalently a # b implies that f(a) # f(b). We say that f is injective. As
we show later, injectivity is a very desirable property of functions.

Remark: If A =0, then f is still considered to be injective. In this case, g is the
empty partial function (and when B = 0, both f and g are the empty function from
0 to itself).

Now, suppose there is some function i#: B — A (possibly partial) with B £ 0
called a right inverse of f, but this time, we have

foh=idg.

If such an £ exists, we see that it must be total but more is true. Indeed, for any
b € B, as foh =1idp, we have

F(h(B)) = (o h)(b) = idi(b) = b.

Therefore, we showed that if a function f with nonempty codomain has a right
inverse & then £ is total and f has the property that for all b € B, there is some a € A,
namely, a = h(b), so that f(a) = b. In other words, Im (/) = B or equivalently, every
element in B is the image by f of some element of A. We say that f is surjective.
Again, surjectivity is a very desirable property of functions.

Remark: If B =0, then f is still considered to be surjective but % is not total unless
A = 0, in which case f is the empty function from 0 to itself.
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If a function has a left inverse (respectively, a right inverse), then it may have
more than one left inverse (respectively, right inverse).

If a function (possibly partial) f: A — B with A, B # 0 happens to have both a
left inverse g: B — A and a right inverse #: B — A, then we know that f and % are
total. We claim that g = &, so that g is total and moreover g is uniquely determined
by f.

Lemma 2.1. Let f: A — B be any function and suppose that f has a left inverse
g: B — A and a right inverse h: B — A. Then, g = h and, moreover, g is unique,
which means that if g’ : B — A is any function that is both a left and a right inverse

of f, theng =g.

Proof. Assume that
gof =idy and foh =idp.

Then, we have
g=goidg=go(foh)=(gof)oh=idgoh=h.

Therefore, g = h. Now, if g’ is any other left inverse of f and /4’ is any other right
inverse of f, the above reasoning applied to g and /' shows that g = /' and the same
reasoning applied to g’ and /2’ shows that g’ = /. Therefore, g = i’ = g = h, that is,
g is uniquely determined by f. O

This leads to the following definition.

Definition 2.6. A function f: A — B is said to be invertible iff there is a function
g: B — A which is both a left inverse and a right inverse; that is,

gof=idy and fog =1idp.
In this case, we know that g is unique and it is denoted f~!.

From the above discussion, if a function is invertible, then it is both injective and
surjective. This shows that a function generally does not have an inverse. In order
to have an inverse a function needs to be injective and surjective, but this fails to be
true for many functions. It turns out that if a function is injective and surjective then
it has an inverse. We prove this in the next section.

The notion of inverse can also be defined for relations, but it is a somewhat
weaker notion.

Definition 2.7. Given any relation R C A x B, the converse or inverse of R is the
relation R~! C B x A, defined by

R ={(b,a) €BxA|(a,b)cR)}.

In other words, R~! is obtained by swapping A and B and reversing the orien-
tation of the arrows. Figure 2.7 below shows the inverse of the relation of Figure
2.2:
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o (5
b4 o o (4
b3 o as
bg o (2
bl o 1

Fig. 2.7 The inverse of the relation R from Figure 2.2

Now, if R is the graph of a (partial) function f, beware that R~ is generally not
the graph of a function at all, because R~! may not be functional. For example, the
inverse of the graph G in Figure 2.3 is not functional; see below.

o U5
b4 o o (g
b3 [ o a3
b2 o Ay
by o o

Fig. 2.8 The inverse, G~!, of the graph of Figure 2.3

The above example shows that one has to be careful not to view a function as
a relation in order to take its inverse. In general, this process does not produce a
function. This only works if the function is invertible.

Given any two relations, R C A x B and S C B x C, the reader should prove that

(RoS) ' =5"1oRrR™,

(Note the switch in the order of composition on the right-hand side.) Similarly, if
f:A— Band g: B— C are any two invertible functions, then go f is invertible and
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(gof)™'=flog™h.

2.7 Injections, Surjections, Bijections, Permutations

We encountered injectivity and surjectivity in Section 2.6. For the record, let us give
the following.

Definition 2.8. Given any function f: A — B, we say that f is injective (or one-to-
one) iff for all a,b € A, if f(a) = f(b), then a = b, or equivalently, if a # b, then
f(a) # f(b). We say that f is surjective (or onto) iff for every b € B, there is some
a € A so that b = f(a), or equivalently if Im(f) = B. The function f is bijective
iff it is both injective and surjective. When A = B, a bijection f: A — A is called a
permutation of A.

Remarks:

1. If A = 0, then any function, f: @ — B is (trivially) injective.

2. If B =0, then f is the empty function from 0 to itself and it is (trivially) surjec-
tive.

3. A function, f: A — B, is not injective iff there exist a,b € A with a # b and
yet f(a) = f(b); see Figure 2.9.

4. A function, f: A — B, is not surjective iff for some b € B, there isno a € A
with b = f(a); see Figure 2.10.

5. We have Imf = {b € B| (3a € A)(b = f(a))}, thus a function f: A — B is
always surjective onto its image.

6. The notation f: A — B is often used to indicate that a function f: A — B is an
injection.

7. If A # 0, a function f: A — B is injective iff for every b € B, there at most one
a € A such that b = f(a).

8. If A # 0, a function f: A — B is surjective iff for every b € B, there at least one
a € A such that b = f(a) iff f~(b) # 0 for all b € B.

9. If A # 0, a function f: A — B is bijective iff for every b € B, there is a unique
a € A such that b = f(a).

10. When A is the finite set A = {1,...,n}, also denoted [n], it is not hard to show

that there are n! permutations of [n].

The function f;: Z — Z given by fi(x) = x+ 1 is injective and surjective. How-
ever, the function f>: Z — Z given by f>(x) = x? is neither injective nor surjective
(why?). The function f3: Z — Z given by f3(x) = 2x is injective but not surjective.
The function f4: Z — Z given by

[k ifx=2k
f4(x)_{k ifx = 2k+1

is surjective but not injective.
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Fig. 2.9 A noninjective function

o b
CO—
B

Fig. 2.10 A nonsurjective function

Remark: The reader should prove that if A and B are finite sets, A has m elements
and B has n elements (m < n) then the set of injections from A to B has

n!
(n—m)!

elements. The following theorem relates the notions of injectivity and surjectivity to
the existence of left and right inverses.

Theorem 2.2. Let f: A — B be any function and assume A # 0.

(a) The function f is injective iff it has a left inverse g (i.e., a function g: B — A so
that go f =idy).

(b) The function f is surjective iff it has a right inverse h (i.e., a function h: B — A
so that foh =1idp).

(c) The function f is invertible iff it is injective and surjective.

Proof. (a) We already proved in Section 2.6 that the existence of a left inverse
implies injectivity. Now, assume f is injective. Then, for every b € range(f), there
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is a unique a; € A so that f(a,) = b. Because A # 0, we may pick some ag in A. We
define g: B — A by

[ ap ifb € range(f)
8(b) = {ao if b € B— range(f).

Then, g(f(a)) = a for all a € A, because f(a) € range(f) and a is the only element
of A so that f(a) = f(a). This shows that go f =ida, as required.

(b) We already proved in Section 2.6 that the existence of a right inverse implies
surjectivity. For the converse, assume that f is surjective. As A £ 0 and f is a func-
tion (i.e., f is total), B # 0. So, for every b € B, the preimage f~'(h) = {a € A |
f(a) = b} is nonempty. We make a function h: B — A as follows. For each b € B,
pick some element a;, € £~ ! (b) (which is nonempty) and let 4(b) = a;. By definition
of f~1(b), we have f(a;) = b and so,

f(h(b)) = f(ap) =b, forallb € B.

This shows that f o h = idp, as required.

(c) If f is invertible, we proved in Section 2.6 that f is injective and surjective.
Conversely, if f is both injective and surjective, by (a) the function f has a left
inverse g and by (b) it has a right inverse 4. However, by Lemma 2.1, g = h, which
shows that f is invertible. O

The alert reader may have noticed a “fast turn” in the proof of the converse in (b).
Indeed, we constructed the function / by choosing, for each b € B, some element in
f~1(b). How do we justify this procedure from the axioms of set theory?

Well, we can’t. For this we need another (historically somewhat controversial)
axiom, the axiom of choice. This axiom has many equivalent forms. We state the
following form which is intuitively quite plausible.

Axiom of Choice (Graph Version).
For every relation R C A X B, there is a partial function f: A — B, with graph(f) CR
and dom(f) = dom(R).

We see immediately that the axiom of choice justifies the existence of the func-
tion 4 in part (b) of Theorem 2.2.

Remarks:

1. Let f: A— Band g: B— A be any two functions and assume that
gof=idy.

Thus, fis aright inverse of g and g is a left inverse of f. So, by Theorem 2.2 (a)
and (b), we deduce that f is injective and g is surjective. In particular, this shows
that any left inverse of an injection is a surjection and that any right inverse of a
surjection is an injection.
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2. Any right inverse h of a surjection f: A — B is called a section of f (which is
an abbreviation for cross-section). This terminology can be better understood
as follows: Because f is surjective, the preimage, f ! (b) = {a € A | f(a) = b}
of any element b € B is nonempty. Moreover, £~ (b;) N f~!(hy) = @ whenever
by # b,. Therefore, the pairwise disjoint and nonempty subsets f~!(b), where
b € B, partition A. We can think of A as a big “blob” consisting of the union of
the sets £~!(b) (called fibres) and lying over B. The function f maps each fibre,
f~1(b) onto the element, b € B. Then, any right inverse 4: B — A of f picks
out some element in each fibre, f -1 (b), forming a sort of horizontal section of
A shown as a curve in Figure 2.11.

Fby) T~

by b

Fig. 2.11 A section h of a surjective function f.

3. Any left inverse g of an injection f: A — B is called a retraction of f. The ter-
minology reflects the fact that intuitively, as f is injective (thus, g is surjective),
B is bigger than A and because go f = id4, the function g “squeezes” B onto A
in such a way that each point b = f(a) in Im f is mapped back to its ancestor
a € A. So, B is “retracted” onto A by g.

Before discussing direct and inverse images, we define the notion of restriction
and extension of functions.

Definition 2.9. Given two functions, f: A — C and g: B — C, with A C B, we say
that f is the restriction of g to A if graph(f) C graph(g); we write f = g [ A. In this
case, we also say that g is an extension of f to B.
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2.8 Direct Image and Inverse Image

A function f: X — Y induces a function from 2% to 2" also denoted f and a function
from 27 to 2%, as shown in the following definition.

Definition 2.10. Given any function f: X — Y, we define the function f: 2X — 2
so that, for every subset A of X,

flA)={yeY|IxeA y=f(x)}.

The subset f(A) of Y is called the direct image of A under f, for short, the image of
A under f. We also define the function f~!: 2 — 2X 5o that, for every subset B of
Y5

B ={xeX|[IyeB y=r(n}

The subset f~!(B) of X is called the inverse image of B under f or the preimage of
B under f.

Remarks:

1. The overloading of notation where f is used both for denoting the original func-
tion f: X — Y and the new function f: 2¥ — 2¥ may be slightly confusing. If
we observe that f({x}) = {f(x)}, for all x € X, we see that the new f is a natural
extension of the old f to the subsets of X and so, using the same symbol f for
both functions is quite natural after all. To avoid any confusion, some authors
(including Enderton) use a different notation for f(A), for example, f[[A]. We
prefer not to introduce more notation and we hope that which f we are dealing
with is made clear by the context.

2. The use of the notation f~! for the function f~': 2¥ — 2% may even be more
confusing, because we know that f~! is generally not a function from Y to X.
However, it is a function from 2Y to 2X. Again, some authors use a different
notation for f~!(B), for example, f~'[[A]. We stick to f~!(B).

3. The set f(A) is sometimes called the push-forward of A along f and f~'(B) is
sometimes called the pullback of B along f.

4. Observe that f~!(y) = f~'({y}), where f~!(y) is the preimage defined just
after Definition 2.3.

5. Although this may seem counterintuitive, the function f~! has a better behavior
than f with respect to union, intersection, and complementation.

Some useful properties of f: 2X —2¥ and f~!': 2¥ — 2X are now stated without
proof. The proofs are easy and left as exercises.
Proposition 2.3. Given any function f: X — Y, the following properties hold.

(1) For any B CY, we have
f(£71(B) € B.
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(2) If f: X —Y is surjective, then

f(f'(B)) =B
(3) For any A C X, we have

ACf(f(A)).
(4) If f: X — Y is injective, then

A= f1(f(A)).

The next proposition deals with the behavior of f: 2X¥ — 2¥ and f~!: 2V — 2%
with respect to union, intersection, and complementation.

Proposition 2.4. Given any function f: X — Y the following properties hold.
(1) Forall A,B C X, we have
f(AUB) = f(A)Uf(B).
(2)
f(ANB) C f(A)Nf(B).
Equality holds if f: X — Y is injective.

(3)
f(A)—f(B) € f(A—B).

Equality holds if f: X — Y is injective.
(4) ForallC,D CY, we have
i cup)=fHe)uf(D).
()
rienp)y=fe)ns ().

(6)
fic-p)y=r"©) - (D).

As we can see from Proposition 2.4, the function f~': 2¥ — 2% has better be-
havior than f: 2X — 2¥ with respect to union, intersection, and complementation.

2.9 Equinumerosity; The Pigeonhole Principle and the
Schroder-Bernstein Theorem

The notion of size of a set is fairly intuitive for finite sets but what does it mean for
infinite sets? How do we give a precise meaning to the questions:

(a) Do X and Y have the same size?
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(b) Does X have more elements than Y ?

For finite sets, we can rely on the natural numbers. We count the elements in the
two sets and compare the resulting numbers. If one of the two sets is finite and the
other is infinite, it seems fair to say that the infinite set has more elements than the
finite one.

But what if both sets are infinite?

Remark: A critical reader should object that we have not yet defined what a finite
set is (or what an infinite set is). Indeed, we have not. This can be done in terms
of the natural numbers but, for the time being, we rely on intuition. We should also
point out that when it comes to infinite sets, experience shows that our intuition fails
us miserably. So, we should be very careful.

Let us return to the case where we have two infinite sets. For example, consider
N and the set of even natural numbers, 2N = {0,2,4,6,...}. Clearly, the second set
is properly contained in the first. Does that make N bigger? On the other hand, the
function n — 2n is a bijection between the two sets, which seems to indicate that
they have the same number of elements. Similarly, the set of squares of natural num-
bers, Squares = {0, 1,4,9,16,25,...} is properly contained in N and many natural
numbers are missing from Squares. But, the map n — n” is a bijection between N
and Squares, which seems to indicate that they have the same number of elements.

A more extreme example is provided by N x N and N. Intuitively, N x N is two-
dimensional and N is one-dimensional, so N seems much smaller than N x N. How-
ever, it is possible to construct bijections between N x N and N (try to find one). In
fact, such a function J has the graph partially shown below:

36...

N
23 7.
NN
11 4 8.
NN N
00 2 5 9
0o 1 2 3.

The function J corresponds to a certain way of enumerating pairs of integers.
Note that the value of m + n is constant along each diagonal, and consequently, we
have

J(m,n) =142+---+ (m+n)+m,
= ((mn)(m+n+ 1)+ 2m))2,
= ((m+n)>+3m+n)/2.

For example, J(2,1) = (2+1)2+3-2+1)/2=(9+6+1)/2 = 16/2 = 8. The
function
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J(m,n) = %((m+n)2+3m+n)

is a bijection but that’s not so easy to prove.

Perhaps even more surprising, there are bijections between N and Q. What about
between R x R and R? Again, the answer is yes, but that’s harder to prove.

These examples suggest that the notion of bijection can be used to define rigor-
ously when two sets have the same size. This leads to the concept of equinumerosity.

Definition 2.11. A set A is equinumerous to a set B, written A =~ B, iff there is a
bijection f: A — B. We say that A is dominated by B, written A = B, iff there is
an injection from A to B. Finally, we say that A is strictly dominated by B, written
A <B,iff A<Band A % B.

Using the above concepts, we can give a precise definition of finiteness. First,
recall that for any n € N, we defined [n] as the set [n] = {1,2,...,n}, with [0] = 0.

Definition 2.12. A set A is finite if it is equinumerous to a set of the form [n], for
some n € N. A set A is infinite iff it is not finite. We say that A is countable (or
denumerable) iff A is dominated by N.

Two pretty results due to Cantor (1873) are given in the next theorem. These are
among the earliest results of set theory. We assume that the reader is familiar with
the fact that every number, x € R, can be expressed in decimal expansion (possibly
infinite). For example,

7 =3.14159265358979 - - -

Theorem 2.3. (Cantor’s Theorem) (a) The set N is not equinumerous to the set R
of real numbers.

(b) For every set A there is no surjection from A onto 24. Consequently, no set A
is equinumerous to its power set 2.

Proof. (a) We use a famous proof method due to Cantor and known as a diagonal
argument. We prove that if we assume there is a bijection f: N — R, then there is
a real number z not belonging to the image of f, contradicting the surjectivity of f.
Now, if f exists, we can form a bi-infinite array

f(0) =ko.do1doadozdoa -+
f(1) =kididi2dizdis- -,
f(2) =kaudaidradandas -,

f(n) =ky.dn1dya - 'drm+1 Ty

where k;, is the integer part of f(n) and the d,; are the decimals of f(n), with i > 1.



132 2 Relations, Functions, Partial Functions

The number
z=0.d1drd5 - 'dn+] ce

is defined so that d,11 = 1 if d,,,41 # 1, else dy1 =2 if dyyp1 = 1, for every n > 0,
The definition of z shows that

dpy1 # dypy1, forall n >0,

which implies that z is not in the above array; that is, z ¢ Im f.

(b) The proof is a variant of Russell’s paradox. Assume that there is a surjection,
g:A— 24 we construct a set B C A that is not in the image of g, a contradiction.
Consider the set

B={acAla¢ga)}.
Obviously, B C A. However, for every a € A,

a€Biffa¢g(a),

which shows that B # g(a) for all a € A; that is, B is not in the image of g. O

As there is an obvious injection of N into R, Theorem 2.3 shows that N is strictly
dominated by R. Also, as we have the injection a — {a} from A into 24, we see that
every set is strictly dominated by its power set. So, we can form sets as big as we
want by repeatedly using the power set operation.

Remark: In fact, R is equinumerous to 2N see Problem 2.39

The following proposition shows an interesting connection between the notion
of power set and certain sets of functions. To state this proposition, we need the
concept of characteristic function of a subset.

Given any set X for any subset A of X, define the characteristic function of A,
denoted Y4, as the function x4 : X — {0,1} given by

(1 ifxeA
2a) = {o ifxéA.

In other words, x4 tests membership in A. For any x € X, ya(x) = 1 iff x € A.
Observe that we obtain a function y: 2X — {0, 1}¥ from the power set of X to the
set of characteristic functions from X to {0, 1}, given by

X(A) = xa.

We also have the function, .: {0,1}* — 2%, mapping any characteristic function
to the set that it defines and given by

L () ={xeX[f(x) =1},

for every characteristic function, f € {0,1}X.
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Proposition 2.5. For any set X the function y: 2% — {0,1}X from the power set
of X to the set of characteristic functions on X is a bijection whose inverse is

S {0,1}X — 2%,

Proof. Simply check that y 0. =id and . o ¥ = id, which is straightforward.
O

In view of Proposition 2.5, there is a bijection between the power set 2% and the
set of functions in {0, 1}X. If we write 2 = {0, 1}, then we see that the two sets look
the same. This is the reason why the notation 2% is often used for the power set (but
others prefer 22 (X)).

There are many other interesting results about equinumerosity. We only mention
four more, all very important.

Theorem 2.4. (Pigeonhole Principle) No set of the form [n] is equinumerous to a
proper subset of itself, where n € N,

Proof. Although the pigeonhole principle seems obvious, the proof is not. In fact,
the proof requires induction. We advise the reader to skip this proof and come back
to it later after we have given more examples of proof by induction.

Suppose we can prove the following claim.

Claim. Whenever a function f: [n] — [n] is an injection, then it is a surjection
onto [n] (and thus, a bijection).

Observe that the above claim implies the pigeonhole principle. This is proved by
contradiction. So, assume there is a function f: [n] — [n], such that f is injective and
Im f =A C [n] with A # [n]; that is, f is a bijection between [n] and A, a proper subset
of [n]. Because f: [n] — [n] is injective, by the claim, we deduce that f: [n] — [n]
is surjective, that is, Im f = [n], contradicting the fact that Im f = A # [n].

It remains to prove by induction on n € N that if f: [n] — [1] is an injection, then
it is a surjection (and thus, a bijection). For n = 0, f must be the empty function,
which is a bijection.

Assume that the induction hypothesis holds for any » > 0 and consider any in-
jection, f: [n+ 1] — [n+ 1]. Observe that the restriction of f to [n] is injective.

Case 1. The subset [n] is closed under f; that is, f([n]) C [n]. Then, we know
that f | [n] is injective and by the induction hypothesis, f([n]) = [n]. Because f is
injective, we must have f(n+ 1) =n+ 1. Hence, f is surjective, as claimed.

Case 2. The subset [n] is not closed under f; that is, there is some p < n such that
f(p) =n+ 1. We can create a new injection ffrom [n+ 1] to itself with the same
image as f by interchanging two values of f so that [n] closed under f Define fby

f(p)=fln+1)
fin+ 1) =f(p)=n+1
f)=rG), 1<i<ni#p.

Then, f is an injection from [n + 1] to itself and [n] is closed under f. By Case 1,
is surjective, and as Im f = Im f, we conclude that f is also surjective. [
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Corollary 2.1. (Pigeonhole Principle for Finite Sets) No finite set is equinumerous
to a proper subset of itself.

Proof. To say that a set A is finite is to say that there is a bijection g: A — [n] for
some n € N. Assume that there is a bijection f between A and some proper subset of
A. Then, consider the function go f o g_l, from [n] to itself, as shown in the diagram
below:

The rest of the proof consists in showing that [n] would be equinumerous to a
proper subset of itself, contradicting Theorem 2.4. We leave the details as an exer-
cise. O

The pigeonhole principle is often used in the following way. If we have m distinct
slots and n > m distinct objects (the pigeons), then when we put all n objects into
the m slots, two objects must end up in the same slot. This fact was apparently first
stated explicitly by Dirichlet in 1834. As such, it is also known as Dirichlet’s box
principle.

Fig. 2.12 Johan Peter Gutav Lejeune Dirichlet, 1805-1859

Let A be a finite set. Then, by definition, there is a bijection f: A — [n] for
some n € N. We claim that such an 7 is unique. Otherwise, there would be another
bijection g: A — [p] for some p € N with n # p. But now, we would have a bijection
go f~! between [n] and [p] with n # p. This would imply that there is either an
injection from [n] to a proper subset of itself or an injection from [p] to a proper
subset of itself,” contradicting the pigeonhole principle.

2 Recall that n41 = {0, 1,...,n} = [#] U {0}. Here in our argument, we are using the fact that
for any two natural numbers n, p, either n C p or p C n. This fact is indeed true but requires a
proof. The proof uses induction and some special properties of the natural numbers implied by the
definition of a natural number as a set that belongs to every inductive set. For details, see Enderton
[2], Chapter 4.
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If A is a finite set, the unique natural number, n € N, such that A ~ [n] is called
the cardinality of A and we write |A| = n (or sometimes, card(A) = n).

Remark: The notion of cardinality also makes sense for infinite sets. What happens
is that every set is equinumerous to a special kind of set (an initial ordinal) called a
cardinal (or cardinal number). Let us simply mention that the cardinal number of
N is denoted X (say “aleph” 0). A naive way to define the cardinality of a set X
would be to define it as the equivalence class {Y | Y ~ X} of all sets equinumerous
to X. However, this does not work because the collection of sets Y such that Y ~ X,
is not a set! In order to avoid this logical difficulty, one has to define the notion of
a cardinal in a more subtle manner. One way to proceed is to first define ordinals,
certain kinds of well-ordered sets. Then, assuming the axiom of choice, every set
X is equinumerous to some ordinal and the cardinal |X| of the set X is defined as
the least ordinal equinumerous to X (an initial ordinal). The theory of ordinals and
cardinals is thoroughly developed in Enderton [2] and Suppes [3] but it is beyond
the scope of this book.

Corollary 2.2. (a) Any set equinumerous to a proper subset of itself is infinite.
(b) The set N is infinite.

Proof. Left as an exercise to the reader. O

The image of a finite set by a function is also a finite set. In order to prove
this important property we need the next two propositions. The first of these two
propositions may appear trivial but again, a rigorous proof requires induction.

Proposition 2.6. Let n be any positive natural number, let A be any nonempty set,
and pick any element ay € A. Then there exists a bijection f: A — [n+ 1] iff there
exists a bijection g: (A—{ao}) — [n].

Proof. We proceed by induction on n > 1. The proof of the induction step is very
similar to the proof of the induction step in Proposition 2.4. The details of the proof
are left as an exercise to the reader. 0O

Proposition 2.7. For any function f: A — B if f is surjective and if A is a finite
nonempty set, then B is also a finite set and there is an injection h: B — A such that
foh=1idg. Moreover, |B| < |A|.

Proof. The existence of an injection 4: B — A, such that f oh =idp, follows imme-
diately from Theorem 2.2 (b), but the proof uses the axiom of choice, which seems
a bit of an overkill. However, we can give an alternate proof avoiding the use of the
axiom of choice by proceeding by induction on the cardinality of A.

If A has a single element, say a, because f is surjective, B is the one-element set
(obviously finite), B={f(a)}, and the function, h: B — A, given by g(f(a)) = a is
obviously a bijection such that foh = idp.

For the induction step, assume that A has n+ 1 elements. If f is a bijection, then
h = f~! does the job and B is a finite set with 7+ 1 elements.
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If f is surjective but not injective, then there exist two distinct elements, a’,a” €
A, suchthat f(a') = f(a"). If welet A’ = A —{a"} then, by Proposition 2.6, the set A’
has n elements and the restriction f” of f to A’ is surjective because for every b € B,
if b # f(d'), then by the surjectivity of f there is some a € A — {a’,a”} such that
f(@)=f(a)=bandif b= f(d'), then f'(a') = f(a'). By the induction hypothesis,
B is a finite set and there is an injection /' : B — A’ such that ' o4’ = idg. However,
our injection /' : B — A’ can be viewed as an injection i: B — A, which satisfies the
identity f o h = idp, and this concludes the induction step.

Inasmuch as we have an injection 2: B — A and A and B are finite sets, as every
finite set has a uniquely defined cardinality, we deduce that |B| < |A|. O

Corollary 2.3. For any function f: A — B, if A is a finite set, then the image f(A)
of f is also finite and | f(A)| < |A|.

Proof. Any function f: A — B is surjective on its image f(A), so the result is an
immediate consequence of Proposition 2.7. O

Corollary 2.4. For any two sets A and B, if B is a finite set of cardinality n and is A
is a proper subset of B, then A is also finite and A has cardinality m < n.

Proof. Corollary 2.4 can be proved by induction on n using Proposition 2.6. An-
other proof goes as follows: Because A C B, the inclusion function j: A — B given
by j(a) = a for all a € A, is obviously an injection. By Theorem 2.2(a), there is a
surjection, g: B — A. Because B is finite, by Proposition 2.7, the set A is also finite
and because there is an injection j: A — B, we have m = |A| < |B| = n. However,
inasmuch as B is a proper subset of A, by the pigeonhole principle, we must have
m+#n, thatis,m <n. O

If A is an infinite set, then the image f(A) is not finite in general but we still have
the following fact.

Proposition 2.8. For any function f: A — B we have f(A) < A; that is, there is an
injection from the image of f to A.

Proof. Any function f: A — B is surjective on its image f(A). By Theorem 2.2(b),
there is an injection /: f(B) — A, such that f o h = idp, which means that f(A) < A.
O

Here are two more important facts that follow from the pigeonhole principle for
finite sets and Proposition 2.7.

Proposition 2.9. Let A be any finite set. For any function f: A — A the following
properties hold.

(a) If f is injective, then f is a bijection.
(b) If f is surjective, then f is a bijection.
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The proof of Proposition 2.9 is left as an exercise (use Corollary 2.1 and Propo-
sition 2.7).

Proposition 2.9 only holds for finite sets. Indeed, just after the remarks following
Definition 2.8 we gave examples of functions defined on an infinite set for which
Proposition 2.9 fails.

A convenient characterization of countable sets is stated below.

Proposition 2.10. A nonempty set A is countable iff there is a surjection g: N — A
from N onto A.

Proof. Recall that by definition, A is countable iff there is an injection f: A — N.
The existence of a surjection g: N — A follows from Theorem 2.2(a). Conversely,
if there is a surjection g: N — A, then by Theorem 2.2(b), there is an injection
f: A — N. However, the proof of Theorem 2.2(b) requires the axiom of choice. It is
possible to avoid the axiom of choice by using the fact that every nonempty subset
of N has a smallest element (see Theorem 5.3). O

The following fact about infinite sets is also useful to know.
Theorem 2.5. For every infinite set A, there is an injection from N into A.

Proof. The proof of Theorem 2.5 is actually quite tricky. It requires a version of
the axiom of choice and a subtle use of the recursion theorem (Theorem 2.1). Let us
give a sketch of the proof.

The version of the axiom of choice that we need says that for every nonempty set
A there is a function F (a choice function) such that the domain of F is 24 — {0} (all
nonempty subsets of A) and such that F(B) € B for every nonempty subset B of A.

We use the recursion theorem to define a function / from N to the set of finite
subsets of A. The function /% is defined by

h(0) = 0
h(n+1) = h(n)U{F(A—h(n))}.

Because A is infinite and A(n) is finite, A — h(n) is nonempty and we use F to pick
some element in A — h(n), which we then add to the set A(n), creating a new finite
set h(n—+1). Now, we define g: N — A by

8(n) =F(A—h(n))

for all n € N. Because A(n) is finite and A is infinite, g is well defined. It remains to
check that g is an injection. For this, we observe that g(n) ¢ h(n) because
F(A—h(n)) € A—h(n); the details are left as an exercise. O

The intuitive content of Theorem 2.5 is that N is the “smallest” infinite set.

An immediate consequence of Theorem 2.5 is that every infinite subset of N is
equinumerous to N.

Here is a characterization of infinite sets originally proposed by Dedekind in
1888.
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Proposition 2.11. A set A is infinite iff it is equinumerous to a proper subset of itself.

Proof. If A is equinumerous to a proper subset of itself, then it must be infinite
because otherwise the pigeonhole principle would be contradicted.

Conversely, assume A is infinite. By Theorem 2.5, there is an injection f: N — A.
Define the function g: A — A as follows.

§(f(n)) = f(n+1) if neN
gla)=a if a¢Im(f).

It is easy to check that g is a bijection of A onto A — {f(0)}, a proper subset of A.
(|

Let us give another application of the pigeonhole principle involving sequences
of integers. Given a finite sequence S of integers ay,...,a,, a subsequence of S is
a sequence by,...,b,, obtained by deleting elements from the original sequence
and keeping the remaining elements in the same order as they originally appeared.
More precisely, by,...,b, is a subsequence of ay,...,a, if there is an injection
g:{1,....,m} —{1,....,n} such that b; = a,(; foralli € {1,...,m} and i < j implies
g(i) <g(j) foralli,j € {1,...,m}. For example, the sequence

1 9 10 8 3 75 2 6 4

contains the subsequence
9 8 6 4.

An increasing subsequence is a subsequence whose elements are in strictly increas-
ing order and a decreasing subsequence is a subsequence whose elements are in
strictly decreasing order. For example, 9864 is a decreasing subsequence of our
original sequence. We now prove the following beautiful result due to Erdos and
Szekeres.

Theorem 2.6. (Erdos and Szekeres) Let n be any nonzero natural number. Every se-
quence of n> + 1 pairwise distinct natural numbers must contain either an increasing
subsequence or a decreasing subsequence of length n+ 1.

Proof. The proof proceeds by contradiction. So, assume there is a sequence S of
n’ + 1 pairwise distinct natural numbers so that all increasing or decreasing subse-
quences of S have length at most n. We assign to every element s of the sequence S
a pair of natural numbers (us,d;), called a label, where u, is the length of a longest
increasing subsequence of § that starts at s and where d; is the length of a longest
decreasing subsequence of S that starts at s.

There are no increasing or descreasing subsequences of length n+ 1 in S, thus
observe that 1 < uy,d; < n for all s € S. Therefore,

Claim 1: There are at most n? distinct labels (u,d;), where s € S.

We also assert the following.
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Claim 2: If s and ¢ are any two distinct elements of S, then (uy,ds) # (us,d;).
We may assume that s precedes ¢ in S because otherwise we interchange s and ¢
in the following argument. Inasmuch as s # 7, there are two cases:

(a) s <t.In this case, we know that there is an increasing subsequence of length u,
starting with 7. If we insert s in front of this subsequence, we get an increasing
subsequence of u; 4 1 elements starting at s. Then, as u; is the maximal length
of all increasing subsequences starting with s, we must have u; + 1 < uy; that is,

Us > Uy,

which implies (ug,ds) # (us,d;).
(b) s > t. This case is similar to case (a), except that we consider a decreasing
subsequence of length d; starting with . We conclude that

dy > dy,

which implies (us,dy) # (u;,d;).

Therefore, in all cases, we proved that s and ¢ have distinct labels.

Now, by Claim 1, there are only n? distinct labels and S has n% + 1 elements so, by
the pigeonhole principle, two elements of S must have the same label. But, this con-
tradicts Claim 2, which says that distinct elements of S have distinct labels. There-
fore, S must have either an increasing subsequence or a decreasing subsequence of
length n+ 1, as originally claimed. O

Remark: Note that this proof is not constructive in the sense that it does not pro-
duce the desired subsequence; it merely asserts that such a sequence exists.

Our next theorem is the historically famous Schroder—Bernstein theorem, some-
times called the “Cantor—Bernstein theorem.” Cantor proved the theorem in 1897 but
his proof used a principle equivalent to the axiom of choice. Schroder announced
the theorem in an 1896 abstract. His proof, published in 1898, had problems and he
published a correction in 1911. The first fully satisfactory proof was given by Felix
Bernstein and was published in 1898 in a book by Emile Borel. A shorter proof
was given later by Tarski (1955) as a consequence of his fixed point theorem. We
postpone giving this proof until the section on lattices (see Section 5.2).

Theorem 2.7. (Schroder—Bernstein Theorem) Given any two sets A and B, if there
is an injection from A to B and an injection from B to A, then there is a bijection
between A and B. Equivalently, if A < Band B < A, then A = B.

The Schroder—Bernstein theorem is quite a remarkable result and it is a main tool
to develop cardinal arithmetic, a subject beyond the scope of this course.

Our third theorem is perhaps the one that is the more surprising from an intuitive
point of view. If nothing else, it shows that our intuition about infinity is rather poor.

Theorem 2.8. If A is any infinite set, then A X A is equinumerous to A.
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Fig. 2.13 Georg Cantor, 1845-1918 (left), Ernst Schroder, 1841-1902 (middle left), Felix Bern-
stein, 1878-1956 (middle right) and Emile Borel, 1871-1956 (right)

Proof. The proof is more involved than any of the proofs given so far and it makes
use of the axiom of choice in the form known as Zorn’s lemma (see Theorem 5.1).
For these reasons, we omit the proof and instead refer the reader to Enderton [2]
(Chapter 6). O

Fig. 2.14 Max August Zorn, 1906-1993

In particular, Theorem 2.8 implies that R x R is in bijection with R. But, geo-
metrically, R x R is a plane and R is a line and, intuitively, it is surprising that a
plane and a line would have “the same number of points.” Nevertheless, that’s what
mathematics tells us.

Remark: It is possible to give a bijection between R x R and R without using
Theorem 2.8; see Problem 2.40.

Our fourth theorem also plays an important role in the theory of cardinal num-
bers.

Theorem 2.9. (Cardinal Comparability) Given any two sets, A and B, either there
is an injection from A to B or there is an injection from B to A (i.e., either A < B or
B=<A).

Proof. The proof requires the axiom of choice in a form known as the well-ordering
theorem, which is also equivalent to Zorn’s lemma. For details, see Enderton [2]
(Chapters 6 and 7). O
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Theorem 2.8 implies that there is a bijection between the closed line segment
0,]]={xeR|0<x< 1}

and the closed unit square
[0.1] % [0,1] = {(x,y) eR* [0 <x,y < 1}.

As an interlude, in the next section, we describe a famous space-filling function due
to Hilbert. Such a function is obtained as the limit of a sequence of curves that can
be defined recursively.

2.10 An Amazing Surjection: Hilbert’s Space-Filling Curve

In the years 1890-1891, Giuseppe Peano and David Hilbert discovered examples of
space-filling functions (also called space-filling curves). These are surjective func-
tions from the line segment [0, 1] onto the unit square and thus their image is the
whole unit square. Such functions defy intuition because they seem to contradict
our intuition about the notion of dimension; a line segment is one-dimensional, yet
the unit square is two-dimensional. They also seem to contradict our intuitive no-
tion of area. Nevertheless, such functions do exist, even continuous ones, although
to justify their existence rigorously requires some tools from mathematical analysis.
Similar curves were found by others, among whom we mention Sierpinski, Moore,
and Gosper.

Fig. 2.15 David Hilbert 1862-1943 and Waclaw Sierpinski, 1882-1969

We describe Hilbert’s scheme for constructing such a square-filling curve. We
define a sequence (h,) of polygonal lines h,: [0,1] — [0, 1] x [0,1], starting from
the simple pattern &g (a “square cap” 1) shown on the left in Figure 2.16.

The curve h,| is obtained by scaling down #, by a factor of %, and connecting
the four copies of this scaled-down version of 4, obtained by rotating by /2 (left
lower part), rotating by —7/2, and translating right (right lower part), translating
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up (left upper part), and translating diagonally (right upper part), as illustrated in
Figure 2.16.

Fig. 2.16 A sequence of Hilbert curves ho, hy,hs

Fig. 2.17 The Hilbert curve hs

It can be shown that the sequence (h,) converges (uniformly) to a continuous
curve h: [0,1] — [0,1] x [0, 1] whose trace is the entire square [0,1] x [0,1]. The
Hilbert curve & is surjective, continuous, and nowhere differentiable. It also has
infinite length.



2.11 Strings, Multisets, Indexed Families 143

The curve hs is shown in Figure 2.17. You should try writing a computer program
to plot these curves. By the way, it can be shown that no continuous square-filling
function can be injective. It is also possible to define cube-filling curves and even
higher-dimensional cube-filling curves.

Before we close this chapter and move on to special kinds of relations, namely,
partial orders and equivalence relations, we illustrate how the notion of function can
be used to define strings, multisets, and indexed families rigorously.

2.11 Strings, Multisets, Indexed Families

Strings play an important role in computer science and linguistics because they are
the basic tokens of which languages are made. In fact, formal language theory takes
the (somewhat crude) view that a language is a set of strings. A string is a finite
sequence of letters, for example, “Jean”, “Val”, “Mia”, “math”, “gaga”, “abab”.
Usually, we have some alphabet in mind and we form strings using letters from this
alphabet. Strings are not sets; the order of the letters matters: “abab” and “baba” are
different strings. What matters is the position of every letter. In the string “aba”, the
leftmost “a” is in position 1, “b” is in position 2, and the rightmost “b” is in position
3. All this suggests defining strings as certain kinds of functions whose domains
are the sets [n] = {1,2,...,n} (with [0] = 0) encountered earlier. Here is the very
beginning of the theory of formal languages.

Definition 2.13. An alphabet X is any finite set.

We often write £ = {ay,...,a;}. The a; are called the symbols of the alphabet.

Remark: There are a few occasions where we allow infinite alphabets but normally
an alphabet is assumed to be finite.

Examples:
L ={a}

X ={a,b,c}
r={0,1}

A string is a finite sequence of symbols. Technically, it is convenient to define
strings as functions.

Definition 2.14. Given an alphabet X a string over X (or simply a string) of length
n is any function
u: [n] = X.

The integer n is the length of the string u, and it is denoted by |u|. When n = 0, the
special string u: [0] — X, of length 0 is called the empty string, or null string, and
is denoted by €.

Given a string u: [n] — X of length n > 1, u(i) is the ith letter in the string u. For
simplicity of notation, we denote the string u as
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u=uiuy...uy,

with each u; € X.
For example, if X = {a,b} and u: [3] — X is defined such that u(1) = a, u(2) = b,
and u(3) = a, we write
u = aba.

Strings of length 1 are functions u: [1] — X simply picking some element u(1) = g;
in X. Thus, we identify every symbol a; € X with the corresponding string of length
1.

The set of all strings over an alphabet X, including the empty string, is denoted
as X*. Observe that when X = 0, then

0" ={e}.

When X £ 0, the set X* is countably infinite. Later on, we show ways of ordering
and enumerating strings.
Strings can be juxtaposed, or concatenated.

Definition 2.15. Given an alphabet X, given two strings u: [m] — X and
v: [n] — X, the concatenation, u-v, (also written uv) of u and v is the string
uv: [m+n] — X, defined such that

iy~ {1 if1<i<m
T\ v(i—-m) ifm+1<i<m+n.

In particular, ue = €u = u.
It is immediately verified that
u(vw) = (uv)w.

Thus, concatenation is a binary operation on X* that is associative and has € as an
identity. Note that generally, uv # vu, for example, for u = a and v = b.

Definition 2.16. Given an alphabet X, given any two strings u,v € X*, we define the
following notions as follows.
u is a prefix of v iff there is some y € X* such that

V= uy.
u is a suffix of v iff there is some x € X* such that

VvV =XU.
u is a substring of v iff there are some x,y € X* such that

v = xuy.
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We say that u is a proper prefix (suffix, substring) of v iff u is a prefix (suffix,
substring) of v and u # v.

For example, ga is a prefix of gallier, the string lier is a suffix of gallier, and all
is a substring of gallier.
Finally, languages are defined as follows.

Definition 2.17. Given an alphabet X, a language over X (or simply a language) is
any subset L of X*.

The next step would be to introduce various formalisms to define languages, such
as automata or grammars but you’ll have to take another course to learn about these
things.

We now consider multisets. We already encountered multisets in Section 1.2
when we defined the axioms of propositional logic. As for sets, in a multiset, the
order of elements does not matter, but as in strings, multiple occurrences of ele-
ments matter. For example,

{a,a,b,c,c,c}

is a multiset with two occurrences of a, one occurrence of b, and three occurrences
of c. This suggests defining a multiset as a function with range N, to specify the
multiplicity of each element.

Definition 2.18. Given any set S a multiset M over S is any function M: S — N.
A finite multiset M over S is any function M: S — N such that M(a) # 0 only for
finitely many a € S. If M(a) = k > 0, we say that a appears with mutiplicity k in M.

For example, if S = {a,b,c}, we may use the notation {a,a,a,b,c,c} for the
multiset where a has multiplicity 3, b has multiplicity 1, and ¢ has multiplicity 2.

The empty multiset is the function having the constant value 0. The cardinality
|M]| of a (finite) multiset is the number

M| =} M(a).

acs

Note that this is well defined because M(a) = 0 for all but finitely many a € S. For

example,
{a,a,a,b,c,c}| = 6.

We can define the union of multisets as follows. If M| and M, are two multisets,
then M| UM, is the multiset given by

(MyUM,)(a) =M, (a) + M, (a), forall a € S.

A multiset M| is a submultiset of a multiset M, if M (a) < My (a) for all a € S. The
difference of M| and M, is the multiset M; — M, given by

(M) — M) (a) = {?f' - ale) §Z§ iﬁiga .

S

~— —
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Intersection of multisets can also be defined but we leave this as an exercise.

Let us now discuss indexed families. The Cartesian product construct, A| X Ay X
-+« X Ay, allows us to form finite indexed sequences, (a1, ...,a,), but there are situ-
ations where we need to have infinite indexed sequences. Typically, we want to be
able to consider families of elements indexed by some index set of our choice, say
I. We can do this as follows.

Definition 2.19. Given any X and any other set I, called the index set, the set of I-
indexed families (or sequences) of elements from X is the set of all functions A: [ —
X; such functions are usually denoted A = (A;);e;. When X is a set of sets, each A;
is some set in X and we call (A;);c; a family of sets (indexed by I).

Observe that if I = [n] = {1,...,n}, then an I-indexed family is just a string over
X. When I = N, an N-indexed family is called an infinite sequence or often just a
sequence. In this case, we usually write (x,) for such a sequence ((x,),en, if we
want to be more precise). Also, note that although the notion of indexed family may
seem less general than the notion of arbitrary collection of sets, this is an illusion.
Indeed, given any collection of sets X, we may choose the index set I to be X itself,
in which case X appears as the range of the identity function, id: X — X.

The point of indexed families is that the operations of union and intersection can
be generalized in an interesting way. We can also form infinite Cartesian products,
which are very useful in algebra and geometry.

Given any indexed family of sets (A;);cs, the union of the family (A;);cs, denoted
UicsAi. 1s simply the union of the range of A; that is,

UAi = Umnge(A) ={a|(Fiel),acA}.

iel

Observe that when I = 0, the union of the family is the empty set. When I #£ 0, we
say that we have a nonempty family (even though some of the A; may be empty).

Similarly, if I # 0, then the intersection of the family (A;)ics, denoted ;¢ Aj, is
simply the intersection of the range of A; that is,

ﬂAi = ﬂmnge(A) ={a|(Viel),acA;}.

iel

Unlike the situation for union, when I = 0, the intersection of the family does not
exist. It would be the set of all sets, which does not exist.

It is easy to see that the laws for union, intersection, and complementation gen-
eralize to families but we leave this to the exercises.

An important construct generalizing the notion of finite Cartesian product is the
product of families.

Definition 2.20. Given any family of sets (A;);es, the product of the family (A;)icr,
denoted [];c;A;, is the set

[TAi={a: 1= JAi | (Vie D), a(i) € A;}.

i€l icl
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Definition 2.20 says that the elements of the product [];c;A; are the functions
a: I — Ui Ai, such that a(i) € A; for every i € I. We denote the members of [];c; A;
by (a;)icr and we usually call them I-tuples. When I = {1,...,n} = [n], the members
of ][, A: are the functions whose graph consists of the sets of pairs

{<l,a1>,(2,a2>,...,<n,an>}, aj GAiv 1<i< n,
and we see that the function

{(L,a1),(2,a2),...,{n,an)} — {ay,...,ay)

yields a bijection between [[c|, A; and the Cartesian product Ay X - -- x A,. Thus, if
each A; is nonempty, the product [];c(, A; is nonempty. But what if / is infinite?

If 7 is infinite, we smell choice functions. That is, an element of [];c;A; is ob-
tained by choosing for every i € I some a; € A;. Indeed, the axiom of choice is
needed to ensure that [];c;A; # 0 if A; # 0 for all i € I. For the record, we state this
version (among many) of the axiom of choice.

Axiom of Choice (Product Version)

For any family of sets, (A;);cs, if I # @ and A; # 0 for all i € I, then [];c;A; # 0.
Given the product of a family of sets, [];c;A;, for each i € I, we have the function

pri: [lictAi — A, called the ith projection function, defined by

pri((ai)iel) = 4.

2.12 Summary

This chapter deals with the notions of relations, partial functions and functions, and
their basic properties. The notion of a function is used to define the concept of a
finite set and to compare the “size” of infinite sets. In particular, we prove that the
power set 24 of any set A is always “strictly bigger” than A itself (Cantor’s theorem).

e We give some examples of functions, emphasizing that a function has a set of

input values and a set of output values but that a function may not be defined for

all of its input values (it may be a partial function). A function is given

by a set of ( input, output ) pairs.

We define ordered pairs and the Cartesian product A x B of two sets A and B.

We define the first and second projection of a pair.

We define binary relations and their domain and range.

We define the identity relation.

We define functional relations.

We define partial functions, total functions, the graph of a partial or total func-

tion, the domain, and the range of a (partial) function.

e We define the preimage or inverse image f~'(a) of an element a by a (partial)
function f.
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The set of all functions from A to B is denoted B*.
We revisit the induction principle for N stated in terms of properties and give
several examples of proofs by induction.

e We state the complete induction principle for N and prove its validity; we prove

a property of the Fibonacci numbers by complete induction.

We define the composition Ro S of two relations R and S.

We prove some basic properties of the composition of functional relations.

We define the composition g o f of two (partial or total) functions, f and g.

We describe the process of defining functions on N by recursion and state a

basic result about the validity of such a process (The recursion theorem on N).

We define the left inverse and the right inverse of a function.

We define invertible functions and prove the uniqueness of the inverse f~! of a

function f when it exists.

We define the inverse or converse of a relation .

We define, injective, surjective, and bijective functions.

We characterize injectivity, surjectivity, and bijectivity in terms of left and right

inverses.

e We observe that to prove that a surjective function has a right inverse, we need
the axiom of choice (AC).

e We define sections, retractions, and the restriction of a function to a subset of
its domain.

e  We define direct and inverse images of a set under a function (f(A), respectively,
1B

e We prove some basic properties of direct and inverse images with respect to

union, intersection, and relative complement.

We define when two sets are equinumerous or when a set A dominates a set B.

We give a bijection between N x N and N.

We define when a set if finite or infinite.

We prove that N is not equinumerous to R (the real numbers), a result due to

Cantor, and that there is no surjection from A to 24,

We define the characteristic function ) of a subset A.

We state and prove the pigeonhole principle.

The set of natural numbers N is infinite.

Every finite set A is equinumerous with a unique set [n] = {1,...,n} and the

integer n is called the cardinality of A and is denoted |A|.

e If A is afinite set, then for every function f: A — B the image f(A) of f is finite

and [£(4)] < [A]

Any subset A of a finite set B is also finite and |A| < |B|.

If A is a finite set, then every injection f: A — A is a bijection and every surjec-

tion f: A — A is a bijection.

A set A is countable iff there is a surjection from N onto A.

For every infinite set A there is an injection from N into A.

A set A is infinite iff it is equinumerous to a proper subset of itself.

We state the Schroder—Bernstein theorem.

We state that every infinite set A is equinumerous to A X A.
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We state the cardinal comparability theorem.

We mention Zorn’s lemma, one of the many versions of the axiom of choice.
We describe Hilbert’s space-filling curve.

We define strings and multisets.

We define the product of a family of sets and explain how the non-emptyness of
such a product is equivalent to the axiom of choice.

Problems

2.1. Given any two sets A, B, prove that for all aj,a, € A and all by, b; € B,

Hai}{ar, b1} = {{az}, {az,02}}
iff

a) =ap and b1=b2.

2.2. (a) Prove that the composition of two injective functions is injective. Prove that
the composition of two surjective functions is surjective.
(b) Prove that a function f: A — B is injective iff for all functions g,h: C — A,

if fog= foh, then g =h.
(c) Prove that a function f: A — B is surjective iff for all functions g,h: B — C,
if gof=hof, then g =h.

2.3. (a) Prove that

Lo, n(n+1)2n+1)
Lo

(b) Prove that

2.4. Given any finite set A, let |A| denote the number of elements in A.
(a) If A and B are finite sets, prove that

|AUB| = |A|+ |B| —|ANB.
(b) If A, B, and C are finite sets, prove that
[AUBUC| = |A|+|B|+|C]—|[ANB|—|ANC|— |BNC|+|ANBNC|.

2.5. Prove that there is no set X such that
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X Cx.

Hint. Given any two sets A, B, if there is an injection from A to B, then there is a

surjection from B to A.

2.6. Let f: X — Y be any function. (a) Prove that for any two subsets A,B C X we
have

f(AUB) = f(A)Uf(B)
f(ANB) C f(A)Nf(B).

Give an example of a function f and of two subsets A, B such that

FANB) # f(A)Nf(B).

Prove that if f: X — Y is injective, then

f(ANB) = f(A)Nf(B).
(b) For any two subsets C,D C Y, prove that
- (cup) = (c)ur (D)
fienp) = fle)nf (D).
(c) Prove that for any two subsets A C X and C C Y, we have
fAycc iff AcC ).

2.7. Prove that the set of natural numbers N is infinite. (Recall, a set X is finite iff
there is a bijection from X to [n] = {1,...,n}, where n € N is a natural number with
[0] = 0. Thus, a set X is infinite iff there is no bijection from X to any [n], with
n €N,

2.8. Let R C A x A be a relation. Prove that if Ro R = idy, then R is the graph of a
bijection whose inverse is equal to itself.

2.9. Given any three relations RCA X B, SC B xC, and T C C x D, prove the
associativity of composition:

(RoS)oT =Ro(SoT).

2.10. Let f: A— A’ and g: B — B’ be two functions and define
h: AxB— A’ x B by
h({a,b)) = (f(a),g(b)),
foralla€ Aand b € B.
(a) Prove that if f and g are injective, then so is A.
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Hint. Use the definition of injectivity, not the existence of a left inverse and do not
proceed by contradiction.
(b) Prove that if f and g are surjective, then so is A.

Hint. Use the definition of surjectivity, not the existence of a right inverse and do
not proceed by contradiction.

2.11. Let f: A— A’ and g: B — B’ be two injections. Prove that if
Im f NImg = 0, then there is an injection from AUB to A’ UB'.
Is the above still correct if Im f NImg # 0?

2.12. Let [0, 1] and (0, 1) denote the set of real numbers

0,1 ={xeR|0<x<1}
0,1)={xeR|0<x<1}.

(a) Give a bijection f: [0,1] — (0,1).

Hint. There are such functions that are the identity almost everywhere but for a
countably infinite set of points in [0, 1].

(b) Consider the open square (0,1) x (0,1) and the closed square [0, 1] x [0, 1].
Give a bijection f: [0,1] x [0,1] — (0,1) x (0,1).

2.13. Consider the function, J: N x N — N, given by
J(m,n) = %[(ern)2 +3m+n.
(a) Prove that for any z € N, if J(m,n) = z, then
8z+1=(2m+2n+1)*+8m.
Deduce from the above that

2m+2n+1<+vV8z+1<2m+2n+3.

(b) If x — | x| is the function from R to N (the floor function), where |x| is the
largest integer < x (e.g., |2.3] =2, L\/§J = 1), prove that

|[V8z+1]+1=2m+2n+2o0r |V8z+1|+1=2m+2n+3,

so that

[([V8z+1|+1)/2] =m+n+1.

(c) Because J(m,n) = z means that
27 =(m+n)>+3m+n,

prove that m and n are solutions of the system
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m+n=|(|V8z+1]+1)/2] -1
3m4n=2z—(|(|[V8z+1]+1)/2] 1)

If we let
01(z) = [([v8z+1]+1)/2] -1
02(z) = 22— ([([V8z+ 1] +1)/2] = 1)* = 22— (01(2))*,

prove that 0»(z) — Q1(z) is even and that

— 5(0:0)-010) =K ()
1= 010~ 5(0:) - 0i(2) =L

Conclude that J is a bijection between N x N and N, with

Remark: It can also be shown that J(K(z),L(z)) = z.

2.14. (i) In 3-dimensional space R> the sphere S is the set of points of coordinates
(x,y,z) such that x> 4+y? 4z = 1. The point N = (0,0, 1) is called the north pole,
and the point S = (0,0, —1) is called the south pole. The stereographic projection
map oy: (S — {N}) — R? is defined as follows. For every point M # N on S2, the
point oy (M) is the intersection of the line through N and M and the equatorial plane
of equation z = 0.

Prove that if M has coordinates (x,y,z) (with x> +y? +z> = 1), then

on(M) = (lx—z 1y_z>

Hint. Recall that if A = (a1,a2,a3) and B = (by,ba,b3) are any two distinct points
in R3, then the unique line (A B) passing through A and B has parametric equations

(1 —t)al +tb;
(1—=1t)ag+tby
(1—1)az +tbs,

X
y
Z

which means that every point (x,y,z) on the line (AB) is of the above form, with
t € R. Find the intersection of a line passing through the North pole and a point
M # N on the sphere S2.
Prove that oy is bijective and that its inverse is given by the map 7y: R?> —
— {N}) with
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2x 2y P4y -1
YU X+ yr U 2 yr 41 )

xo (

Hint. Find the intersection of a line passing through the North pole and some point
P of the equatorial plane z = 0 with the sphere of equation

x2+y2+12 =1.

Similarly, os: (5% — {S}) — R? is defined as follows. For every point M # S on
52, the point o5(M) is the intersection of the line through S and M and the plane of
equation z = 0.

Prove that

X Y
My= (-2 2 )
os(M) (1+z’1+z)

Prove that oy is bijective and that its inverse is given by the map, 75: R? — (S —
{S}), with

2x 2y 1—x>—y?
D Ak NESE S el R S e v

(x,y) = (

(ii) Give a bijection between the sphere S? and the equatorial plane of equation
z=0.

Hint. Use the stereographic projection and the method used in Problem 2.12, to
define a bijection between [0, 1] and (0, 1).

2.15. (a) Give an example of a function f: A — A such that f> = fo f = fand f is
not the identity function.

(b) Prove that if a function f: A — A is not the identity function and 2 = £, then
f is not invertible.

(c) Give an example of an invertible function f: A — A, such that > = fo fo f =

fryetfof#f.

(d) Give an example of a noninvertible function f: A — A, such that f3 = fo fo

f=ryetfof#f.

2.16. Let X be any finite set.
(1) Prove that every injection f: X — X is actually a bijection.
(2) Prove that every surjection f: X — X is actually a bijection.
(3) Give counterexamples to both (1) and (2) when X is infinite.

2.17. (1) Let (—1, 1) be the set of real numbers
(L, ) ={xeR|-1<x<1}.

Let f: R — (—1,1) be the function given by

X

NI

fx) =
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Prove that f is a bijection. Find the inverse of f.
(2) Let (0, 1) be the set of real numbers

0,)={xeR|0<x<1}.

Give a bijection between (—1,1) and (0,1). Use (1) and (2) to give a bijection
between R and (0, 1).

2.18. Let D C R? be the subset of the real plane given by
D={(xy) eR* |2 +)’ <1},

that is, all points strictly inside of the unit circle x” +y? = 1. The set D is often called
the open unit disc. Let f: R*> — D be the function given by

foy) = | = .
P\ Vs Vit )

(1) Prove that f is a bijection and find its inverse.
(2) Give a bijection between the sphere S and the open unit disk D in the equa-
torial plane.

2.19. Prove by induction on n that

n? < 2" forall n> 4.

Hint. You need to show that 2n+ 1 < n2 for all n > 3.

2.20. Let f: A — A be a function.
(a) Prove that if

Jfofof=fofand f#idy, ()
then f is neither injective nor surjective.
Hint. Proceed by contradiction and use the characterization of injections and surjec-
tions in terms of left and right inverses.
(b) Give a simple example of a function f: {a,b,c} — {a,b,c}, satisfying the
conditions of ().

2.21. Recall that a set A is infinite iff there is no bijection from {1,...,n} onto A,
for any natural number n € N. Prove that the set of odd natural numbers is infinite.

2.22. Consider the sum

ERE R o
1-4 4.9 n?-(n+1)>’
withn > 1.
Which of the following expressions is the sum of the above:
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Justify your answer.
Hint. Note that

n* 4 6n® +12n% +10n+3 = (n® +3n> +3n+ 1) (n +3).

2.23. Consider the following version of the Fibonacci sequence starting from Fy =0
and defined by:

Fo=0
Fr=1
Fopo =Fp1+F, n>0.

Prove the following identity, for any fixed k > 1 and all n > O,
Foyk = FiFpp1 + Fe1 By
2.24. Recall that the triangular numbers A, are given by the formula

nn+1
a1,
with n € N.

(a) Prove that

Ag+ Ay = (n41)2

and . 5
nn+1)n+
A+ A+ A3+ + A, = %
(b) The numbers

nn+1)(n+2)
,=—F"——
6
are called tetrahedral numbers, due to their geometric interpretation as 3-D stacks
of triangular numbers. Prove that

n(n+1)(n+2)(n+3)

T+ T+ +T, = .
1+ T4+ o

Prove that
T+ T =12 +22 4+ (n+ 1),

and from this, derive the formula

1)(2n+1
ﬁ+?+m+#:ﬂii%ﬁil

(c) The numbers
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p_ nn+1)(n+2)(n+3)

" 24
are called pentatope numbers. The above numbers have a geometric interpretation
in four dimensions as stacks of tetrahedral numbers. Prove that
nn+1)(n+2)(n+3)(n+4)

P1+P2+"'+Pn: 120 .

Do you see a pattern? Can you formulate a conjecture and perhaps even prove it?

2.25. Consider the following table containing 11 copies of the triangular number,
As =14+2+3+4+5:

1 12
121 22
12321 32

1234321 42

123454321 52
12345 54321

12 2345 5432 12

22 345 543 22
32 45 54 32
42 5 5 42
52 52

Note that the above array splits into three triangles, one above the solid line
and two below the solid line. Observe that the upward diagonals of the left lower
triangle add up to 12, 22, 32, 42, 52; similarly the downward diagonals of the right
lower triangle add up to 12, 2%, 32, 42, 5%, and the rows of the triangle above the
solid line add up to 12, 22,32 42 52 Therefore,

3x (12422432442 +5%) = 11 x 4s.
In general, use a generalization of the above array to prove that
3x (124224324402 = (2n+1)4A,,
which yields the familiar formula:

_n(n+1)(2n+1)
=

12422 43% 4 n?

2.26. Consider the following table:
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1=13
345=23
74+9+11 =33

13415417419 =43
21423425427429 =53

(a) If we number the rows starting from n = 1, prove that the leftmost number
on row n is 1 + (n— 1)n. Then, prove that the sum of the numbers on row n (the n
consecutive odd numbers beginning with 1+ (n — 1)n)) is 3.

(b) Use the triangular array in (a) to give a geometric proof of the identity

kz:/é: <I§k>2.

Hint. Recall that
14+3+-+2n—1=n’

2.27. Let f: A — B be a function and define the function g: B — 24 by

g(b)=f""(b)={acAlf(a) =D},

for all b € B. (a) Prove that if f is surjective, then g is injective.
(b) If g is injective, can we conclue that f is surjective?

2.28. Let X,Y,Z be any three nonempty sets and let f: X — Y be any function.
Define the function Ry: Z¥ — ZX (R, as a reminder that we compose with f on the
right), by

Ry(h) =ho f,

for every function h: Y — Z.
Let T be another nonempty set and let g: ¥ — T be any function.
(a) Prove that
R gof =R f oR g

and if X =Y and f = idy, then
Riay (h) = h,

for every function h: X — Z.
(b) Use (a) to prove that if f is surjective, then Ry is injective and if f is injective,
then Ry is surjective.

2.29. Let X,Y,Z be any three nonempty sets and let g: ¥ — Z be any function.
Define the function L, : Y* — ZX (L,, as a reminder that we compose with g on the
left), by
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Lg(f):gofa

for every function f: X — Y.
(a) Prove that if Y = Z and g = idy, then

Lidy(f) :f7

forall f: X =Y.
Let T be another nonempty set and let 4: Z — T be any function. Prove that

LhOg - Lh o Lg.

(b) Use (a) to prove that if g is injective, then L, : Y X — ZX is also injective and
if g is surjective, then L, : Y* — ZX is also surjective.

2.30. Recall that given any two sets X, Y, every function f: X — Y induces a func-
tion f: 2X — 2¥ such that for every subset A C X,

f(A)={f(a)eY|acA}
and a function f~': 2¥ — 2% such that, for every subset BC Y,
f'(B)={xeX|f(x) €B}.

(a) Prove that if f: X — Y is injective, then so is f: 2X — 2V,

(b) Prove that if f is bijective then f~'(f(A)) = A and f(f~'(B)) = B, for all
A C X and all B C Y. Deduce from this that f: 2% — 2V is bijective.

(c) Prove that for any set A there is an injection from the set A4 of all functions
from A to A to 24*4, the power set of A x A. If A is infinite, prove that there is an
injection from A% to 24.

2.31. Recall that given any two sets X,Y, every function f: X — Y induces a func-
tion f: 2X — 2 such that for every subset A C X,

fA)={fla) €Y |acA}

and a function f —1.2Y 32X quch that, for every subset BC Y,

S (B)={xeX|f(x) €B}.

(a) Prove that if f: X — Y is surjective, then so is f: 2X — 2.
(b) If A is infinite, prove that there is a bijection from A4 to 24.
Hint. Prove that there is an injection from A% to 24 and an injection from 24 to A%,

2.32. (a) Finish the proof of Theorem 2.5, which states that for any infinite set X
there is an injection from N into X. Use this to prove that there is a bijection between
X and X x N.

(b) Prove that if a subset A C N of N is not finite, then there is a bijection between
A and N.
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(c) Prove that every infinite set X can be written as a disjoint union X = (J;; X;,
where every X; is in bijection with N.

(d) If X is any set, finite or infinite, prove that if X has at least two elements then
there is a bijection f of X leaving no element fixed (i.e., so that f(x) # x for all
x € X).

2.33. Prove that if (X;);c; is a family of sets and if I and all the X; are countable,
then (X;);e;s is also countable.
Hint. Define a surjection from N x N onto (X;)e;.

2.34. Consider the alphabet, £ = {a,b}. We can enumerate all strings in {a,b}*
as follows. Say that u precedes v if |u| < |v| and if |u| = |v|, use the lexicographic
(dictionary) order. The enumeration begins with

€

a,b

aa, ab, ba, bb

aaa, aab, aba, abb, baa, bab, bba, bbb

We would like to define a function, f: {a,b}* — N, such that f(u) is the position
of the string u in the above list, starting with f(&) = 0. For example,

f(baa) = 11.
(a) Prove that if u = uy ---u, (with u; € {a,b} and n > 1), then

flu) = i 02" 2 iy 2V
=214+ — 12" (= 12" 2 (i — 12V iy — 1,

withi;j =1ifu;=a,elsei; =2ifu; = b.

(b) Prove that the above function is a bijection f: {a,b}* — N.

(c) Consider any alphabet X = {ay,...,an}, with m > 2. We can also list all
strings in X* as in (a). Prove that the listing function f: X* — Nis given by f(g) =0
and if u = g;, - - - a;, (with ai; € Yandn > 1) by

flu) = i im™ i m i,
m'—1

= -+ (i - D" (i — D)m" 2 4 (i — Dm 40, — 1,
e

Prove that the above function f: X* — N is a bijection.

(d) Consider any infinite set A and pick two distinct elements, a;,a», in A. We
would like to define a surjection from A4 to 24 by mapping any function f: A — A
to its image,

Imf ={f(a)[acA}.

The problem with the above definition is that the empty set is missed. To fix this
problem, let fj be the function defined so that f(agp) = a; and f(a) = ao for all
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a € A—{ap}. Then, we define S: A4 — 24 by

0 if f=fi
S0 = {Im(f) it 7 4 fo

Prove that the function §: A4 — 24 is indeed a surjection.
(e) Assume that X is an infinite set and consider the set of all finite strings X*. If
2™ denotes the set of all strings of length n, observe that

=

n>0
Prove that there is a bijection between X* and X.

2.35. Let Aut(A) denote the set of all bijections from A to itself.
(a) Prove that there is a bijection between Aut(N) and 2%,
Hint. Consider the map, S: Aut(N) — 2N~{% given by

S(f) ={n e N—{0}| f(n) =n}

and prove that it is surjective. Also, there is a bijection between N and N — {0}
(b) Prove that for any infinite set A there is a bijection between Aut(A) and 24.
Hint. Use results from Problem 2.32 and adapt the method of Part (a).

2.36. Recall that a set A is infinite iff there is no bijection from {1,...,n} onto A,
for any natural number n € N. Prove that the set of even natural numbers is infinite.

2.37. Consider the sum

1 1
2 s Ty
withn > 1.
Which of the following expressions is the sum of the above:

Justify your answer.

2.38. Consider the triangular region 7j, defined by 0 < x < | and |y| < x and the
subset Dy, of this triangular region inside the closed unit disk, that is, for which we
also have x> +y? < 1. See Figure 2.18 where D is shown shaded in gray.

(a) Prove that the map f;: 71 — D; defined so that

2 X

_ X Y
ﬁ&yy_<¢ﬂ+ﬁ’¢g+ﬁ>’x¢o
fl (070) = (070)7
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Fig. 2.18 The regions D;

is bijective and that its inverse is given by

gi(x,y) = (\/x2+y2,§\/x2+y2) , x#0
£1(0,0) = (0,0).

If T3 and Dj are the regions obtained from 73 and D by the reflection about the
y axis, x — —x, show that the map, f3: T3 — D3, defined so that

x? Xy
frlxy) = <_\/x2+y2’_\/x2+y2> » X #0
f3(050) = (an)a

is bijective and that its inverse is given by

ga(ry) = (VP2 2VR 1) x £ 0
£3(0.0) = (0,0).

(b) Now consider the triangular region 7> defined by 0 <y < 1 and |x| <y and
the subset D,, of this triangular region inside the closed unit disk, that is, for which
we also have x? —|—y2 < 1. The regions T, and D, are obtained from 77 and D; by a
counterclockwise rotation by the angle 7 /2.

Prove that the map f>: T, — D> defined so that

xy ¥y
fZ(xay) = (\/x2+y27 \/x2+y2> ’ y#o

f2(070) = (070)7
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is bijective and that its inverse is given by

2(x,y) = <§\/x2+y2,vx2+y2) , y#0
£2(0,0) = (0,0).

If Ty and D4 are the regions obtained from 7, and D, by the reflection about the
X axis y — —y, show that the map f4: T4 — D4, defined so that

A R
f4(x7y) - ( \/x2+y27 \/x2+y2> y y#o
f4(050) = (050)5

is bijective and that its inverse is given by

ga(x,y) = (i\/xzﬂ%—\/xzﬂz) ,y#0
24(0,0) = (0,0).

(c) Use the maps, f1, f2, f3, f4 to define a bijection between the closed square
[—1,1] x [~1,1] and the closed unit disk D = {(x,y) € R? | x> +y* < 1}, which maps
the boundary square to the boundary circle. Check that this bijection is continuous.
Use this bijection to define a bijection between the closed unit disk D and the open
unit disk D = {(x,y) € R? | x> +y? < 1}.

2.39. The purpose of this problem is to prove that there is a bijection between R and
2N, Using the results of Problem 2.17, it is sufficient to prove that there is a bijection
betwen (0, 1) and 2V. To do so, we represent the real numbers r € (0,1) in terms of
their decimal expansions,

r=0.rry-ry,

where r; € {0,1,...,9}. However, some care must be exercised because this rep-
resentation is ambiguous due to the possibility of having sequences containing the
infinite suffix 9999 - - -. For example,

0.1200000000- - - = 0.1199999999 - - -

Therefore, we only use representations not containing the infinite suffix
9999.--. Also recall that by Proposition 2.5, the power set 2 is in bijection with
the set {0, 1} of countably infinite binary sequences

bobi -+ -by---,

with b; € {0,1}.
(1) Prove that the function f: {0,1} — (0,1) given by

f(boby---by---)=0.1bghy ---by--- ,
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where 0.1bgb; -+ - by, - -+ (with b, € {0,1}) is interpreted as a decimal (not binary)
expansion, is an injection.

(2) Show that the image of the function f defined in (1) is the closed interval
({5 5] and thus, that f is not surjective.

(3) Every number, k € {0,1,2,...,9} has a binary representation, bin(k), as a
string of four bits; for example,

bin(1) = 0001, bin(2) = 0010, bin(5) = 0101, bin(6) = 0110, bin(9) = 1001.
Prove that the function g: (0,1) — {0, 1} defined so that
g(0.ryry - ry---) = bin(r;)bin(rp)bin(ry) - - -bin(ry,) - - -

is an injection (Recall that we are assuming that the sequence ryr; - - -1, - -- does not
contain the infinite suffix 99999 ---). Prove that g is not surjective.
(4) Use (1) and (3) to prove that there is a bijection between R and 2N,

2.40. The purpose of this problem is to show that there is a bijection between R x R
and R. In view of the bijection between {0,1}" and R given by Problem 2.39, it
is enough to prove that there is a bijection between {0, 1} x {0, 1} and {0, 1}V,
where {0, 1} is the set of countably infinite sequences of 0 and 1.

(1) Prove that the function f: {0, 1} x {0, 1} — {0, 1} given by

flaoay---ap--- ,boby---by---) = agboaiby - --ayby - -

is a bijection (here, a;,b; € {0,1}).

(2) Suppose, as in Problem 2.39, that we represent the reals in (0,1) by their
decimal expansions not containing the infinite suffix 99999 - - -. Define the function
h: (0,1) x (0,1) = (0,1) by

h(0.rory -1y ,0.8081 <+ Sy ) = 0.r0SQr1S1 - FySp -

with r;,s; € {0,1,2,...,9}. Prove that & is injective but not surjective.
If we pick the decimal representations ending with the infinite suffix 99999 ..
rather that an infinite string of Os, prove that % is also injective but still not surjective.
(3) Prove that for every positive natural number n € N, there is a bijection be-
tween R" and R.

2.41. Let E, F, G, be any arbitrary sets.
(1) Prove that there is a bijection

ECxFY% — (ExF)°.
(2) Prove that there is a bijection
(EF)G — EFXG.

(3) If F and G are disjoint, then prove that there is a bijection
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EF X EG EF uG

2.42. Let E, F, G, be any arbitrary sets.
(1) Prove that if G is disjoint from both E and F and if E < F,then EUG <X FUG.
(2) Prove thatif E < F,then E X G <X F x G.
(3) Prove that if E < F, then E¢ < FC.
(4) Prove that if E and G are not both empty and if E < F, then GF < GF.
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Chapter 3
Graphs, Part I: Basic Notions

3.1 Why Graphs? Some Motivations

Graphs are mathematical structures that have many applications in computer sci-
ence, electrical engineering, and more widely in engineering as a whole, but also
in sciences such as biology, linguistics, and sociology, among others. For example,
relations among objects can usually be encoded by graphs. Whenever a system has
a notion of state and a state transition function, graph methods may be applicable.
Certain problems are naturally modeled by undirected graphs whereas others require
directed graphs. Let us give a concrete example.

Suppose a city decides to create a public transportation system. It would be de-
sirable if this system allowed transportation between certain locations considered
important. Now, if this system consists of buses, the traffic will probably get worse
so the city engineers decide that the traffic will be improved by making certain
streets one-way streets. The problem then is, given a map of the city consisting of
the important locations and of the two-way streets linking them, finding an orien-
tation of the streets so that it is still possible to travel between any two locations.
The problem requires finding a directed graph, given an undirected graph. Figure
3.1 shows the undirected graph corresponding to the city map and Figure 3.2 shows
a proposed choice of one-way streets. Did the engineers do a good job or are there
locations such that it is impossible to travel from one to the other while respecting
the one-way signs?

The answer to this puzzle is revealed in Section 3.3.

There is a peculiar aspect of graph theory having to do with its terminology.
Indeed, unlike most branches of mathematics, it appears that the terminology of
graph theory is not standardized yet. This can be quite confusing to the beginner
who has to struggle with many different and often inconsistent terms denoting the
same concept, one of the worse being the notion of a path.

Our attitude has been to use terms that we feel are as simple as possible. As a
result, we have not followed a single book. Among the many books on graph the-
ory, we have been inspired by the classic texts, Harary [4], Berge [1], and Bollobas

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_3, © Springer Science+Business Media, LLC 2011 165
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[2]. This chapter on graphs is heavily inspired by Sakarovitch [5], because we find

(1) ) - 6) 0

0 ()

5 T 7 (3) 9
(11) (19) (1)

10 11 (12) 13 (14) 15

Fig. 3.2 A choice of one-way streets
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Sakarovitch’s book extremely clear and because it has more emphasis on applica-
tions than the previous two. Another more recent (and more advanced) text which
is also excellent is Diestel [3].

XS

Fig. 3.3 Claude Berge, 1926-2002 (left) and Frank Harary, 1921-2005 (right)

Many books begin by discussing undirected graphs and introduce directed graphs
only later on. We disagree with this approach. Indeed, we feel that the notion of a
directed graph is more fundamental than the notion of an undirected graph. For one
thing, a unique undirected graph is obtained from a directed graph by forgetting the
direction of the arcs, whereas there are many ways of orienting an undirected graph.
Also, in general, we believe that most definitions about directed graphs are cleaner
than the corresponding ones for undirected graphs (for instance, we claim that the
definition of a directed graph is simpler than the definition of an undirected graph,
and similarly for paths). Thus, we begin with directed graphs.

3.2 Directed Graphs

Informally, a directed graph consists of a set of nodes together with a set of oriented
arcs (also called edges) between these nodes. Every arc has a single source (or initial
point) and a single target (or endpoint), both of which are nodes. There are various
ways of formalizing what a directed graph is and some decisions must be made.
Two issues must be confronted:

1. Do we allow “loops,” that is, arcs whose source and target are identical?
2. Do we allow “parallel arcs,” that is, distinct arcs having the same source and
target?

Every binary relation on a set can be represented as a directed graph with loops,
thus our definition allows loops. The directed graphs used in automata theory must
accomodate parallel arcs (usually labeled with different symbols), therefore our def-
inition also allows parallel arcs. Thus we choose a more inclusive definition in order
to accomodate as many applications as possible, even though some authors place
restrictions on the definition of a graph, for example, forbidding loops and parallel
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arcs (we call graphs without parallel arcs, simple graphs). Before giving a formal
definition, let us say that graphs are usually depicted by drawings (graphs!) where
the nodes are represented by circles containing the node name and oriented line
segments labeled with their arc name (see Figure 3.4).

Definition 3.1. A directed graph (or digraph) is a quadruple G = (V,E, s,t), where
V is a set of nodes or vertices, E is a set of arcs or edges, and s,t: E — V are two
functions, s being called the source function and t the target function. Given an edge
e € E, we also call s(e) the origin or source of e, and t(e) the endpoint or target of
e.

If the context makes it clear that we are dealing only with directed graphs,
we usually say simply “graph” instead of “directed graph.” A directed graph,
G = (V,E,s,t), is finite iff both V and E are finite. In this case, |V|, the number
of nodes of G, is called the order of G.

Example: Let G| be the directed graph defined such that

E ={ey,ez,e3,e4,¢5,€0,€7,€8,€9},

V = {v1,v2,v3,v4,v5,v6}, and

s(er) =vi,s(ex) =va,s(e3) = v3,s(eq) = va,
s(es) =vp,s(eq) =vs,s(e7) =vs,s(eg) = vs,s(eg) = vg
t(el) = V27t(62) = V37t(e3) = V4,l(€4) =y,
t(es) = vs,t(eg) = vs,t(e7) = ve,t(es) = ve,t(eg) = va

The graph G is represented by the diagram shown in Figure 3.4.

It should be noted that there are many different ways of “drawing” a graph. Ob-
viously, we would like as much as possible to avoid having too many intersecting
arrows but this is not always possible if we insist on drawing a graph on a sheet of
paper (on the plane).

Definition 3.2. Given a directed graph G, an edge e € E, such that s(e) = t(e) is
called a loop (or self-loop). Two edges e,e’ € E are said to be parallel edges iff
s(e) =s(e') and t(e) =t(e’). A directed graph is simple iff it has no parallel edges.

Remarks:

1. The functions s, need not be injective or surjective. Thus, we allow “isolated
vertices,” that is, vertices that are not the source or the target of any edge.

2. When G is simple, every edge e € E, is uniquely determined by the ordered pair
of vertices (u,v), such that u = s(e) and v =1(e). In this case, we may denote
the edge e by (uv) (some books also use the notation uv). Also, a graph without
parallel edges can be defined as a pair (V,E), with E CV x V. In other words,
a simple graph is equivalent to a binary relation on a set (E C V x V). This
definition is often the one used to define directed graphs.

3. Given any edge e € E, the nodes s(e) and 7(e) are often called the boundaries
of e and the expression 7(e) — s(e) is called the boundary of e.
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€s

Fig. 3.4 A directed graph G

4. Given a graph G = (V,E,s,t), we may also write V(G) for V and E(G) for
E. Sometimes, we even drop s and ¢ and simply write G = (V,E) instead of
G = (V,E,s,1).

5. Some authors define a simple graph to be a graph without loops and without
parallel edges.

Observe that the graph G has the loop ¢4 and the two parallel edges e7 and eg.
When we draw pictures of graphs, we often omit the edge names (sometimes even
the node names) as illustrated in Figure 3.5.

Definition 3.3. Given a directed graph G, for any edge e € E, if u = s(e) and v =
t(e), we say that

(i) The nodes u and v are adjacent.
(i1) The nodes u and v are incident to the arc e.
(iii) The arc e is incident to the nodes u and v.
(iv) Two edges e, e’ € E are adjacent if they are incident to some common node
(that is, either s(e) = s(¢’) ort(e) =t(e') ort(e) = s(€') or s(e) =t(e')).

For any node u € V, set

(a) df(u) = |{e € E | s(e) = u}|, the outer half-degree or outdegree of u.
(b) dg; (u) = |{e € E | t(e) = u}|, the inner half-degree or indegree of u.
(¢) dg(u) =dg (u) +dg (u), the degree of u.

A graph is regular iff every node has the same degree.
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U1 U2

Fig. 3.5 A directed graph G»

Note that dzg (respectively, d; (1)) counts the number of arcs “coming out from
u,” that is, whose source is u (respectively, counts the number of arcs “coming into
u,” i.e., whose target is u). For example, in the graph of Figure 3.5, dgz(vl) =2,
d(_;z (Vl) =1, dgz (Vs) =2, daz (V5) =4, dgz (V3) =2, daz (V3) = 2. Neither G| nor
G, are regular graphs.

The first result of graph theory is the following simple but very useful proposi-
tion.

Proposition 3.1. For any finite graph G = (V,Es,t) we have

Y dg(w) =} dg(u).

ucV ucV

Proof. Every arc e € E has a single source and a single target and each side of the
above equations simply counts the number of edges in the graph. O

Corollary 3.1. For any finite graph G = (V,E,s,t) we have

Z dg(u) =2|E

ucV

s

that is, the sum of the degrees of all the nodes is equal to twice the number of edges.

Corollary 3.2. For any finite graph G = (V,E, s,t) there is an even number of nodes
with an odd degree.

The notion of homomorphism and isomorphism of graphs is fundamental.



3.3 Path in Digraphs; Strongly Connected Components 171

Definition 3.4. Given two directed graphs G| = (V1,E},s1,11) and Gy = (Va,E», 57,
t2), @ homomorphism (or morphism) f: G; — Gy from G| to Gy is apair f = (f, f¢)
with fV: Vy =V, and f°: E| — E, preserving incidence; that is, for every edge,
e € E{, we have

52(f“(e)) = f*(s1(e)) and 12(f*(e)) = f" (11 (e))-

These conditions can also be expressed by saying that the following two diagrams
commute:

E, L> E> E,—— FE,
R
V] ? V2 Vl ? V2.

Given three graphs G, G, G3 and two homomorphisms f: G| — G, g: G, —
Gs, with f = (f", f¢) and g = (g", &%), it is easily checked that (g" o f”, g% o f¢) is
a homomorphism from G; to G3. The homomorphism (g" o f*, g¢ o f¢) is denoted
go f. Also, for any graph G, the map idg = (idy,idg) is a homomorphism called the
identity homomorphism. Then, a homomorphism f: G| — G is an isomorphism iff
there is a homomorphism, g: G, — G, such that

gof:idc1 and fog :idcz.

In this case, g is unique and it is called the inverse of f and denoted f~'. If
S =(f",f¢) is an isomorphism, we see immediately that f” and f¢ are bijections.
Checking whether two finite graphs are isomorphic is not as easy as it looks. In
fact, no general efficient algorithm for checking graph isomorphism is known at this
time and determining the exact complexity of this problem is a major open question
in computer science. For example, the graphs G3 and G4 shown in Figure 3.6 are
isomorphic. The bijection f* is given by f¥(v;) = w;, fori =1,...,6 and the reader
will easily figure out the bijection on arcs. As we can see, isomorphic graphs can
look quite different.

3.3 Paths in Digraphs; Strongly Connected Components

Many problems about graphs can be formulated as path existence problems. Given a
directed graph G, intuitively, a path from a node « to a node v is a way to travel from
u in v by following edges of the graph that “link up correctly.” Unfortunately, if we
look up the definition of a path in two different graph theory books, we are almost
guaranteed to find different and usually clashing definitions. This has to do with the
fact that for some authors, a path may not use the same edge more than once and for
others, a path may not pass through the same node more than once. Moreover, when
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Gs - Gy :

() U3 @ @

Fig. 3.6 Two isomorphic graphs, G3 and G4

parallel edges are present (i.e., when a graph is not simple), a sequence of nodes
does not define a path unambiguously.

The terminology that we have chosen may not be standard, but it is used by a
number of authors (some very distinguished, e.g., Fields medalists) and we believe
that it is less taxing on one’s memory (however, this point is probably the most
debatable).

Definition 3.5. Given any digraph G = (V, E, s,t), and any two nodes u,v € V, a path
Sfrom u to v is a triple, T = (u,e; ---e,,v), where n > L and e; - - - ¢,, is a sequence of
edges, ¢; € E (i.e., a nonempty string in £*), such that

s(er) =ust(ey) =v;t(e;) =s(eir1), 1 <i<n-—1.

We call n the length of the path m and we write |7| = n. When n = 0, we have
the null path (u,€,u), from u to u (recall, € denotes the empty string); the null
path has length 0. If u = v, then 7 is called a closed path, else an open path. The
path = (u,e; - - - e,,v) determines the sequence of nodes, nodes(7) = (uo, ..., u,),
where up = u, u, = v and u; = t(e;), for 1 <i<n. We also set nodes((u,&,u)) =
(u,u). A path m = (u,e; ---e,,v), is edge-simple, for short, e-simple iff e; # e; for
all i # j (i.e., no edge in the path is used twice). A path 7 from u to v is simple iff no
vertex in nodes(7r) occurs twice, except possibly for u if 7 is closed. Equivalently,
if nodes(7) = (uo, ..., uy), then 7 is simple iff either

1. u; # uj for all i, j with i # jand 0 <i,j <n, or 7 is closed (i.e., up = uy,), in
which case

2. uj # uo (= up) forall i with 1 <i <n—1, and u; # u; for all i, j with i # j and
1<i,j<n—1.
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The null path (u, €,u), is considered e-simple and simple.

Remarks:

1. Other authors (such as Harary [4]) use the term walk for what we call a path. The
term trail is also used for what we call an e-simple path and the term path for
what we call a simple path. We decided to adopt the term “simple path” because
it is prevalent in the computer science literature. However, note that Berge [1]
and Sakarovitch [5] use the locution elementary path instead of simple path.

2. If a path 7 from u to v is simple, then every every node in the path occurs once
except possibly u if u = v, so every edge in 7 occurs exactly once. Therefore,
every simple path is an e-simple path.

3. If a digraph is not simple, then even if a sequence of nodes is of the form
nodes(7r) for some path, that sequence of nodes does not uniquely determine
a path. For example, in the graph of Figure 3.7, the sequence (v;,vs, V) corre-
sponds to the two distinct paths (v;,ese7,v6) and (v2,eses, ve).

Fig. 3.7 A path in a directed graph G,

In the graph G from Figure 3.7,
(v2,ese7egeseses, ve)
is a path from v, to vg that is neither e-simple nor simple. The path

(v2,e2e3€4€5,V5)
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Fig. 3.8 An e-simple path in a directed graph G

is an e-simple path from v; to vs that is not simple and

Fig. 3.9 Simple paths in a directed graph G
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(v2,ese7€9,v4), (va,ese7e9€4,v2)

are simple paths, the first one open and the second one closed.

Recall the notion of subsequence of a sequence defined just before stating The-
orem 2.6. Then, if © = (u,e;---ey,v) is any path from u to v in a digraph G a
subpath of m is any path ©’ = (u,¢} ---e),,v) such that ¢|,...,e), is a subsequence
of ey,...,e,. The following simple proposition is actually very important.

Proposition 3.2. Let G be any digraph. (a) For any two nodes u,v in G, every non-
null path 7 from u to v contains a simple nonnull subpath.

(b) If |V| = n, then every open simple path has length at most n— 1 and every
closed simple path has length at most n.

Proof. (a) Let w be any nonnull path from « to v in G and let
S={keN|k=|r'|, nisanonnull subpath of }.

The set S C N is nonempty because || € S and as N is well ordered (see Section
5.3 and Theorem 5.3), S has a least element, say m > 1. We claim that any subpath
of 7 of length m is simple. Consider any such path, say @’ = (u, ¢} ---€),,v); let

nodes(7') = (vo, ..., Vm),

with vo = u and v,,, = v, and assume that 7’ is not simple. There are two cases:

(1) u # v. Then some node occurs twice in nodes(n’), say v; = v;, with i < j. Then,
we can delete the path (vi,e], ,...,€,v;) from &’ to obtain a nonnull (because
u # v) subpath «” of 7’ from u to v with |n”| = || — (j — i) and because i < j,
we see that |1”| < |7'|, contradicting the minimality of m. Therefore, ' is a
nonnull simple subpath of 7.

(2) u=v.In this case, some node occurs twice in the sequence (vo,...,v,_). Then,
as in (1), we can strictly shorten the path from vy to v,,—;. Even though the
resulting path may be the null path, as the edge e/, remains from the original
path 7', we get a nonnull path from u to u strictly shorter than 7/, contradicting
the minimality of 7’

(b) As in (a), let ' be an open simple path from u to v and let
nodes(7') = (vo, ..., Vm).

If m > n = |V|, as the above sequence has m+ 1 > n nodes, by the pigeonhole prin-
ciple, some node must occur twice, contradicting the fact that 7’ is an open simple
path. If " is a nonnull closed path and m > n + 1, then the sequence {vg,...,Vu_1)
has m > n+ 1 nodes and by the pigeonhole principle, some node must occur twice,
contradicting the fact that 7’ is a nonnull simple path. O

Like strings, paths can be concatenated.
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Definition 3.6. Two paths, 7 = (u,e;---ey,v) and 7’ = (', €/ - - - €},,V'), in a digraph
G can be concatenated iff v = u’ in which case their concatenation n7t’ is the path

an’ = (u,ey---epel ey, V).

We also let
(u,e,u)w =1 =m(v,e,v).

Concatenation of paths is obviously associative and observe that |77'| = || +
/
7]

Definition 3.7. Let G = (V, E, s,1) be a digraph. We define the binary relation 60 on
V as follows. For all u,v € V,

uCgv iff there is a path from u to v and there is a path from v to u.
When u@Gv, we say that u and v are strongly connected.

The relation 66 is what is called an equivalence relation. The notion of an equiv-
alence relation is discussed extensively in Chapter 5 (Section 5.6) but because it is
a very important concept, we explain briefly what it is right now.

Repeating Definition 5.10, a binary relation R on a set X is an equivalence rela-
tion iff it is reflexive, transitive, and symmetric; that is:

(1) (Reflexivity): aRa, for all a € X
(2) (transitivity): If aRb and bRc, then aRc, for all a,b,c € X
(3) (Symmetry): If aRb, then bRa, for all a,b € X

The main property of equivalence relations is that they partition the set X into
nonempty, pairwise disjoint subsets called equivalence classes: For any x € X, the
set

Xz = {y € X | xRy}

is the equivalence class of x. Each equivalence class [x]g is also denoted Xg and the
subscript R is often omitted when no confusion arises.
For the reader’s convenience, we repeat Proposition 5.11.

Let R be an equivalence relation on a set X. For any two elements x,y € X, we have

xRy iff [x] = [y].
Moreover, the equivalence classes of R satisfy the following properties.

(1) [x] £0, forall x € X.
(2) If [x] # [y] then [x]N [y] = 0.
(3) X =Usex[1-

The relation 6(; is reflexive because we have the null path from u to u, symmetric
by definition, and transitive because paths can be concatenated. The equivalence
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Fig. 3.10 A directed graph G with two SCCs

classes of the relation 6(; are called the strongly connected components of G (SCCs).
A graph is strongly connected iff it has a single strongly connected component.

For example, we see that the graph G of Figure 3.10 has two strongly connected
components

i}, {v2,v3,va,vs,v6},

inasmuch as there is a closed path
(V4,€4€2€3€4e‘5€7€9, V4).

The graph G, of Figure 3.5 is strongly connected.

Let us give a simple algorithm for computing the strongly connected components
of a graph because this is often the key to solving many problems. The algorithm
works as follows. Given some vertex u € V, the algorithm computes the two sets
X (u) and X~ (u), where

X" (u) = {v € V| there exists a path from u to v}
X" (u) = {v €V | there exists a path from v to u}.

Then, it is clear that the connected component C(u) of u, is given by
Clu)=X1(u)NX" (u).

For simplicity, we assume that X" («), X~ (u) and C(u) are represented by linear
arrays. In order to make sure that the algorithm makes progress, we used a simple
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marking scheme. We use the variable fotal to count how many nodes are in X+ (u)
(or in X~ (u)) and the variable marked to keep track of how many nodes in X (u)
(or in X~ (u)) have been processed so far. Whenever the algorithm considers some
unprocessed node, the first thing it does is to increment marked by 1. Here is the
algorithm in high-level form.

function strcomp(G: graph; u: node): set
begin
Xt (u)[1] := u; X~ (u)[1] := u; total := 1; marked := 0
while marked < total do
marked := marked + 1; v := X+ (u)[marked|;
foreachec E
if (s(e) =v)A(t(e) € X (u)) then
total := total + 1; X+ (u)[total] := t(e) endif
endfor
endwhile;
total := 1; marked := 0,
while marked < total do
marked := marked + 1; v := X~ (u) [ marked);
foreache c E
if (t(e) =v)A(s(e) ¢ X (u)) then
total := total + 1; X~ (u)[total] := s(e) endif
endfor
endwhile;
C(u) =X (u)NX~ (u); strcomp := C(u)
end

If we want to obtain all the strongly connected components (SCCs) of a finite
graph G, we proceed as follows. Set V| =V, pick any node v in Vj, and use the
above algorithm to compute the strongly connected component C; of v;. If V| =y,
stop. Otherwise, let V, = V| — C|. Again, pick any node v, in V;, and determine the
strongly connected component C; of v,. If V) = (5, stop. Otherwise, let V3 =V, — (3,
pick v3 in V3, and continue in the same manner as before. Ultimately, this process
will stop and produce all the strongly connected components Cy,...,C; of G.

It should be noted that the function strcomp and the simple algorithm that we
just described are “naive” algorithms that are not particularly efficient. Their main
advantage is their simplicity. There are more efficient algorithms, in particular, there
is a beautiful algorithm for computing the SCCs due to Robert Tarjan.

Going back to our city traffic problem from Section 3.1, if we compute the
strongly connected components for the proposed solution shown in Figure 3.2, we
find three SCCs

A=1{6,7,8,12,13,14}, B={11}, C=1{1,2,3,4,5,9,10,15,16,17,18,19}.

shown in Figure 3.11.
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Fig. 3.11 The strongly connected components of the graph in Figure 3.2

Therefore, the city engineers did not do a good job. We show after proving Propo-
sition 3.4 how to “fix” this faulty solution.

Note that the problem is that all the edges between the strongly connected com-
ponents A and C go in the wrong direction.

Closed e-simple paths also play an important role.

Definition 3.8. Let G = (V,E,s,t) be a digraph. A circuit is a closed e-simple path
(i-e., no edge occurs twice) and a simple circuit is a simple closed path. The null
path (u,€,u) is a simple circuit.

Remark: A closed path is sometimes called a pseudo-circuit. In a pseudo-circuit,
some edge may occur more than once.
The significance of simple circuits is revealed by the next proposition.

Proposition 3.3. Let G be any digraph. (a) Every circuit 7 in G is the concatenation
of pairwise edge-disjoint simple circuits.

(b) A circuit is simple iff it is a minimal circuit, that is, iff it does not contain any
proper circuit.

Proof. We proceed by induction on the length of 7. The proposition is trivially true
if 7 is the null path. Next, let © = (u,e; - - - e, 1) be any nonnull circuit and let

nodes(m) = (vo,...,Vm),
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with vo = v,,, = u. If 7 is a simple circuit, we are done. Otherwise, some node occurs

twice in the sequence (vo,...,v,—1). Pick two occurrences of the same node, say
vi = vj, with i < j, such that j — i is minimal. Then, due to the minimality of j — i,
no node occurs twice in (vj,...,v;_1), which shows that m; = (v;,ej1---€j,v;) is

a simple circuit. Now we can write 7 = o'm ", with |7'| < |7| and |7"| < |7|.
Thus, we can apply the induction hypothesis to both 7" and 7, which shows that 7’
and 7" are concatenations of simple circuits. Then 7 itself is the concatenation of
simple circuits. All these simple circuits are pairwise edge-disjoint because 7 has
no repeated edges.

(b) This is clear by definition of a simple circuit. O

Remarks:

1. If u and v are two nodes that belong to a circuit 7 in G, (i.e., both u and v are
incident to some edge in 7), then u and v are strongly connected. Indeed, u and
v are connected by a portion of the circuit 7, and v and u are connected by the
complementary portion of the circuit.

2. If & is a pseudo-circuit, the above proof shows that it is still possible to de-
compose 7 into simple circuits, but it may not be possible to write 7 as the
concatenation of pairwise edge-disjoint simple circuits.

Given a graph G we can form a new and simpler graph from G by connecting the
strongly connected components of G as shown below.

Definition 3.9. Let G = (V, E, s,t) be a digraph. The reduced graph G is the simple
digraph whose set of nodes V =V /Cg is the set of strongly connected components
of V and whose set of edges E is defined as follows.

(@,7) € E iff (3e € E)(s(e) € i and (e) € V),
where we denote the strongly connected component of u by .
That G is “simpler” than G is the object of the next proposition.
Proposition 3.4. Let G be any digraph. The reduced graph G contains no circuits.

Proof . Suppose that « and v are nodes of G and that « and v belong to two disjoint
strongly connected components that belong to a circuit 7 in G. Then the circuit 7
yields a closed sequence of edges e, . .., e, between strongly connected components
and we can arrange the numbering so that these components are Cy,...,C,, with
C, = Cp, with ¢; an edge between s(e;) € C;—j and 1(e;) € Cifor 1 <i<n—1,e¢,
an edge between between s(e,,) € G, and (e,,) € Cp, it = Cp, and v = C,, for some
p < q.Now, we have 1(e;) € C; and s(e;41) € Ci for 1 <i<n—1andt(e,) € Cpand
s(e1) € Cp and as each C; is strongly connected, we have simple paths from #(e;)
to s(e;+1) and from #(e,) to s(ey). Also, as u = C), and v = C, for some p < g, we
have some simple paths from u to s(e,,) and from #(e,) to v. By concatenating
the appropriate paths, we get a circuit in G containing u and v, showing that u and
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v are strongly connected, contradicting that # and v belong to two disjoint strongly
connected components. [

Remark: Digraphs without circuits are called DAGs. Such graphs have many nice
properties. In particular, it is easy to see that any finite DAG has nodes with no
incoming edges. Then, it is easy to see that finite DAGs are basically collections of
trees with shared nodes.

The reduced graph of the graph shown in Figure 3.11 is shown in Figure 3.12,
where its SCCs are labeled A, B, and C as shown below:

A=1{6,7,8,12,13,14}, B={11}, C=1{1,2,3,4,5,9,10,15,16,17,18,19}.

The locations in the component A are inaccessible. Observe that changing the di-

Fig. 3.12 The reduced graph of the graph in Figure 3.11

rection of any street between the strongly connected components A and C yields a
solution, that is, a strongly connected graph. So, the engineers were not too far off
after all.

A solution to our traffic problem obtained by changing the direction of the street
between 13 and 18 is shown in Figure 3.13. Before discussing undirected graphs,
let us collect various definitions having to do with the notion of subgraph.

Definition 3.10. Given any two digraphs G = (V,E,s,t) and G' = (V' E',s',1'), we
say that G’ is a subgraph of G iff V! CV, E' C E, s is the restriction of s to E’ and
t' is the restriction of ¢ to E’. If G’ is a subgraph of G and V' =V, we say that G’ is
a spanning subgraph of G. Given any subset V' of V, the induced subgraph G(V')
of G is the graph (V' Eyr,s',t") whose set of edges is

Ey ={e€E|s(e)eV'tle) eV'}.

(Clearly, s" and ¢’ are the restrictions of s and ¢ to Ey», respectively.) Given any
subset, E' C E, the graph G’ = (V,E’,s',¢'), where s’ and ¢’ are the restrictions of s
and  to E', respectively, is called the partial graph of G generated by E’'. The graph
(V' ,E'NEy,s',t") is a partial subgraph of G (here, s’ and ¢’ are the restrictions of s
and t to E' N Ey, respectively).
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Fig. 3.13 A good choice of one-way streets

3.4 Undirected Graphs, Chains, Cycles, Connectivity

The edges of a graph express relationships among its nodes. Sometimes, these re-
lationships are not symmetric, in which case it is desirable to use directed arcs as
we have in the previous sections. However, there is a class of problems where these
relationships are naturally symmetric or where there is no a priori preferred orienta-
tion of the arcs. For example, if V is the population of individuals that were students
at Penn between 1900 until now and if we are interested in the relation where two
people A and B are related iff they had the same professor in some course, then
this relation is clearly symmetric. As a consequence, if we want to find the set of
individuals who are related to a given individual A, it seems unnatural and, in fact,
counterproductive, to model this relation using a directed graph.

As another example suppose we want to investigate the vulnerabilty of an Internet
network under two kinds of attacks: (1) disabling a node and (2) cutting a link.
Again, whether a link between two sites is oriented is irrelevant. What is important
is that the two sites are either connected or disconnected.

These examples suggest that we should consider an “unoriented” version of a
graph. How should we proceed?

One way to proceed is to still assume that we have a directed graph but to modify
certain notions such as paths and circuits to account for the fact that such graphs
are really “unoriented.” In particular, we should redefine paths to allow edges to
be traversed in the “wrong direction.” Such an approach is possible but slightly
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awkward and ultimately it is really better to define undirected graphs. However,
to show that this approach is feasible, let us give a new definition of a path that
corresponds to the notion of path in an undirected graph.

Definition 3.11. Given any digraph G = (V,E,s,t) and any two nodes u,v €V, a
chain (or walk) from u to v is a sequence T = (ug,e1,U1,€2,U2,... ,Un_1,€n,Upn),
wheren > 1;u; € V;e; € E and

uo = u; u, = v and {s(e;),t(e;)} = {ui—1,u;}, 1 <i<n.

We call n the length of the chain m and we write || = n. When n = 0, we have
the null chain (u,€,u), from u to u, a chain of length 0. If u = v, then 7 is called
a closed chain, else an open chain. The chain 7 determines the sequence of nodes:
nodes(7) = (uo,...,u,), with nodes((u,€,u)) = (u,u). A chain 7 is edge-simple,
for short, e-simple iff e; # e for all i # j (i.e., no edge in the chain is used twice). A
chain 7 from u to v is simple iff no vertex in nodes(7) occurs twice, except possibly
for u if 7 is closed. The null chain (u, €,u) is considered e-simple and simple.

The main difference between Definition 3.11 and Definition 3.5 is that Definition
3.11 ignores the orientation: in a chain, an edge may be traversed backwards, from
its endpoint back to its source. This implies that the reverse of a chain

R
7 = (tn,€n,tn—1,,...,U2,€2,U1,€1,Up)

is a chain from v = u,, to u = ug. In general, this fails for paths. Note, as before, that
if G is a simple graph, then a chain is more simply defined by a sequence of nodes

(o, ut,. .. up).

Fig. 3.14 The graphs Gs and G

For example, in the graph Gs shown in Figure 3.14, we have the chains
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(vi,a,v2,d,vs, f,vs,e,v2,d,v4,8,v3), (V1,a,v2,d,v4, f,Vv5,€,v2,¢,V3)

and
(Vl,Cl,Vz,d,V;;,g,V})

from vy to vs.

Note that none of these chains are paths. The graph G} is obtained from the graph
G5 by reversing the direction of the edges d, f, e, and g, so that the above chains are
actually paths in G%. The second chain is e-simple and the third is simple.

Chains are concatenated the same way as paths and the notion of subchain is
analogous to the notion of subpath. The undirected version of Proposition 3.2 also
holds. The proof is obtained by changing the word “path” to “chain”.

Proposition 3.5. Let G be any digraph. (a) For any two nodes u,v in G, every non-
null chain © from u to v contains a simple nonnull subchain.

(b) If |V| = n, then every open simple chain has length at most n — 1 and every
closed simple chain has length at most n.

The undirected version of strong connectivity is the following:

Definition 3.12. Let G = (V,E,s,) be a digraph. We define the binary relation Cg
on V as follows. For all u,v € V,

ME(;V iff there is a chain from u to v.
When uacv, we say that u and v are connected.

Oberve that the relation C~’G is an equivalence relation. It is reflexive because we
have the null chain from u to u, symmetric because the reverse of a chain is also a
chain, and transitive because chains can be concatenated. The equivalence classes
of the relation Cg are called the connected components of G (CCs). A graph is
connected iff it has a single connected component.

Observe that strong connectivity implies connectivity but the converse is false.
For example, the graph G; of Figure 3.4 is connected but it is not strongly con-
nected. The function strcomp and the method for computing the strongly connected
components of a graph can easily be adapted to compute the connected components
of a graph.

The undirected version of a circuit is the following.

Definition 3.13. Let G = (V,E,s,1) be a digraph. A cycle is a closed e-simple chain
(i.e., no edge occurs twice) and a simple cycle is a simple closed chain. The null
chain (u,&,u) is a simple cycle.

Remark: A closed chain is sometimes called a pseudo-cycle. The undirected ver-
sion of Proposition 3.3 also holds. Again, the proof consists in changing the word
“circuit” to “cycle”.



3.4 Undirected Graphs, Chains, Cycles, Connectivity 185

Proposition 3.6. Let G be any digraph. (a) Every cycle  in G is the concatenation
of pairwise edge-disjoint simple cycles.

(b) A cycle is simple iff it is a minimal cycle, that is, iff it does not contain any
proper cycle.

The reader should now be convinced that it is actually possible to use the notion
of a directed graph to model a large class of problems where the notion of orientation
is irrelevant. However, this is somewhat unnatural and often inconvenient, so it is
desirable to introduce the notion of an undirected graph as a “first-class” object.
How should we do that?

We could redefine the set of edges of an undirected graph to be of the form
ETUE™, where ET = E is the original set of edges of a digraph and with

E-={e |et €ET s(e)=t(e"),t(e”) =s(eh)},

each edge e~ being the “anti-edge” (opposite edge) of ¢™. Such an approach is
workable but experience shows that it not very satisfactory.

The solution adopted by most people is to relax the condition that every edge
e € E be assigned an ordered pair (u,v) of nodes (with u = s(e) and v = t(e)) to
the condition that every edge e € E be assigned a set {u,v} of nodes (with u = v
allowed). To this effect, let [V]> denote the subset of the power set consisting of all
two-element subsets of V' (the notation (%) is sometimes used instead of [V]?):

VP> = {{u.v} €2" [u#v}.

Definition 3.14. A graph is a triple G = (V,E,st) where V is a set of nodes or
vertices, E is a set of arcs or edges, and st: E — V U[V]? is a function that assigns
a set of endpoints (or endnodes) to every edge.

When we want to stress that we are dealing with an undirected graph as opposed
to a digraph, we use the locution undirected graph. When we draw an undirected
graph we suppress the tip on the extremity of an arc. For example, the undirected
graph Gg corresponding to the directed graph Gs, is shown in Figure 3.15.

Definition 3.15. Given a graph G, an edge e € E such that st(e) € V is called a loop
(or self-loop). Two edges e,¢’ € E are said to be parallel edges iff st(e) = st(e'). A
graph is simple iff it has no loops and no parallel edges.

Remarks:

1. The functions st need not be injective or surjective.

2. When G is simple, every edge e € E is uniquely determined by the set of vertices
{u,v} such that {u,v} = st(e). In this case, we may denote the edge e by {u, v}
(some books also use the notation (uv) or even uv).
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Fig. 3.15 The undirected graph Gg

3. Some authors call a graph with no loops but possibly parallel edges a multigraph
and a graph with loops and parallel edges a pseudograph. We prefer to use the
term graph for the most general concept.

4. Given an undirected graph G = (V,E,st), we can form directed graphs from
G by assigning an arbitrary orientation to the edges of G. This means that we
assign to every set st(e) = {u,v}, where u # v, one of the two pairs (u,v) or (v, u)
and define s and 7 such that s(e) = u and #(e) = v in the first case or such that
s(e) =vandr(e) = u in the second case (when u = v, we have s(e) =1(e) = u)).

5. When a graph is simple, the function st is often omitted and we simply write
(V,E), with the understanding that E is a set of two-element subsets of V.

6. The concepts or adjacency and incidence transfer immediately to (undirected)
graphs.

It is clear that the definitions of chain, connectivity, and cycle (Definitions 3.11,
3.12, and 3.13) immediately apply to (undirected) graphs. For example, the notion
of a chain in an undirected graph is defined as follows.

Definition 3.16. Given any graph G = (V,E, st) and any two nodes u,v € V, a chain
(or walk) from u to v is a sequence T = (ug,e1,u1,€2,Ua,...,Uy—1,€n,Uy), Where
n>1,u; €V;e € E and

uo =u; u, =v and st(e;) = {uj—1,u;}, 1 <i<n.

We call n the length of the chain m and we write || = n. When n = 0, we have
the null chain (u,€,u), from u to u, a chain of length 0. If u = v, then 7 is called a
closed chain, else an open chain. The chain, 7, determines the sequence of nodes,
nodes(7) = (uy,...,u,), with nodes((u, &,u)) = (u,u). A chain 7 is edge-simple,
for short, e-simple ift e; # e; for all i # j (i.e., no edge in the chain is used twice). A
chain 7 from u to v is simple iff no vertex in nodes(7) occurs twice, except possibly
for u if 7 is closed. The null chain (u, €,u) is considered e-simple and simple.

An e-simple chain is also called a frail (as in the case of directed graphs). Defi-
nitions 3.12 and 3.13 are adapted to undirected graphs in a similar fashion.
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However, only the notion of degree (or valency) of a node applies to undirected
graphs where it is given by

de(u)=|{e€E|ucst(e)}

We can check immediately that Corollary 3.1 and Corollary 3.2 apply to undirected
graphs. For the reader’s convenience, we restate these results.

Corollary 3.3. For any finite undirected graph G = (V,E, st) we have
Y dg(u)=2|E

ucV

s

that is, the sum of the degrees of all the nodes is equal to twice the number of edges.

Corollary 3.4. For any finite undirected graph G = (V,E, st), there is an even num-
ber of nodes with an odd degree.

Remark: When it is clear that we are dealing with undirected graphs, we some-
times allow ourselves some abuse of language. For example, we occasionally use
the term path instead of chain.

An important class of graphs is the class of complete graphs. We define the com-
plete graph K, with n vertices (n > 2) as the simple undirected graph whose edges
are all two-element subsets {7, j}, with i,j € {1,2,...,n} and i # j.

Even though the structure of complete graphs is quite simple, there are some very
hard combinatorial problems involving them. For example, an amusing but very
difficult problem involving edge colorings is the determination of Ramsey numbers.

A version of Ramsey’s theorem says that: for every pair, (r,s), of positive natural
numbers, there is a least positive natural number, R(r,s), such that for every coloring
of the edges of the complete (undirected) graph on R(r,s) vertices using the colors
blue and red, either there is a complete subgraph with r vertices whose edges are
all blue or there is a complete subgraph with s vertices whose edges are all red.

So, R(r,r) is the smallest number of vertices of a complete graph whose edges
are colored either blue or red that must contain a complete subgraph with r vertices
whose edges are all of the same color. It is called a Ramsey number. For details on
Ramsey’s theorems and Ramsey numbers, see Diestel [3], Chapter 9.

The graph shown in Figure 3.16 (left) is a complete graph on five vertices with a
coloring of its edges so that there is no complete subgraph on three vertices whose
edges are all of the same color. Thus, R(3,3) > 5.

There are

213 = 132768

2-colored complete graphs on 6 vertices. One of these graphs is shown in Figure
3.16 (right). It can be shown that all of them contain a triangle whose edges have
the same color, so R(3,3) = 6.
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Fig. 3.16 Left: A 2-coloring of K5 with no monochromatic K3; Right: A 2-coloring of K¢ with
several monochromatic K3s

The numbers, R(r,s), are called Ramsey numbers. It turns out that there are very
few numbers r,s for which R(r,s) is known because the number of colorings of a
graph grows very fast! For example, there are

243><21 _ 2903 > 102490 > ]0270

2-colored complete graphs with 43 vertices, a huge number. In comparison, the
universe is only approximately 14 billion years old, namely 14 x 10° years old.

For example, R(4,4) = 18, R(4,5) = 25, but R(5,5) is unknown, although it can
be shown that 43 < R(5,5) < 49. Finding the R(r,s), or at least some sharp bounds
for them, is an open problem.

The notion of homomorphism and isomorphism also makes sense for undirected
graphs. In order to adapt Definition 3.4, observe that any function g: V| — V, can
be extended in a natural way to a function from V; U[V;]? to V5 U[V;]?, also denoted

g, so that
g({u,v}) ={g(u),g(v)},
for all {u,v} € [V1]>.
Definition 3.17. Given two graphs G| = (V},Ej,st1) and G, = (V2,E», st2), a ho-

momorphism (or morphism) f: G1 — G, from G| to G, is a pair f = (f", f¢), with
' Vi —=Vyand f¢: E; — E,, preserving incidence, that is, for every edge e € E|,

we have
sta(f(e)) = f"(st1(e)).

These conditions can also be expressed by saying that the following diagram com-
mutes.
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fe

Ef ———E

sty i \le‘z

ViJ [Vl]z T> Vo U [Vz]z

As for directed graphs, we can compose homomorphisms of undirected graphs
and the definition of an isomorphism of undirected graphs is the same as the defi-
nition of an isomorphism of digraphs. Definition 3.10 about various notions of sub-
graphs is immediately adapted to undirected graphs.

We now investigate the properties of a very important subclass of graphs, trees.

3.5 Trees and Arborescences

In this section, until further notice, we are dealing with undirected graphs. Given
a graph G, edges having the property that their deletion increases the number of
connected components of G play an important role and we would like to characterize
such edges.

Definition 3.18. Given any graph G = (V,E,st), any edge e € E, whose deletion
increases the number of connected components of G (i.e., (V,E —{e},st | (E—{e}))
has more connected components than G) is called a bridge.

For example, the edge (v4vs) in the graph shown in Figure 3.17 is a bridge.

(15) G

() b

Fig. 3.17 A bridge in the graph G
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Proposition 3.7. Given any graph G = (V,E,st), adjunction of a new edge e be-
tween u and v (this means that st is extended to st,, with st,(e) = {u,v}) to G has
the following effect.

1. Either the number of components of G decreases by 1, in which case the edge e
does not belong to any cycle of G' = (V,E U{e},st,), or

2. The number of components of G is unchanged, in which case the edge e belongs
to some cycle of G' = (V,E U{e},st,).

Proof. Two mutually exclusive cases are possible:

(a) The endpoints u and v (of e) belong to two disjoint connected components of G.
In G, these components are merged. The edge e can’t belong to a cycle of G’
because the chain obtained by deleting e from this cycle would connect u# and v
in G, a contradiction.

(b) The endpoints u# and v (of e¢) belong to the same connected component of G.
Then, G’ has the same connected components as G. Because u and v are con-
nected, there is a simple chain from u to v (by Proposition 3.5) and by adding e
to this simple chain, we get a cycle of G’ containing e. O

Corollary 3.5. Given any graph G = (V,E,st) an edge e € E, is a bridge iff it does
not belong to any cycle of G.

Theorem 3.1. Let G be a finite graph and let m = |V | > 1. The following properties
hold.

(i) If G is connected, then |E| > m — 1.
(ii) If G has no cycle, then |[E| <m— 1.

Proof. We can build the graph G progressively by adjoining edges one at a time
starting from the graph (V,0), which has m connected components.

(i) Every time a new edge is added, the number of connected components de-
creases by at most 1. Therefore, it will take at least m — 1 steps to get a connected
graph.

(i1) If G has no cycle, then every spanning graph has no cycle. Therefore, at every
step, we are in case (1) of Proposition 3.7 and the number of connected components
decreases by exactly 1. As G has at least one connected component, the number of
steps (i.e., of edges) is at mostm— 1. O

In view of Theorem 3.1, it makes sense to define the following kind of graphs.

Definition 3.19. A tree is a graph that is connected and acyclic (i.e., has no cycles).
A forest is a graph whose connected components are trees.

The picture of a tree is shown in Figure 3.18.
Our next theorem gives several equivalent characterizations of a tree.
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Fig. 3.18 A tree T

Theorem 3.2. Let G be a finite graph with m = |V| > 2 nodes. The following prop-
erties characterize trees.

(1) G is connected and acyclic.

(2) G is connected and minimal for this property (if we delete any edge of G, then
the resulting graph is no longer connected).

(3) G is connected and has m — 1 edges.

(4) G is acyclic and maximal for this property (if we add any edge to G, then the
resulting graph is no longer acyclic).

(5) G is acyclic and has m — 1 edges.

(6) Any two nodes of G are joined by a unique chain.

Proof. The implications

all follow immediately from Theorem 3.1.

(4) = (3). If G was not connected, we could add an edge between to disjoint
connected components without creating any cycle in G, contradicting the maximal-
ity of G with respect to acyclicity. By Theorem 3.1, as G is connected and acyclic,
it must have m — 1 edges.

(2) = (6). As G is connected, there is a chain joining any two nodes of G. If,
for two nodes u and v, we had two distinct chains from u to v, deleting any edge
from one of these two chains would not destroy the connectivity of G contradicting
the fact that G is minimal with respect to connectivity.

(6) = (1). If G had a cycle, then there would be at least two distinct chains
joining two nodes in this cycle, a contradiction.
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The reader should then draw the directed graph of implications that we just es-
tablished and check that this graph is strongly connected. Indeed, we have the cycle
of implications

()= 0B)= @4 = (B) = (2)=(6) = (1)

a

Remark: The equivalence of (1) and (6) holds for infinite graphs too.

Corollary 3.6. For any tree G adding a new edge e to G yields a graph G’ with a
unique cycle.

Proof. Because G is a tree, all cycles of G’ must contain e. If G’ had two distinct
cycles, there would be two distinct chains in G joining the endpoints of e, contra-
dicting property (6) of Theorem 3.2. 0O

Corollary 3.7. Every finite connected graph possesses a spanning tree.

Proof. This is a consequence of property (2) of Theorem 3.2. Indeed, if there is
some edge e € E, such that deleting e yields a connected graph G, we consider G
and repeat this deletion procedure. Eventually, we get a minimal connected graph
that must be a tree. 0O

An example of a spanning tree (shown in thicker lines) in a graph is shown in
Figure 3.19.
An endpoint or leaf in a graph is a node of degree 1.

Proposition 3.8. Every finite tree with m > 2 nodes has at least two endpoints.

Proof. By Theorem 3.2, our tree has m — 1 edges and by the version of Proposition
3.1 for undirected graphs,

Z dg(u) =2(m—1).

ucV

If we had dg(u) > 2 except for a single node ugp, we would have

Z dG(M) >2m— la

ucV

contradicting the above. O

Remark: A forest with m nodes and p connected components has m — p edges.
Indeed, if each connected component has m; nodes, then the total number of edges
is

(m—1)+m—-1)+---+(mp—1)=m—p.

We now briefly consider directed versions of a tree.
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Fig. 3.19 A spanning tree

Definition 3.20. Given a digraph G = (V, E,s,t),anode a € V is a root (respectively,
antiroot) iff for every node u € V, there is a path from a to u (respcetively, there is a
path from u to a). A digraph with at least two nodes is an arborescence with root a
iff

1. The node a is a root of G.

2. G is a tree (as an undirected graph).

A digraph with at least two nodes is an antiarborescence with antiroot a iff

1. The node a is an antiroot of G
2. G is a tree (as an undirected graph).

Note that orienting the edges in a tree does not necessarily yield an arborescence
(or an antiarborescence). Also, if we reverse the orientation of the arcs of an ar-
borescence we get an antiarborescence. An arborescence is shown in Figure 3.20.

There is a version of Theorem 3.2 giving several equivalent characterizations of
an arborescence. The proof of this theorem is left as an exercise to the reader.

Theorem 3.3. Let G be a finite digraph with m = |V| > 2 nodes. The following
properties characterize arborescences with root a.

(1) G is a tree (as undirected graph) with root a.

(2) For every u € V, there is a unique path from a to u.

(3) G has a as a root and is minimal for this property (if we delete any edge of G,
then a is not a root any longer).
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OO

Fig. 3.20 An arborescence 7>

(4) G is connected (as undirected graph) and moreover

d;(a)=0
(+) d;(u)=1, forallucV,u# a.

(5) G is acyclic (as undirected graph) and the properties () are satisfied.
(6) G is acyclic (as undirected graph) and has a as a root.
(7) G has a as a root and has m — 1 arcs.

3.6 Minimum (or Maximum) Weight Spanning Trees

For a certain class of problems, it is necessary to consider undirected graphs (with-
out loops) whose edges are assigned a “cost” or “weight.”

Definition 3.21. A weighted graph is a finite graph without loops G = (V,E,st),
together with a function c: E — R, called a weight function (or cost function). We
denote a weighted graph by (G,c). Given any set of edges E/ C E, we define the

weight (or cost) of E' by
c(E") = Z c(e).
ecE’

Given a weighted graph (G, ¢), an important problem is to find a spanning tree
T such that ¢(7) is maximum (or minimum). This problem is called the maximal
weight spanning tree (respectively, minimal weight spanning tree). Actually, it is
easy to see that any algorithm solving any one of the two problems can be converted
to an algorithm solving the other problem. For example, if we can solve the maximal
weight spanning tree, we can solve the minimal weight spanning tree by replacing
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every weight ¢(e) by —c(e), and by looking for a spanning tree T that is a maximal
spanning tree, because

minc(7T) = —max —c(7T).

TCG TCG
There are several algorithms for finding such spanning trees, including one due to
Kruskal and another one due to Robert C. Prim. The fastest known algorithm at
present is due to Bernard Chazelle (1999).

Because every spanning tree of a given graph G = (V, E, st) has the same num-
ber of edges (namely, |V|— 1), adding the same constant to the weight of every
edge does not affect the maximal nature a spanning tree, that is, the set of maximal
weight spanning trees is preserved. Therefore, we may assume that all the weights
are nonnegative.

In order to justify the correctness of Kruskal’s algorithm, we need two defini-
tions. Let (G, ¢) be any connected weighted graph with G = (V,E,st) and let T be
any spanning tree of G. For every edge e € E — T, let C, be the set of edges belong-
ing to the unique chain in T joining the endpoints of e (the vertices in st(e)). For
example, in the graph shown in Figure 3.21, the set C(g 11} associated with the edge
{8,11} (shown as a dashed line) corresponds to the following set of edges (shown
as dotted lines) in T,

C{&ll} = {{8’5}7{559}7{9711}}

Fig. 3.21 The set C, associated with anedgee € G—T
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Fig. 3.22 The set Q5 9, obtained by deleting the edge {5,9} from the spanning tree.

Also, given any edge e € T, observe that the result of deleting e yields a graph
denoted T — e consisting of two disjoint subtrees of 7. We let ., be the set of
edges ¢’ € G—T, such that if st(¢’) = {u, v}, then u and v belong to the two distinct
connected components of 7 — {e}. For example, in Figure 3.22, deleting the edge
{5,9} yields the set of edges (shown as dotted lines)

-Q{S,‘)} ={{1,2},{5,2},{5.6},{8,9}, {8, 11}}.

Observe that in the first case, deleting any edge from C, and adding the edge
e € E—T yields a new spanning tree and in the second case, deleting any edge e € T
and adding any edge in £2, also yields a new spanning tree. These observations are
crucial ingredients in the proof of the following theorem.

Theorem 3.4. Let (G,c) be any connected weighted graph and let T be any span-
ning tree of G. (1) The tree T is a maximal weight spanning tree iff any of the
following (equivalent) conditions hold.

(i) Foreverye € E—T,

c(e) < min c(e')

eeC,

(ii) For everye €T,

c(e) > max c(€).

(€) = max c(¢)
(2) The tree T is a minimal weight spanning tree iff any of the following (equiv-

alent) conditions hold.
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(i) Foreverye €c E—T,
c(e) > maxc(e')
e'eC,
(ii) Foreverye €T,
c(e) < min c(e').
(¢) < min c(e)
Proof. (1) First, assume that 7' is a maximal weight spanning tree. Observe that

(a) Forany e € E—T and any ¢’ € C,, the graph T’ = (V, (T U{e}) —{€'}) is acyclic
and has |V| — 1 edges, so it is a spanning tree. Then, (i) must hold, as otherwise
we would have ¢(T") > ¢(T), contradicting the maximality of 7.

(b) Foranye €T and any €' € Q,, the graph T' = (V, (T U{e'}) — {e}) is connected
and has |V| — | edges, so it is a spanning tree. Then, (ii) must hold, as otherwise
we would have ¢(T") > ¢(T), contradicting the maximality of 7.

Let us now assume that (i) holds. We proceed by contradiction. Let T’ be a span-
ning tree satisfying condition (i) and assume there is another spanning tree 7’ with
c(T") > ¢(T). There are only finitely many spanning trees of G, therefore we may
assume that 7" is maximal. Consider any edge e € 7' — T and let st(e) = {u,v}. In
T, there is a unique chain C, joining «# and v and this chain must contain some edge
¢’ € T joining the two connected components of 7”7 — e; that is, €’ € £,. As (i) holds,
we get c(e) < c(e’). However, as T’ is maximal, (ii) holds (as we just proved), so
c(e) > c(€'). Therefore, we get

cle) =c(e).

Consequently, if we form the graph 7> = (T'U{e’}) —{e}), we see that T5 is a span-
ning tree having some edge from T and ¢(T3) = ¢(T’). We can repeat this process
of edge substitution with 7> and T and so on. Ultimately, we obtain the tree T with
the weight ¢(T”) > ¢(T'), which is absurd. Therefore, T is indeed maximal.

Finally, assume that (ii) holds. The proof is analogous to the previous proof: We
pick some edge ¢’ € T — T’ and e is some edge in £, belonging to the chain joining
the endpoints of ¢’ in 7”.

(2) The proof of (2) is analogous to the proof of (1) but uses 2(i) and 2(ii) instead
of 1(i) and 1(ii). O

We are now in the position to present a version of Kruskal’s algorithm and to
prove its correctness.

Here is a version of Kruskal’s algorithm for finding a minimal weight spanning
tree using criterion 2(i). Let n be the number of edges of the weighted graph (G, c),
where G = (V,E st).

function Kruskal((G,c): weighted graph): tree
begin
Sort the edges in nondecreasing order of weights:
c(er) <clea) <+ <clen)s
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Fig. 3.23 Joseph Kruskal, 1928-

T:=0;
fori:=1tondo
if (V,TU{e;}) is acyclic then T :=T U{e;}
endif
endfor;
Kruskal .=T
end

We admit that the above description of Kruskal’s algorithm is a bit sketchy as
we have not explicitly specified how we check that adding an edge to a tree pre-
serves acyclicity. On the other hand, it is quite easy to prove the correctness of the
above algorithm. It is not difficult to refine the above “naive” algorithm to make it
totally explicit but this involves a good choice of data structures. We leave these
considerations to an algorithms course.

Clearly, the graph T returned by the algorithm is acyclic, but why is it connected?
Well, suppose T is not connected and consider two of its connected components, say
T and T,. Being acyclic and connected, 77 and 75 are trees. Now, as G itself is con-
nected, for any node of 71 and any node of 7>, there is some chain connecting these
nodes. Consider such a chain C, of minimal length. Then, as 7] is a tree, the first
edge e; of C cannot belong to 77 because otherwise we would get an even shorter
chain connecting 71 and 7> by deleting e;. Furthermore, e; does not belong to any
other connected component of T, as these connected components are pairwise dis-
joint. But then, T +e; is acyclic, which means that when we considered the addition
of edge e; to the current graph T), the test should have been positive and e; should
have been added to 7). Therefore, T is connected and so it is a spanning tree. Now
observe that as the edges are sorted in nondecreasing order of weight, condition 2(i)
is enforced and by Theorem 3.4, 7' is a minimal weight spanning tree.

We can easily design a version of Kruskal’s algorithm based on Condition 2(ii).
This time, we sort the edges in nonincreasing order of weights and, starting with G,
we attempt to delete each edge e; as long as the remaining graph is still connected.
We leave the design of this algorithm as an exercise to the reader.

Prim’s algorithm is based on a rather different observation. For any node, v € V,
let U, be the set of edges incident with v that are not loops,
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U,={ecE|vest(e),st(e) € [V]*}.

Choose in U, some edge of minimum weight that we (ambiguously) denote by e(v).

Proposition 3.9. Let (G, c) be a connected weighted graph with G = (V,E,st). For
every vertex v €V, there is a minimum weight spanning tree T so that e(v) € T.

Proof. Let T' be a minimum weight spanning tree of G and assume that e(v) ¢ T".
Let C be the chain in 7’ that joins the endpoints of e(v) and let e be the edge of C
that is incident with v. Then, the graph 7" = (V, (T" U{e(v)}) — {e}) is a spanning
tree of weight less than or equal to the weight of 7’ and as T’ has minimum weight,
so does T”. By construction, e(v) € T". O

Prim’s algorithm uses an edge-contraction operation described below:

Definition 3.22. Let G = (V, E, st) be a graph, and let ¢ € E be some edge that is not
a loop; that is, st(e) = {u,v}, with u # v. The graph C,(G) obtained by contracting
the edge e is the graph obtained by merging « and v into a single node and deleting
e. More precisely, C.(G) = ((V — {u,v}) U{w},E — {e},st,), where w is any new
node not in V and where

1. st,(e') = st(e') iff u & st(e’) and v ¢ st(e’).

2. sto(e') ={w,z} iff st(e’) = {u,z}, with z & st(e).
3. st.(e') ={z,w}iff st(e') = {z,v}, with z ¢ st(e).
4. st,(e) = wiff st(e') = {u,v}.

Proposition 3.10. Let G = (V,E, st) be a graph. For any edge, e € E, the graph G
is a tree iff C.(G) is a tree.

Proof. Proposition 3.10 follows from Theorem 3.2. Observe that G is connected iff
C.(G) is connected. Moreover, if G is a tree, the number of nodes of C,(G) is n, =
|V| — 1 and the number of edges of C,(G) is m, = |E| — 1. Because |[E| = |V|— 1, we
get me =n, — 1 and C,(G) is a tree. Conversely, if C.(G) is a tree, then m, = n, — 1,
V|=n,+1and |[E|=m,+1,so0m=n—1and Gisatree. O

Here is a “naive” version of Prim’s algorithm.

function Prim((G = (V,E,st),c): weighted graph): tree
begin
T:=0;
while [V| > 2 do
pick any vertex v € V;
pick any edge (not a loop), e, in U,, of minimum weight;
T :=TU{e}; G:=C,(G)

endwhile;
Prim:=T
end

The correctness of Prim’s algorithm is an immediate consequence of Proposition
3.9 and Proposition 3.10; the details are left to the reader.
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3.7 Summary

This chapter deals with the concepts of directed and undirected graphs and some of
their basic properties, in particular, connectivity. Trees are characterized in various
ways and methods for finding (minimal weight) spanning trees are briefly studied.

We begin with a problem motivating the use of directed graphs.

We define directed graphs using source and taget functions from edges to ver-
tices.

We define simple directed graphs.

We define adjacency and incidence.

We define the outer half-degree, inner half-degree, and the degree of a vertex.
We define a regular graph.

We define homomorphisms and isomorphisms of directed graphs.

We define the notion of (open or closed) path (or walk) in a directed graph.
We define e-simple paths and simple paths.

We prove that every nonnull path contains a simple subpath.

We define the concatenation of paths.

We define when two nodes are strongly connected and the strongly connected
components (SCCs) of a directed graph. We give a simple algorithm for com-
puting the SCCs of a directed graph.

We define circuits and simple circuits.

We prove some basic properties of circuits and simple circuits.

We define the reduced graph of a directed graph and prove that it contains no
circuits.

o  We define subgraphs, induced subgraphs, spanning subgraphs, partial graphs
and partial subgraphs.

Next we consider undirected graphs.

We define a notion of undirected path called a chain.

We define e-simple chains and simple chains.

We define when two nodes are connected and the connected components of a
graph.

We define undirected circuits, called cycles and simple cycles

We define undirected graphs in terms of a function from the set of edges to the
union of the set of vertices and the set of two-element subsets of vertices.

We revisit the notion of chain in the framework of undirected graphs.

We define the degree of a node in an undirected graph.

We define the complete graph K, on n vertices.

We state a version of Ramsey’s theorem and define Ramsey numbers.

We define homomorphisms and isomorphisms of undirected graphs.

We define the notion of a bridge in an undirected graph and give a characteriza-
tion of a bridge in terms of cycles.

e We prove a basic relationship between the number of vertices and the number
of edges in a finite undirected graph G having to do with the fact that either G
is connected or G has no cycle.
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We define trees and forests.

We give several characterizations of a tree.

We prove that every connected graph possesses a spanning tree.

We define a leaf or endpoint.

We prove that every tree with at least two nodes has at least two leaves.

We define a root and an antiroot in a directed graph.

We define an arborescence (with a root or an antiroot).

We state a characterization of arborescences.

We define (undirected) weighted graphs.

We prove a theorem characterizing maximal weight spanning trees (and minimal
weight spanning trees).

We present Kruskal’s algorithm for finding a minimal weight spanning tree.
We define edge contraction.

We present Prim’s algorithm for finding a minimal weight spanning tree.

Problems

3.1. (a) Give the list of all directed simple graphs with two nodes.
(b) Give the list of all undirected simple graphs with two nodes.

3.2. Prove that in a party with an odd number of people, there is always a person
who knows an even number of others. Here we assume that the relation “knowing” is
symmetric (i.e., if A knows B, then B knows A). Also, there may be pairs of people
at the party who don’t know each other or even people who don’t know anybody
else so “even” includes zero.

3.3. What is the maximum number of edges that an undirected simple graph with
10 nodes can have?

3.4. Prove that every undirected simple graph with n > 2 nodes and more than
(n—1)(n—2)/2 edges is connected.

3.5. Prove that if f = (f¢,f") is a graph isomorphism, then both f¢ and fV are
bijections. Assume that f = (f¢, f”) is a graph homomorphism and that both f¢ and
f" are bijections. Must f be a graph isomorphism?

3.6. If G| and G, are isomorphic finite directed graphs, then prove that for every
k > 0, the number of nodes u in G; such that dgl (1) = k, is equal to the number of

nodes v € G», such that d(_;2 (v) = k (respectively, the number of nodes « in G| such

that dg; (u) = k, is equal to the number of nodes v € G, such that d;, (v) = k). Give
a counterexample showing that the converse property is false.

3.7. Prove that every undirected simple graph with at least two nodes has two nodes
with the same degree.
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3.8. An undirected graph G is h-connected (h > 1) iff the result of deleting any
h — 1 vertices and the edges adjacent to these vertices does not disconnect G. An
articulation point u in G is a vertex whose deletion increases the number of con-
nected components. Prove that if G hs n > 3 nodes, then the following properties
are equivalent.

(1) G is 2-connected.

(2) G is connected and has no articulation point.

(3) For every pair of vertices (u,v) in G, there is a simple cycle passing through u
and v.

(4) For every vertex u in G and every edge e € G, there is a simple cycle passing
through u containing e.

(5) For every pair of edges (e, f) in G, there is a simple cycle containing e and f.

(6) For every triple of vertices (a,b,c) in G, there is a chain from a to b passing
through c.

(7) For every triple of vertices (a,b,c) in G, there is a chain from a to b not passing
through c.

3.9. Give an algorithm for finding the connected components of an undirected finite
graph.

3.10. If G = (V,E) is an undirected simple graph, then its complement is the graph,
G = (V,E); that is, an edge, {u,v}, is an edge of G iff it is not an edge of G.

(a) Prove that either G or G is connected.

(b) Give an example of an undirected simple graph with nine nodes that is iso-
morphic to its complement.

3.11. Let G = (V,E) be an undirected graph. Let E’ be the set of edges in any cycle
in G. Then, every vertex of the partial graph (V,E’) has even degree.

3.12. A directed graph G is quasi-strongly connected iff for every pair of nodes
(a,b) there is some node ¢ in G such that there is a path from ¢ to a and a path from
c to b. Prove that G is quasi-strongly connected iff G has a root.

3.13. A directed graph G = (V,E, s,t) is

1. Injective iff d; (u) < 1, forallu e V.
2. Functional iff d;(u) < 1, forallu e V.

(a) Prove that an injective graph is quasi-strongly connected iff it is connected
(as an undirected graph).

(b) Prove that an undirected simple graph G can be oriented to form either an
injective graph or a functional graph iff every connected component of G has at
most one cycle.

3.14. Design a version of Kruskal’s algorithm based on condition 2(ii) of Theorem
34.
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3.15. (a) List all (unoriented) trees with four nodes and then five nodes.

(b) Recall that the complete graph K,, with n vertices (n > 2) is the simple undi-
rected graph whose edges are all two-element subsets {i, j}, with i, j € {1,2,...,n}
and i # j. List all spanning trees of the complete graphs K> (one tree), K3 (3 trees),
and Ky (16 trees).

Remark: It can be shown that the number of spanning trees of K, is n""~2, a formula
due to Cayley (1889); see Problem 4.24.

3.16. Prove that the graph K5 with the coloring shown on Figure 3.16 (left) does not
contain any complete subgraph on three vertices whose edges are all of the same
color. Prove that for every edge coloring of the graph K¢ using two colors (say red
and blue), there is a complete subgraph on three vertices whose edges are all of the
same color.
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Chapter 4

Some Counting Problems; Multinomial
Coefficients, The Principle of
Inclusion—-Exclusion, Sylvester’s Formula, The
Sieve Formula

4.1 Counting Permutations and Functions

In this section, we consider some simple counting problems. Let us begin with per-
mutations. Recall that a permutation of a set A is any bijection between A and itself.
If A is a finite set with n elements, we mentioned earlier (without proof) that A has
n! permutations, where the factorial function, n — n! (n € N), is given recursively
by:

ol=1
(n+1)! = (n+1)nl.

The reader should check that the existence of the function n — n! can be justified
using the recursion theorem (Theorem 2.1).

Proposition 4.1. The number of permutations of a set of n elements is n!.

Proof. We prove that if A and B are any two finite sets of the same cardinality »,
then the number of bijections between A and B is n!. Now, in the special case where
B = A, we get our theorem.

The proof is by induction on n. For n = 0, the empty set has one bijection (the
empty function). So, there are 0! = 1 permutations, as desired.

Assume inductively that if A and B are any two finite sets of the same cardinality,
n, then the number of bijections between A and B is n!. If A and B are sets with n+ 1
elements, then pick any element a € A, and write A = A’ U {a}, where A’ = A — {a}
has n elements. Now, any bijection f: A — B must assign some element of B to
a and then f | A’ is a bijection between A’ and B' = B — {f(a)}. By the induction
hypothesis, there are n! bijections between A’ and B'. There are n+ 1 ways of picking
f(a) in B, thus the total number of bijections between A and Bis (n+1)n! = (n+1)!,
establishing the induction hypothesis. O

Let us also count the number of functions between two finite sets.

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_4, © Springer Science+Business Media, LLC 2011 205
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Proposition 4.2. If A and B are finite sets with |A| = m and |B| = n, then the set of
function B* from A to B has n™ elements.

Proof. We proceed by induction on m. For m = 0, we have A = 0, and the only
function is the empty function. In this case, n° = 1 and the base case holds.

Assume the induction hypothesis holds for m and assume |A| = m + 1. Pick any
element a € A and let A’ = A — {a}, a set with m elements. Any function f: A — B
assigns an element f(a) € Btoa and f | A’ is a function from A’ to B. By the induc-
tion hypothesis, there are n™ functions from A’ to B. There are n ways of assigning
f(a) € B to a, thus there are n-n™ = n*! functions from A to B, establishing the
induction hypothesis. O

As a corollary, we determine the cardinality of a finite power set.
Corollary 4.1. For any finite set A, if |A| = n, then |24| = 2".

Proof. By proposition 2.5, there is a bijection between 24 and the set of functions
{0,1}4. Because |{0,1}| = 2, we get [24| = [{0,1}*| = 2", by Proposition 4.2. O

Computing the value of the factorial function for a few inputs, sayn=1,2...,10,
shows that it grows very fast. For example,

10! = 3,628, 800.

Is it possible to quantify how fast the factorial grows compared to other functions,
say n" or ¢"? Remarkably, the answer is yes. A beautiful formula due to James
Stirling (1692-1770) tells us that

n! N\/%(Z)n,

which means that |
n'
lim —— = 1.
n—oo /27N (g)n

Here, of course,
IR 1

the base of the natural logarithm. It is even possible to estimate the error. It turns out
that o
n!=+2nn (7> e’l”,
e

where
1 1

A o< —
a1 S o
a formula due to Jacques Binet (1786—1856).

Let us introduce some notation used for comparing the rate of growth of func-
tions. We begin with the “big oh” notation.
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Fig. 4.1 Jacques Binet, 1786-1856

Given any two functions, f: N — R and g: N — R, we say that f is O(g) (or
f(n) is O(g(n))) iff there is some N > 0 and a constant ¢ > 0 such that

|f(n)| <clg(n)|, foralln > N.

In other words, for n large enough, |f(n)| is bounded by c|g(n)|. We sometimes
write n >> 0 to indicate that n is “large.”

For example, A, is O(1/12n). By abuse of notation, we often write f(n) =
O(g(n)) even though this does not make sense.

The “big omega” notation means the following: f is Q(g) (or f(n) is 2(g(n)))
iff there is some N > 0 and a constant ¢ > 0 such that

|f(n)| > clg(n)], forall n > N.

The reader should check that f(n) is O(g(n)) iff g(n) is Q(f(n)). We can com-
bine O and Q to get the “big theta” notation: f is @(g) (or f(n) is ©(g(n))) iff there
is some N > 0 and some constants ¢; > 0 and ¢, > 0 such that

cilg(m)] < [f(n)] < calg(m)], forall n > N.

Finally, the “little oh™ notation expresses the fact that a function f has much
slower growth than a function g. We say that f is o(g) (or f(n) is 0o(g(n))) iff

lim M =0.

n=e g(n)

For example, v/n is o(n).
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4.2 Counting Subsets of Size k; Binomial and Multinomial
Coefficients

Let us now count the number of subsets of cardinality k of a set of cardinality n,
with 0 < k < n. Denote this number by (Z) (say “n choose k). Actually, in the
proposition below, it is more convenient to assume that k € Z.

Proposition 4.3. For all n € N and all k € Z, if (Z) denotes the number of subsets
of cardinality k of a set of cardinality n, then

(o) -

(Z) =0 if k¢{0,1,....n}

<Z) - (n:)*(Z:}) (n>1,0<k<n).

Proof. Obviously, when k is “out of range,” that is, when k ¢ {0, 1,...,n}, we have

(-

Next, assume that 0 < k < n. Clearly, we may assume that our set is [n] = {1,...,n}
([0] = 0). If n =0, we have

0) _ 1

O - )

because the empty set is the only subset of size 0.
If n > 1, we need to consider the cases k = 0 and k = n separately. If k = 0, then
the only subset of [n] with 0 elements is the empty set, so

n n—1 n—1
6)=1= (") + () o0
inasmuch as (";') = 1 and ("}') = 0. If X = n, then the only subset of [n] with n
elements is [n] itself, so

(- () )

because (";1) =0and (”71) =1.

If1<k<n-1, ther’; tilere are two kinds of subsets of {I,...,n} having k el-
ements: those containing 1, and those not containing 1. Now, there are as many
subsets of k elements from {1,...,n} containing 1 as there are subsets of k — 1 el-
ements from {2,...,n}, namely (’Z:i), and there are as many subsets of k elements

from {1,...,n} not containing 1 as there are subsets of k elements from {2,...,n},
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namely (" ;1) Thus, the number of subsets of {1,...,n} consisting of k elements is
(”;1) + (Z::) which is equal to (Z) ]

The numbers (Z) are also called binomial coefficients, because they arise in the

expansion of the binomial expression (a + b)", as we show shortly. The binomial
coefficients can be computed inductively using the formula

n\ (n-—1 n n—1

k) \ k k—1
(sometimes known as Pascal’s recurrence formula) by forming what is usually
called Pascal’s triangle, which is based on the recurrence for (Z), see Table 4.1.

PHOHOO OO0 66
0 1

1 1 1

21 2 1

31 3 3 1

4 1 4 6 4 1

51 5 1010 5 1

6 1 6 1520 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 12612684 36 9 1
101 10 45 120 210 252 210 12045 10 1

Table 4.1 Pascal’s Triangle

We can also give the following explicit formula for (2) in terms of the factorial

function.

Proposition 4.4. For all n,k € N, with 0 < k < n, we have

(+) = o

Proof. Left as an exercise to the reader (use induction on n and Pascal’s recurrence
formula). O

Then, it is very easy to see that we have the symmetry identity

()= (") =i
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Remarks:

(1) The binomial coefficients were already known in the twelfth century by the
Indian scholar Bhaskra. Pascal’s triangle was taught back in 1265 by the Persian
philosopher, Nasir-Ad-Din.

Fig. 4.2 Blaise Pascal, 1623-1662

(2) The formula given in Proposition 4.4 suggests generalizing the definition of the
binomial coefficients to upper indices taking real values. Indeed, for all r € R
and all integers k € Z we can set

k 1) (r—
A L:r(r 1)---(r—k+1) k>0
L) = E kk—1)---2-1

0 if k <O0.

Note that the expression in the numerator, £ stands for the product of the k
terms
kterms

r(r=1)---(r—k+1).

By convention, the value of this expression is 1 when k = 0, so that (6) =1.The
expression (,:) can be viewed as a polynomial of degree k in r. The generalized
binomial coefficients allow for a useful extension of the binomial formula (see
next) to real exponents. However, beware that the symmetry identity fails when
r is not a natural number and that the formula in Proposition 4.4 (in terms of the

factorial function) only makes sense for natural numbers.

We now prove the “binomial formula” (also called “binomial theorem”).

Proposition 4.5. (Binomial Formula) For all n € N and for all reals a,b € R, (or
more generally, any two commuting variables a, b, i.e., satisfying ab = ba), we have
the formula:

(a+b)n_an+(']l>an—lb+“'+<Z>an—kbk+.“+< n 1>abn_l+bn-
n—

The above can be written concisely as
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= (n kpk
a+b)"' = a' b~
o= (3)

Proof. We proceed by induction on n. For n = 0, we have (a+5)? = 1 and the sum
on the right hand side is also 1, inasmuch as (8) =1.
Assume inductively that the formula holds for n. Because

(a+b)""" = (a+b)"(a+b),
using the induction hypothesis, we get

(a+b)""' = (a+b)"(a+b)

k=0
_ i n an+1—kbk+i M\ pkpk+
i=o \k i=o \k

n n—1

R Z (n>an+]kbk+ Z (”)ankkarl 4 pt!
=1 \K i=0 \K
n n n

fan-&-lJrZ ( >an+1—kbk+z ( > n+1—kbk+bn+1
=1 \K =1 \k—1

S zn: ((”) +( n ))an+lkbk+bn+l
= \\k k—1

where we used Proposition 4.3 to go from the next to the last line to the last line.
This establishes the induction step and thus, proves the binomial formula. O

Remark: The binomial formula can be generalized to the case where the exponent
r is a real number (even negative). This result is usually known as the binomial
theorem or Newton’s generalized binomial theorem. Formally, the binomial theorem
states that

=

(a+b) = Z (Z)a’kbk, reNor|b/a| < 1.
k=0

Observe that when r is not a natural number, the right-hand side is an infinite sum
and the condition |b/a| < 1 ensures that the series converges. For example, when
a=1and r = 1/2, if we rename b as x, we get

(1+x)? = i <%€>x"

k=0
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)

i 1:3-5(2k=3)
2-4-6---2k

2k—1 k'222k
(=D 2k
X
2k2k—1 k
k11 2k —2 &
To2%k-1 p\ k—1

which converges if |x| < 1. The first few terms of this series are

L
A
i )R
2

1 1 1 5
1 SR BT S N B
A L L TR TR
For r = —1, we get the familiar geometric series
1

=1l-x+x2 -+ (=D

14+x

which converges if |x| < 1.

We also stated earlier that the number of injections between a set with m elements
and a set with n elements, where m < n, is given by n!/(n —m)! and we now prove
it.

Proposition 4.6. The number of injections between a set A with m elements and a set
B with n elements, where m <n, is given by n!/(n—m)! =n(n—1)---(n—m+1).

Proof. We proceed by induction on m < n. If m = 0, then A = @ and there is only
one injection, namely the empty function from 0 to B. Because

the base case holds.

Assume the induction hypothesis holds for m and consider a set A with m + 1
elements, where m+ 1 < n. Pick any element a € A and let A’ = A — {a}, a set with
m elements. Any injection f: A — B assigns some element f(a) € B to a and then
f 1A’ is an injection from A’ to B' = B—{f(a)}, a set with n — 1 elements. By the
induction hypothesis, there are

(n—1)!
(n—1—m)!
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injections from A’ to B'. There are n ways of picking f(a) in B, therefore the number
of injections from A to B is
(n—1)! n!
n =
(n—1-m)!  (n—(m+1))!"

establishing the induction hypothesis. O

Counting the number of surjections between a set with n elements and a set with
p elements, where n > p, is harder. We state the following formula without giving a
proof right now. Finding a proof of this formula is an interesting exercise. We give
a quick proof using the principle of inclusion—exclusion in Section 4.4.

Proposition 4.7. The number of surjections S, , between a set A with n elements
and a set B with p elements, where n > p, is given by

S == (D)o (D) o2y (7).

Remarks:

1. It can be shown that S,,, satisfies the following peculiar version of Pascal’s
recurrence formula,

Snp:p(snflp‘i’snflpfl)v p=>2,

and, of course, S, =1 and S, , = 0 if p > n. Using this recurrence formula and
the fact that S,,,, = n!, simple expressions can be obtained for S, 11, and S,42,.
2. The numbers S, are intimately related to the so-called Stirling numbers of the

second kind, denoted {Z}, S(n,p), or s%)which count the number of partitions
of a set of n elements into p nonempty pairwise disjoint blocks (see Section

5.6). In fact,
n
S, :p!{ }
np p

The Stirling numbers {Z} satisfy a recurrence equation that is another variant
of Pascal’s recurrence formula:

-
-
{Z}:{Z_i}”{npl} (1<p<n).

The total numbers of partitions of a set with n > 1 elements is given by the Bell
number,
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=2 {3}

There is a recurrence formula for the Bell numbers but it is complicated and not
very useful because the formula for b, | involves all the previous Bell numbers.

Fig. 4.3 Eric Temple Bell, 1883—-1960 (left) and Donald Knuth, 1938- (right)

A good reference for all these special numbers is Graham, Knuth, and Patashnik
[4], Chapter 6.

The binomial coefficients can be generalized as follows. For all n,m, ky,. ..k, €
N, with k1 + - - - +k,, = n and m > 2, we have the multinomial coefficient,

n
ki ky)’

which counts the number of ways of splitting a set of n elements into an ordered
sequence of m disjoint subsets, the ith subset having k; > 0 elements. Such sequences
of disjoint subsets whose union is {1,...,n} itself are sometimes called ordered
partitions. Beware that some of the subsets in an ordered partition may be empty, so
we feel that the terminology “partition” is confusing because as we show in Section
5.6, the subsets that form a partition are never empty. Note that when m = 2, the
number of ways of splitting a set of n elements into two disjoint subsets where
the first subset has k; elements and the second subset has k» = n — k; elements is
precisely the number of subsets of size k; of a set of n elements; that is,

()= ()

Observe that the order of the m subsets matters. For example, for n = 5, m = 4,
ki =2, and kp = k3 = ks = 1, the sequences of subsets ({1,2},{3},{4},{5}),
({1,2}, {3}, {5}, {4}), ({12}, {5}, {3}, {4}), ({1,2}, {4}, {3}, {5}), ({1,2}, {4},
{5},{3}), ({1,2},{5},{4},{3}) are all different and they correspond to the same
partition, {{1,2},{3},{4},{5}}.

Proposition 4.8. For all n,m,ky,... .k, € N, withki+---+k, =nand m > 2, we
have
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n _ n!
ki-kp)  kpleekp!

Proof. There are (,;’1 ) ways of forming a subset of k; elements from the set of n

nfk]
ky

ing n — k| elements; there are ("7121;1‘2) ways of forming a subset of k3 elements

elements; there are ( ) ways of forming a subset of k, elements from the remain-

from the remaining n — k1 — k> elements and so on; finally, there are ("_kl ;”_k’"*z)

m—1

ways of forming a subset of k,,_; elements from the remaining n —k; — - -+ — ky,—»
elements and there remains a set of n —k; — -+ — k,,—1 = k,;, elements. This shows
that
n _(n n—kp n—ki—-—ku_o
kl km B kl k2 kmfl ’
But then, using the fact that k,, =n—k; —--- — k,,—1, we get
n B n! (n—ki)! (n—ki—-—kp2)!
ki-kn)  kil(n—ki) ka!(n—ki —ko)!  kpy!(n—ky—-—kp_1)!
n!
okl ky !

as claimed. 0O

As in the binomial case, it is convenient to set

n
(kl"'km>_0

if k; < 0 or k; > n, for any 7, with 1 <i < m. Then, Proposition 4.3 is generalized as
follows.

Proposition 4.9. Foralln,m,ky,... k, €N, withk;+---+k,=nn>1andm> 2,

we have
( m) ) < | m>
k1~~~k IZ—I kl---<ki ])k '

Proof. Note that we have k; — 1 = —1 when k; = 0. First, observe that

& n _ n—1
"\ky -k -n k- (ki— 1) ky

even if k; = 0. This is because if k; > 1, then

n ~nl _n (n—1)! _n n—1
ki--km)  kplekg! kikglee(ki—D)eky! kg Nk (ki — 1)k )

and so,
k‘( : >( - >
"\ky-ekpy ky--(ki—1)kp)"




216 4 Some Counting Problems; Multinomial Coefficients

With our convention that ( K ":11 km) = 0, the above identity also holds when k; = 0.
Then, we have

£ (o) = () (00
- (kl"'/l'km>7

because ki +---+k,, =n. O

Remark: Proposition 4.9 shows that Pascal’s triangle generalizes to “higher di-
mensions,” that is, to m > 3. Indeed, it is possible to give a geometric interpreta-
tion of Proposition 4.9 in which the multinomial coefficients corresponding to those
ki,...,ky with k; 4 - -- + k,,, = n lie on the hyperplane of equation x; +---+x,, =n
in R™, and all the multinomial coefficients for which n < N, for any fixed NV, lie in a
generalized tetrahedron called a simplex. When m = 3, the multinomial coefficients
for which n < N lie in a tetrahedron whose faces are the planes of equations, x = 0;
y=0;z=0;andx+y+z=N.
We also have the following generalization of Proposition 4.5.

Proposition 4.10. (Multinomial Formula) For all n,m € N with m > 2, for all pair-

wise commuting variables ay, ... ,a,, we have
n k
n__ 1 ki
(ar+ o +an)" = ) (k ok )a‘ o
Ky k>0 N m
ki+-+km=n

Proof. We proceed by induction on n and use Proposition 4.9. The case n = 0 is
trivially true.
Assume the induction hypothesis holds for n > 0, then we have

(a1 +...+am)n+1 = (a1 +--+apn) " (a; +-+an)

n
)y (k ok )af‘-~~aﬁzﬂ (@14 +an)
kp o k>0 1 m

kit tkm=n
m
_ n ky ki+1 k,
=) X (kmk--uk )al ey
i=1 ky,..hn>0 1 i m
kit tkm=n
m
n ) kl kl k
= Z a a a,’”
L 1 i m
i=1ky e k>0, ki>1 (kl (ki = 1)+ kin
ki+-thp=n+1

We seem to hit a snag, namely, that k; > 1, but recall that
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n
=0
(kl"'_l"'km) ’
so we have

m
n+l _ n k ki fon
(ar+-+an)" =Y )y (kl...(ki_l)...km)all"'ai"'am

i=1ky i >0,k;>1
Kyt hm=n+1

- ( n )alfl...al,ci...akm
m
lzzl k17...z,km20, ki (ki—1)--ky i

k14 +kp=n+1

m ( n ) k X 1
1 i m
a'---a'---a
Z . _1)... 1 i m
Klveokm>0,  \i=1 ki (ki—1)kn

Kyt ki =n-+1

— Z n+1 akl...a],cf...akm
ki ki k 1 i ms
k1o ki >0, 1 i m

ky+-+km=n+1

where we used Proposition 4.9 to justify the last equation. Therefore, the induction
step is proved and so is our proposition. O

How many terms occur on the right-hand side of the multinomial formula? After
a moment of reflection, we see that this is the number of finite multisets of size
n whose elements are drawn from a set of m elements, which is also equal to the
number of m-tuples, ki, ..., k,, with k; € N and

ki +-+kn=n.
The following proposition is left an exercise.

Proposition 4.11. The number of finite multisets of size n > 0 whose elements come
from a set of sizem > 1is
m+n—1
. .

4.3 Some Properties of the Binomial Coefficients

The binomial coefficients satisfy many remarkable identities.

If one looks at the Pascal triangle, it is easy to figure out what are the sums of
the elements in any given row. It is also easy to figure out what are the sums of
n—m+ 1 consecutive elements in any given column (starting from the top and with
0<m<n).



218 4 Some Counting Problems; Multinomial Coefficients

What about the sums of elements on the diagonals? Again, it is easy to determine
what these sums are. Here are the answers, beginning with the sums of the elements
in a column.

(a) Sum of the first n —m + 1 elements in column m (0 < m < n).

For example, if we consider the sum of the first five (nonzero) elements in column
m =3 (so, n =7), we find that

1+4410420+35=70,
where 70 is the entry on the next row and the next column. Thus, we conjecture that
1 —1 1
() (o) () ()= G
m m m m m+1

which is easily proved by induction.

n (o) (1) () G) ()66 66 -

01

11 1

21 2 1

31 3 3 1
41 4 6 4 1

51 5 10105 1

6 1 6 1520156 1

71 7 213535217 1
8 1 8 28 56 70 56 28 8§ 1

The above formula can be written concisely as

E(0)=0r)
()= (nih)

because (*) = 0 when k < m. It is often called the upper summation formula inas-
much as it involves a sum over an index k, appearing in the upper position of the
binomial coefficient (r]:l)

(b) Sum of the elements in row 7.

For example, if we consider the sum of the elements in row n = 6, we find that

or e€ven as

14+6+154+204+15+6+1=64=2.
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n (o) () () G) &) 6666 -

01

11 1

21 2 1

31 3 3 1
41 4 6 4 1

51 5 10105 1

6 1 6 1520156 1

71 7 213535217 1
8 1 8 28 56 70 56 28 8 1

Thus, we conjecture that

(-2 0) =

This is easily proved by induction by setting a = b = 1 in the binomial formula for
(a+D)".

Unlike the columns for which there is a formula for the partial sums, there is no
closed-form formula for the partial sums of the rows. However, there is a closed-
form formula for partial alternating sums of rows. Indeed, it is easily shown by

induction that
By

if 0 < m < n. For example,
1-7421-35=-20.
Also, for m = n, we get
! n
Y (- 1)’<( ) =0.
k=0 k
(c) Sum of the first n+ 1 elements on the descending diagonal starting from row

m

For example, if we consider the sum of the first five elements starting from row
m = 3 (so, n =4), we find that

1 +44 10420+ 35 =70,

the elements on the next row below the last element, 35.
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THOOOOOOHE ..
01

11 1

21 2 1

31 3 3 1

41 4 6 4 1

51 5 10105 1

61 6 1520156 1

71 7 213535217 1

8 1 8 28 56 70 56 28 8 1

Thus, we conjecture that

() (") )=

which is easily shown by induction. The above formula can be written concisely as
z”: (m—|—k> B <m+n+ 1)
=\ k n

It is often called the parallel summation formula because it involves a sum over
an index k appearing both in the upper and in the lower position of the binomial
coefficient (m]jk).

(d) Sum of the elements on the ascending diagonal starting from row n.

n Fa () (1) G) G) () 6) (6) () ) -

01 1

11 I 1

22 1 2 1

33 1 3 3 1

45 1 4 6 4 1

58 1 5 10105 1

6 13 1 6 1520156 1
721 1 7 213535217 1
8§ 34 1 8 28 56 70 56 28 8 1

For example, the sum of the numbers on the diagonal starting on row 6 (in green),
row 7 (in blue) and row 8 (in red) are:
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I+6+5+1=13
44+104+6+1 =21
1+10+15+7+1 = 34.

We recognize the Fibonacci numbers F7, Fg, and Fy; what a nice surprise.
Recall that Fp =0, F; = 1, and

Fn+2:Fn+l +F.

Thus, we conjecture that

() (7))

The above formula can indeed be proved by induction, but we have to distinguish
the two cases where n is even or odd.

We now list a few more formulae that are often used in the manipulations of
binomial coefficients. They are among the “top ten binomial coefficient identities”
listed in Graham, Knuth, and Patashnik [4]; see Chapter 5.

(e) The equation
n\ (n—i\ [(k\(n
()G -0

holds for all n,i,k, with 0 <i <k <n.
This is because we find that after a few calculations,

()20 = me=ommn = () ()

Observe that the expression in the middle is really the trinomial coefficient

n
ik—in—k)

For this reason, the equation (e) is often called trinomial revision.

Fori=1, we get
n—1 n
(im) =)

So, if k # 0, we get the equation

n n{n—1
()=i(o) o

This equation is often called the absorption identity.

(f) The equation
m+p\ - (m p
("2") -5 ()67
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holds for m,n,p > 0 such that m 4 p > n. This equation is usually known as Van-
dermonde convolution.

One way to prove this equation is to observe that (m:p ) is the coefficient of
a™ P in (a4 b)™ P = (a+ b)™(a+ b)?; a detailed proof is left as an exercise
(see Problem 4.5). By making the change of variables n = r+s and k = r+ i, we get
another version of Vandermonde convolution, namely:

() =2 ()0

for m,r,s,p > 0 such that m+p > r+s.
An interesting special case of Vandermonde convolution arises when m = p = n.
In this case, we get the equation

(=26

However, ( k) = (nf k), so we get

£ -(7)
= \k n
that is, the sum of the squares of the entries on row n of the Pascal triangle is the

middle element on row 2n.
A summary of the top nine binomial coefficient identities is given in Table 4.2.

Remark: Going back to the generalized binomial coefficients (,:), where r is a real
number, possibly negative, the following formula is easily shown.

(= ()

where r € R and k € Z. When k < 0, both sides are equal to 0 and if k = 0 then both
sides are equal to zero. If r < 0 and k > 1 then k —r—1 > 0, so the formula shows
how a binomial coefficient with negative upper index can be expessed as a binomial
coefficient with positive index. For this reason, this formula is known as negating
the upper index.

Next, we would like to better understand the growth pattern of the binomial co-
efficients. Looking at the Pascal triangle, it is clear that when n = 2m is even, the
central element (ZZ’) is the largest element on row 2m and when n = 2m + 1 is odd,
the two central elements (') = (2;1:11) are the largest elements on row 2m + 1.
Furthermore, (Z) is strictly increasing until it reaches its maximal value and then it
is strictly decreasing (with two equal maximum values when 7 is odd).

The above facts are easy to prove by considering the ratio
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|
(Z) = ﬁ, 0<k<n factorial expansion
(:) = (n ﬁ k) , 0<k<n symmetry
n nin—1 k£0 b /i
= absorption
k) " x\k-1) P
n n—1 n n—1 0<k< ddition inducti
= n addition /induction
k k k—1)’ -
n\ (n—i k\ (n . . . ..
i =" , 0 <i<k<n trinomial revision
i) \k—i i) \k
(a+b)" =Y (Z) "k, n>0 binomial formula
k=0
n l
(m * k) = (m ot ) , m,n>0 parallel summation
oo\ Kk n
Lk 1
Z ( ) = (n+ ) , 0<m<n upper summation
i \m m+1
n >
(m+p ) = Z (m) ( P ) mhpzn Vandermonde convolution
n oo \k)\n—k m,n,p >0

Table 4.2 Summary of Binomial Coefficient Identities

<Z>/<k:l—1) - k!(nnik)! (kH)!(Zzikil)! - If:i

where 0 < k <n— 1. Because

k+1  2k—(n—1)
= 1
n—k n—k +h

2m 2m \ .
(k) <<k—|—1) ifk<m

2m+1 _ 2m+1 Fhem
k k+1 '

we see that if n = 2m, then

and if n =2m + 1, then

223
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2m 2m
if
<k>>(kH>1k>m

2m—+1 2m—+1
if k 1.
( h )>(k+1>1 S me+

It would be nice to have an estimate of how large is the maximum value of the
largest binomial coefficient (Ln72 J). The sum of the elements on row n is 2" and
there are n+ 1 elements on row n, therefore some rough bounds are

2" n
—< <2"
n+1— < [n/2] >
for all n > 1. Thus, we see that the middle element on row n grows very fast (expo-

nentially). We can get a sharper estimate using Stirling’s formula (see Section 4.1).
We give such an estimate when n = 2m is even, the case where n is odd being similar

(see Problem 4.13). We have
2m\  (2m)!
m)  (m!)?’

and because by Stirling’s formula,

n! ~+\2mn (E)n,
e

2m 22m
m VIm'
The next question is to figure out how quickly (Z) drops from its maximum value,

(Ln'/'2 j)' Let us consider the case where n = 2m is even, the case when n is odd being
similar and left as an exercise (see Problem 4.14). We would like to estimate the

().

where 0 <t < m. Actually, it is more convenient to deal with the inverse ratio,

0= (2)/(20) -8 -

Observe that

By symmetry,

and

we get

(mAr)m+t—1)--(m+1)

M) = =D m—r+1)
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The above expression is not easy to handle but if we take its (natural) logarithm, we
can use basic inequalities about logarithms to get some bounds. We make use of the
following proposition.

Proposition 4.12. We have the inequalities
1
l——<Inx<x-—1,
X

forall x € Rwithx > 0.

Proof. These inequalities are quite obvious if we plot the curves but a rigorous
proof can be given using the power series expansion of the exponential function
and the fact that x — logx is strictly increasing and that it is the inverse of the
exponential. Recall that

e’ = y
‘ b
n=0 n:
for all x € R. First, we can prove that
x< ex—l

)

for all x € R. This is clear when x < 0 because "' > 0 and if x > 1, then

o 1)
el = l—|—x—l—|—z u:)c—i—C
= n!

with C > 0. When 0 < x < 1, we have —1 < x—1 < 0 and we still have

In order to prove that the second term on the right-hand side is nonnegative, it suf-
fices to prove that
_1\2n _ 1\2n+1
(x—1) (x—1) >0,
(2n)! 2n+1)! —

for all n > 1, which amounts to proving that

(x_ 1)2n (x_ 1)2n+1

)l —  (@ntr’

which (because 27 is even) is equivalent to
2n+12>1—x,

which holds, inasmuch as 0 < x < 1.
Now, because x < e~ ! for all x € R, taking logarithms, we get

Inx<x-—1,
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for all x > O (recall that Inx is undefined if x < 0).
Next, if x > 0, applying the above formula to 1/x, we get

1 1
ln(>§—1;
X X

1
—Inx< - —1,
X

that is,

which yields
1
1— - <Inx,
X

as claimed. 0O

We are now ready to prove the following inequalities:

Proposition 4.13. For every m > 0 and every t, with 0 <t < m, we have the inequal-

ities
2/ (m=+1) < ( 2m >/<2m) < e t/mt),
m—t m
This implies that
() /G) =7
~ € s
m—t m

form large and 0 <t < m.

Proof. Recall that
= (27 /(2 =m0t — 1) (et 1)
\m m—t)  mm—1)---(m—t+1)
and take logarithms. We get
t t—1 1
Inr(t) =1In <m+> +1n <m+) 4. 41n <m+>
m m—1 m—t+1
=t (1+2)+n 1 Y rm (e —
N m m—1 m—t+1)"

By Proposition 4.12, we have In(1+x) < x for x > —1, therefore we get

Inr(r) < -4 — g —L
nr -ttt —.
“m m—1 m—t+1
If we replace the denominators on the right-hand side by the smallest one, m —1 + 1,
we get an upper bound on this sum, namely,
2

Inr(t) < ——.
nr()_m—t+1
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Now, remember that r(¢) is the inverse of the ratio in which we are really interested.
So, by exponentiating and then taking inverses, we get

coren () /)
m-—t m

Proposition 4.12 also says that (x — 1) /x < In(x) for x > 0, thus from

t t t
Inr(t) =1 (1 f) {1+ —"— V4 gm(1+——),
nr(t) =1In +e +n( +m_1)+ +n< +m—t+l>

we get

t m-t t m—+t—1 t m+1
— + +o <Inr(t);
m m m—1 m—1 m—t+1/ m—t+1

that is ,

t t t
—t—————+ -+ —— <Inr(r).
m—+t m+t—1 m+1

This time, if we replace the denominators on the left-hand side by the largest one,
m+t, we get a lower bound, namely,

2

<Inr(t).
m+t nr()

Again, if we exponentiate and take inverses, we get

2m 2m\ _ o2/ (1)
m—t m) ~ ’

as claimed. Finally, because m —1+ 1 < m < m+t, it is easy to see that

eftz/(mfﬂrl) < eftz/m < eftz/(mﬂ)7

(2)/62)

for m large and 0 <t < m, as claimed. O

so we deduce that

What is remarkable about Proposition 4.13 is that it shows that (nff’[) varies ac-

cording to the Gaussian curve (also known as the bell curve), t — e_’z/ M which
is the probability density function of the normal distribution (or Gaussian distri-
bution). If we make the change of variable k = m —t, we see that if 0 < k < 2m,

then
2m -~ e—(m—k)z/m 2m )
k m
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If we plot this curve, we observe that it reaches its maximum for k = m and that it
decays very quickly as k varies away from m. It is an interesting exercise to plot a
bar chart of the binomial coefficients and the above curve together, say for m = 50.
One will find that the bell curve is an excellent fit.

Given some number ¢ > 1, it sometimes desirable to find for which values of ¢

does the inequality
(2m> / ( 2m )
>c
m m—t

hold. This question can be answered using Proposition 4.13.

Proposition 4.14. For every constant ¢ > 1 and every natural number m > 0, if
vminc+1Ince <t <m, then

() /(") >

and if 0 <t < vmlnc—Inc < m, then

() /) =

The proof uses the inequalities of Proposition 4.13 and is left as an exercise (see
Problem 4.15). As an example, if m = 1000 and ¢ = 100, we have

1000 1000 - 100
500 500 — (500 — k)
1000 1000\ _ 1
k 500 100

when 500 — k£ > +/5001n 100 + In 100, that is, when

or equivalently

k <447.4.

It is also possible to give an upper on the partial sum

2m 4 2m I 2m
0 1 k—1)’
Zm) / (2'") . The following proposition is

with 0 < k < m in terms of the ratio ¢ = ( « p
taken from Lovdsz, Pelikdn, and Vesztergombi [5].

Proposition 4.15. For any natural numbers m and k with 0 < k < m, if we let
c= (212”) /(Zm) , then we have

m
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2m 2m 2m om—1
G+ Gy () <

The proof of Proposition 4.15 is not hard; this is the proof of Lemma 3.8.2 in
Lovasz, Pelikan, and Vesztergombi [5]. This proposition implies an important result
in (discrete) probability theory as explained in [5] (see Chapter 5).

Observe that 22" is the sum of all the entries on row 2m. As an application, if
k <447, the sum of the first 447 numbers on row 1000 of the Pascal triangle makes
up less than 0.5% of the total sum and similarly for the last 447 entries. Thus, the
middle 107 entries account for 99% of the total sum.

4.4 The Principle of Inclusion—-Exclusion, Sylvester’s Formula,
The Sieve Formula

We close this chapter with the proof of a powerful formula for determining the car-
dinality of the union of a finite number of (finite) sets in terms of the cardinalities of
the various intersections of these sets. This identity variously attributed to Nicholas
Bernoulli, de Moivre, Sylvester, and Poincaré, has many applications to counting
problems and to probability theory. We begin with the “baby case” of two finite
sets.

Fig. 4.4 Abraham de Moivre, 1667-1754 (left) and Henri Poincaré, 1854—1912 (right)

Proposition 4.16. Given any two finite sets A and B, we have
|AUB| = |A|+ |B| —|ANB|.

Proof. This formula is intuitively obvious because if some element a € AU B be-
longs to both A and B then it is counted twice in |A| 4+ |B| and so we need to subtract
its contribution to A N B. Now,

AUB=(A—(ANB))U(ANB)U(B—(ANB)),
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where the three sets on the right-hand side are pairwise disjoint. If we let a = |A],
b= |B|, and ¢ = [AN B, then it is clear that

|A—(ANB)|=a—c
IB—(ANB)| =b—c,

So we get

IAUB|

[A—(ANB)|+|ANB|+|B—(ANB)]
a—c+c+b—c=a+b—c
= |A[+[B|-|ANB],

as desired. One can also give a proof by induction onn = |[AUB|. O

We generalize the formula of Proposition 4.16 to any finite collection of finite
sets, Aq,...,A,. A moment of reflection shows that when n = 3, we have

[AUBUC| = |A|+|B|+|C|—|ANB|—|ANC| - |BNC|+|ANBNC]|.

One of the obstacles in generalizing the above formula to 7 sets is purely notational.
We need a way of denoting arbitrary intersections of sets belonging to a family of
sets indexed by {1,...,n}. We can do this by using indices ranging over subsets
of {1,...,n}, as opposed to indices ranging over integers. So, for example, for any
nonempty subset / C {1,...,n}, the expression (;c;A; denotes the intersection of
all the subsets whose index i belongs to 1.

Theorem 4.1. (Principle of Inclusion—Exclusion) For any finite sequence Ay,...,
Ap, of n > 2 subsets of a finite set X, we have

n
U A« .
k=1

= ¥ (=0,

iel

Proof. We proceed by induction on n > 2. The base case, n = 2, is exactly Propo-
sition 4.16. Let us now consider the induction step. We can write

n+1 n
U= (UAk> U{Ant1}
k=1

k=1

and so, by Proposition 4.16, we have

n+1 n
A = (UAk>u{AnH}
k=1 k=1
n n
= U Ar|+ |Ans1] - (UAk>ﬂ{An+1} :
k=1 k=1
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We can apply the induction hypothesis to the first term and we get

- Z (_1)(\J|71)

JC{1,...,n}
J+0

n

U

k=1

A,

jeJ

Using distributivity of intersection over union, we have

n

(CJAk> N{An1} = J (AN Aps).
k=1

k=1

Again, we can apply the induction hypothesis and obtain

— U @AkNAu1) Y )WY IN @A NA)
k=1 JC{L,...,n} jeJ
J#0

= Y N4

JC{1,...n} jeEJU{n+1}

= ) (—1)(WAnt1}=1) m Aj

JC{1,...n} jeJu{n+1}

Putting all this together, we get

n+1
UAk _ Z (=)= mAj +|Api]
k=1 JCAL,....n} jeJ
J40
+ Z (_1)(|JU{I’H’]}‘71) ﬂ A/
JCAL,....n} jeJU{n+1}
J40
- )(\J\*l) mAJ + )(\J\*l)
JC{1,..n+1} jer JE{1,...n+1}
JA0,n+1¢J n+leJ
_ =0 Myl
IC{1,..,n+1} icl
140

establishing the induction hypothesis and finishing the proof. 0O

A

jer

231
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As an application of the inclusion—exclusion principle, let us prove the formula
for counting the number of surjections from {1,...,n} to {L,...,p}, with p <n,
given in Proposition 4.7.

Recall that the total number of functions from {1,...,n} to {1,...,p} is p". The
trick is to count the number of functions that are not surjective. Any such function
has the property that its image misses one element from {1,..., p}. So, if we let

Ai={f:{1,...,n} = {1,....p} |i¢ Im(f)},

we need to count |A; U---UA,|. But, we can easily do this using the inclusion—
exclusion principle. Indeed, for any nonempty subset I of {1,...,p}, with |I| =k,
the functions in (;c;A; are exactly the functions whose range misses /. But, these
are exactly the functions from {1,...,n} to {1,..., p} —I and there are (p —k)" such
functions. Thus,

A
icl
As there are (f) subsets I € {1,...,p} with |I| = k, the contribution of all k-fold
intersections to the inclusion—exclusion principle is

(F)o-wr

Note that Ay N---NA, = 0, because functions have a nonempty image. Therefore,
the inclusion—exclusion principle yields

=(p—k)"

p—1
o uagl = £ (-0 (7)o,

k=1

and so, the number of surjections S, , is
p—1 p
Sup =P —A1U---UA,[=p" = Y (=)' (k> (p—k)"
k=1
p—1 p
=Y o (§) o

S O ) [ SR W

which is indeed the formula of Proposition 4.7.

Another amusing application of the inclusion—exclusion principle is the formula
giving the number p, of permutations of {1,...,n} that leave no element fixed (i.e.,
f(i) #1i, for all i € {1,...,n}). Such permutations are often called derangements.
We get
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pnn!<11+1+...+(_1)k+...+(—1)">

12! k! n!
=n!— < >(n— !+ <Z>(n—2)!+-~+(—l)".
Remark: We know (using the series expansion for e* in which we set x = —1) that

LS S S
e 12 k!

Consequently, the factor of n! in the above formula for p, is the sum of the first

n+ 1 terms of 1/e and so,
fim 22— L
n—eop! €
It turns out that the series for 1/e converges very rapidly, so p, = n!/e. The ratio
pn/n! has an interesting interpretation in terms of probabilities. Assume n persons
go to a restaurant (or to the theatre, etc.) and that they all check their coats. Unfor-
tunately, the clerk loses all the coat tags. Then p,/n! is the probability that nobody
will get her or his own coat back. As we just explained, this probability is roughly
1/e =~ 1/3, a surprisingly large number.
The inclusion—exclusion principle can be easily generalized in a useful way as
follows. Given a finite set X, let m be any given function m: X — R and for any
nonempty subset A C X, set

m(A) =) m(a),

acA

with the convention that m(0) = 0 (recall that R. = {x € R | x > 0}). For any x €
X, the number m(x) is called the weight (or measure) of x and the quantity m(A)
is often called the measure of the set A. For example, if m(x) = 1 for all x € A,
then m(A) = |A|, the cardinality of A, which is the special case that we have been
considering. For any two subsets A, B C X, it is obvious that

m(AUB) = m(A) +m(B)
m(X —A) =m(X)—m(A)
m(AUB) = m(ANB)
m(ANB) = m(AUB),

where A = X — A. Then, we have the following version of Theorem 4.1.

Theorem 4.2. (Principle of Inclusion—Exclusion, Version 2) Given any measure
function m: X — R, for any finite sequence Ay,...,A,, of n > 2 subsets of a fi-
nite set X, we have
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k=1 Ig{l,...,n} iel
1£0

Proof. The proof is obtained from the proof of Theorem 4.1 by changing every-
where any expression of the form |B| to m(B). O

A useful corollary of Theorem 4.2 often known as Sylvester’s formula is the
following.

Fig. 4.5 James Joseph Sylvester, 1814-1897

Theorem 4.3. (Sylvester’s Formula) Given any measure m: X — R, for any finite
sequence Ay,...,A, of n > 2 subsets of a finite set X, the measure of the set of
elements of X that do not belong to any of the sets A; is given by

w( ) <nrs £ o)
k=1 IC{1,...n} il
10

Proof. Observe that

!
=
>
*

A=

»
L D=

»
I
—

Consequently, using Theorem 4.2, we get
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k=1
=mX)- Y )= (ﬂA)
IC{1,..., n} i€l
10
=mX)+ Y “(ﬂA)
IC{I....,n} icl
10

establishing Sylvester’s formula. 0O

Note that if we use the convention that when the index set / is empty then
A =X,
il

hence the term m(X) can be included in the above sum by removing the condition
that 7 # 0 and this version of Sylvester’s formula is written:

()=, £ ()

Sometimes, it is also convenient to regroup terms involving subsets / having the
same cardinality, and another way to state Sylvester’s formula is as follows.

m (ﬂ Ak> = Zn: D Y m <ﬂA,~> . (Sylvester’s Formula)
k=1 n}

k=0 1c{l,..., icl
k

Finally, Sylvester’s formula can be generalized to a formula usually known as the
“sieve formula.”

Theorem 4.4. (Sieve Formula) Given any measure m: X — R for any finite se-
quence Ay, ..., A, of n > 2 subsets of a finite set X, the measure of the set of elements
of X that belong to exactly p of the sets A; (0 < p < n) is given by

o) £ o)

iel

Proof. Observe that the set of elements of X that belong to exactly p of the sets A;
(with 0 < p < n) is given by the expression
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U [Nan4;
1ty \iel g
f=p

For any subset I C {1,...,n}, if we apply Sylvester’s formula to X = (;c;A; and to
the subsets A ; N(;c;A; for which j €1 (ie., j € {1,...,n} —1I), we get

en) = 0 n( ).

iel jél JC{1,..., jeJ
1<J

Hence,

Tnp: Z m mAiﬂﬂKj

IC{1,...n} iel jel
[7|=p
_ Z Z IJ\ (L <ﬂA>
1€} JC{ T } jeJ
[7l=p 1cJ
— Z Z \J\ |71 (mA>
JC{1,..n} ICJ jeJ
Vizp M=p
n . k
“fev(Y) ¥ o
k=p p Jg{l.,.‘,n} jed
=k

establishing the sieve formula. O

Observe that Sylvester’s formula is the special case of the sieve formula for which
p = 0. The inclusion—exclusion principle (and its relatives) plays an important role
in combinatorics and probability theory as the reader may verify by consulting any
text on combinatorics. A classical reference on combinatorics is Berge [1]; a more
recent one is Cameron [2]; more advanced references are van Lint and Wilson [8]
and Stanley [7]. Another great (but deceptively tough) reference covering discrete
mathematics and including a lot of combinatorics is Graham, Knuth, and Patashnik
[4]. Conway and Guy [3] is another beautiful book that presents many fascinating
and intriguing geometric and combinatorial properties of numbers in a very un-
tertaining manner. For readers interested in geometry with a combinatriol flavor,
Matousek [6] is a delightful (but more advanced) reference.

We are now ready to study special kinds of relations: partial orders and equiva-
lence relations.



4.5 Summary 237

4.5 Summary

This chapter provided a very brief and elementary introduction to combinatorics.
To be more precise, we considered various counting problems, such as counting
the number of permutations of a finite set, the number of functions from one set to
another, the number of injections from one set to another, the number of surjections
from one set to another, the number of subsets of size & in a finite set of size n and the
number of partitions of a set of size n into p blocks. This led us to the binomial (and
the multinomial) coefficients and various properties of these very special numbers.
We also presented various formulae for determining the size of the union of a finite
collection of sets in terms of various intersections of these sets. We discussed the
principle of inclusion—exclusion (PIE), Sylvester’s formula, and the sieve formula.

We review the notion of a permutation and the factorial function (n — n!).

We show that a set of size n has n! permutations.

We show that if A has m elements and B has n elements, then B* (the set of
functions from A to B) has n” elements.

We state Stirling’s formula, as an estimation of the factorial function.

We defined the “big oh” notation, the “big 2" notation, the “big ®” notation,
and the “little oh” notation.

e We give recurrence relations for computing the number of subsets of size k
of a set of size n (the “Pascal recurrence relations”); these are the binomial
coefficients (7).

e We give an explicit formula for (Z) and we prove the binomial formula (ex-
pressing (a+b)" in terms of the monomials a"~*b").

e We give a formula for the number of injections from a finite set into another
finite set.

e We state a formula for the number of surjections S,, from a finite set of n
elements onto another finite set of p elements.

e We relate the S, to the Stirling numbers of the second kind {;} that count the
number of partitions of a set of n elements into p disjoint blocks.
We define the bell numbers, which count the number of partitions of a finite set.
We define the multinomial coefficients (klf‘_ ,,) and give an explicit formula for
these numbers.
We prove the multinomial formula (expressing (aj + - -+ +ap)").
We prove some useful identities about the binomial coefficients summarized in
Table 4.2.

e We estimate the value of the central (and largest) binomial coefficient (zr;") on

row 2m.
e We give bounds for the ratio (") / (*™) and show that it is approximately
2
et /m,

We prove the formula for the principle of inclusion—exclusion.

We apply this formula to derive a formula for S,, .

We define derangements as permutations that leave no element fixed and give a
formula for counting them.
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e We generalize slightly the inclusion—exclusion principle by allowing finite sets
with weights (defining a measure on the set).
We prove Sylvester’s formula.
We prove the sieve formula.

Problems

4.1. Let S,, be the number of surjections from the set {I,...,n} onto the set
{1,...,p}, where 1 < p <n. Observe that S,,; = 1.

(a) Recall that n! (factorial) is defined for alln € Nby 0! =1 and (n+1)! =
(n+ 1)n!. Also recall that (Z) (n choose k) is defined for all » € N and all k € Z as
follows.

(Z) —0,ifk¢{0,...,n}
-
(-(7) (e

Prove by induction on n that

ny n!
k) kl(n—k)
(b) Prove that

i(:)z' (n>0) and kio(l)kC’:)O (n>1).

k=0

Hint. Use the binomial formula. For all a,b € R and all n > 0,

wior= £ (D)

k=0

(c) Prove that

n p p p
p :Snp+ (1>Snp—1+ (2)Snp—2+"'+ (p—l)'

(d) Forall p > 1 and all i,k, with 0 < i < k < p, prove that

(G -0)6)
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Use the above to prove that

B () @) -

(e) Prove that

=0~ (1) =1 () o200 (7).

Hint. Write all p equations given by (c) for 1,2,..., p— 1, p, multiply both sides of
the equation involving (p — k)" by (—1)k (£). add up both sides of these equations,
and use (b) to simplify the sum on the right-hand side.

4.2. (a) Let S, , be the number of surjections from a set of n elements onto a set of
p elements, with 1 < p < n. Prove that

Snp = p(Snflpfl +Snflp)~

Hint. Adapt the proof of Pascal’s recurrence formula.

(b) Prove that
n(n+1)!
Sn+1n = #
and
n(3n+1)(n+2)!
Sntan = o

Hint. First, show that S,,,, = n!.
(c) Let P, be the number of partitions of a set of n elements into p blocks
(equivalence classes), with 1 < p < n. Note that B, is usually denoted by

{n}, S(n,p) or siP).

p
Prove that
0!
o) !
{Z} B {Z:i}“{n;l} (1< p<n).

Hint. Fix the the first of the n elements, say a;. There are two kinds of partitions:
those in which {a;} is a block and those in which the block containing a; has at
least two elements.
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Construct the array of {Z}s forn,pe{1,...,6}.
(d) Prove that
Snp :p!Pmr

Deduce from the above that

o Qo (e (1)

4.3. The Fibonacci numbers F, are defined recursively as follows.

Fp=0
=1
Fpio = Fy1+F, n20.

For example, 0,1,1,2,3,5,8,13,21,34,55, ... are the first 11 Fibonacci numbers.

Prove that
o n L n—1 n n—2 T 0
RN 1 2 n)’

Hint. Use complete induction. Also, consider the two cases, n even and n odd.

4.4. Given any natural number, n > 1, let p, denote the number of permutations
fA{1,...,n} —{1,...,n} that leave no element fixed, that is, such that f (i) # i, for
all i € {1,...,n}. Such permutations are sometimes called derangements. Note that
p1 =0 and set pp = 1.

(a) Prove that
n n n
n!'=p,+ Dn—1+ Pn—2+-+ .
1 2 n

Hint. For every permutation f: {1,...,n} — {1,...,n}, let

Fix(f)={ie {1,...n} | f(i) =i}

be the set of elements left fixed by f. Prove that there are p,_; permutations associ-
ated with any fixed set Fix(f) of cardinality k.
(b) Prove that

Lo ey
pn:”l!<1_1!+2!+"'+k!+"'+ |

— - (Y)(n—l)!—&- (;)(n—Z)H--“—F(—l)".

Hint. Use the same method as in Problem 4.1.
Conclude from (b) that
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Hint. Recall that

Remark: The ratio p,/n! has an interesting interpretation in terms of probabili-
ties. Assume n persons go to a restaurant (or to the theatre, etc.) and that they all
cherk their coats. Unfortunately, the cleck loses all the coat tags. Then, p,/n! is the
probability that nobody will get her or his own coat back.

(c) Prove that

Pn=nNpn—1 + (_l)na

foralln > 1, with pg = 1.
Note that n! is defined by n! = n(n—1)!. So, p, is a sort of “weird factorial” with
a strange corrective term (—1)".

4.5. Prove that if m+ p > n and m,n, p > 0, then
m-+p 7% m p
n ) E\k)\n—k)

Hint. Observe that ("7 is the coefficient of a”*P~"b" in (a+ b)" P = (a+
b)"(a+Db)P.
Show that the above implies that if n > p, then

UREAREABIEN
B8R D

(") =@ (00) GG =+ ()6

4.6. Prove that

for all m,n € N with 0 <

()« (") ()= ()

4.7. Prove that
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() -r(2)

()= (77)

where r € R and k € Z (negating the upper index).
(2) Use (1) and the identity of Problem 4.7 to prove that

Eev()-cr ()

4.8. Prove that

if0<m<n.
4.9. (1) Prove that

f0<m<n.
4.10. Prove that

where 0 < m < n.

4.11. Prove that

_1 - 1-3:5---(2k—1)
1 2 =1 B B S A
(1+x) +k;( U W WY
o (—1)*(2k)!
iy SO,
+k§’1 (k!)222k
= (=% 2K\ 4
:1+Z 22k k X
k=1
if |x| < 1.
4.12. Prove that 5 ;
ln(1—|—x)§x—x——&—x—7
2 3

forall x > —1.

4.13. If n =2m+ 1, prove that

2m+1 N 2m+1 1+L m . 1 m+122m+l
m 2am(m+1) 2m 2(m+1) ’

for m large and so,

)

2m—+1 2m—+1 2m+1
m 2am(m+1)
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for m large.
4.14. If n =2m+ 1, prove that
et () /(mt1-1) < (2m+1> /<2m+1> < o1+ /(mt141)

T \m—t m

with 0 <t < m. Deduce from this that

<2m+ 1) /(2m+1) o V(A1) o~ (2m 1262/ (4(m 4 1))

k m

for mlarge and 0 < k <2m+1.

4.15. Prove Proposition 4.14.
Hint. First, show that the function

is strictly increasing for t > 0.

4.16. (1) Prove that

(2) The numbers

1 2n
C, =
" n—|—l<n>’

are known as the Catalan numbers (n > 0). The Catalan numbers are the solution of
many counting problems in combinatorics. The Catalan sequence begins with

1,1,2,5, 14,42, 132, 429, 1430, 4862, 16796, . ...

c 2n 2n 1 2n+1
"\ n n—1) 2n+1 n '

(3) Prove that Cyp = 1 and that

Prove that

2(2n+1)

Cp.
n+2 n

Coy1 =
(4) Prove that C, is the number of ways a convex polygon with n+ 2 sides can be
subdivided into triangles (triangulated) by connecting vertices of the polygon with
(nonintersecting) line segments.
Hint. Observe that any triangulation of a convex polygon with n + 2 sides has n — 1
edges in addition to the sides of the polygon and thus, a total of 2n+ 1 edges. Prove
that
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(4n+2)Cy = (n+2)Cpyi.

(5) Prove that C,, is the number of full binary trees with n+- 1 leaves (a full binary
tree is a tree in which every node has degree 0 or 2).

4.17. Which of the following expressions is the number of partitions of a set with
n > 1 elements into two disjoint blocks:

(1)2"—2 (2)2" ' —1.
Justify your answer.

4.18. Let H,, called the nth harmonic number, be given by

Hy=14iply ]
" 2 3 n’
withn > 1.
(a) Prove that H, ¢ N for all n > 2; that is, H,, is not a whole number for all n > 2.
Hint. First, prove that every sequence 1,2,3,...,n, with n > 2, contains a unique

number of the form qu, with k > 1 as big as possible and g odd (¢ = 1 is possible),
which means that for every other number of the form 2% ¢/, with 2¥'¢/ # 2kg, 1 <
2K ¢ <n,k' >1andq odd, we must have k' < k. Then, prove that the numerator of
H,, is odd and that the denominator of H,, is even, for all n > 2.

(b) Prove that

Hi+H+ +H,=n+1)Hy1—1)=n+1)H,—n.

(c) Prove that
In(n+1) < H,,

foralln > 1.
Hint. Use the fact that
In(1+4x) <x,

for all x > —1. Compute the sum

k'z’l(}(_m(w}c»

Prove that

Hint. We have

and use the fact that
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for all x, where 0 < x <1 (in fact, for all x > 0).
(d) Prove that

1
H, < 1+1n(n)—|—ﬂ.

Hint. Compute the sum

(e) It is known that In(1 +x) is given by the following convergent series for
x| <1,
2 3 n
XX X
In(1 —x— T ()
n(l4x) =x— e ()T

Deduce from this that

for all x with |x| > 1.
Let

If r > 1, it is known that each H,Er) converges to a limit denoted HY or £(r), where
{ is Riemann’s zeta function given by

— 1
(=Y

forall r > 1.

4 =n)

Fig. 4.6 G. F. Bernhard Riemann, 1826-1866



246 4 Some Counting Problems; Multinomial Coefficients

Prove that

A | 1 1
In(n) :];2 %+W+ﬁ+”'+m+.”

1 1 1 m
= (Hy— 1)+ =HP = 1)+ (HY 1)+ + —H™ = 1)+
2 3 m
and therefore,
Hy—tn(n)=1— (@ -1 Lw® _n—.—Lam ..
2 3 m
Remark: The right-hand side has the limit
1= 2@ = D)= 2 () =) == (L (m) — 1) -
r=173 3 m o

known as Euler’s constant (or the Euler—Mascheroni number).

r
|

Fig. 4.7 Leonhard Euler, 1707-1783 (left) and Jacob Bernoulli, 1654—1705 (right)

It is known that
Y= 0.577215664901 - - -

but we don’t even know whether 7 is irrational! It can be shown that

1 1 &,
H, =1 I S
n=Mn) vt - E T o

with0 < g, < 1.

4.19. The purpose of this problem is to derive a formula for the sum
Sp(n) = 15422 43k yf

in terms of a polynomial in n (where k,n > 1 and n > 0, with the understanding that
this sum is O when n = 0). Such a formula was derived by Jacob Bernoulli (1654—
1705) and is expressed in terms of certain numbers now called Bernoulli numbers.
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The Bernoulli numbers B* are defined inductively by solving some equations
listed below,

B’ =1

B> —2B' 41 = PR’
B*—3B>+3B' -1 =8>
B*—4B*+6B>—4B'+1 = B*

B> —5B*+10B>—10B>+5B' -1 = B’

and, in general,
k /K o
Yy () (~1)B =Bk k>2.
i=0 \!

Because B',..., B*? are known inductively, this equation can be used to compute
B

Remark: It should be noted that there is more than one definition of the Bernoulli
numbers. There are two main versions that differ in the choice of B!:

1.B' =

1
28—~

j .

The first version is closer to Bernoulli’s original definition and we find it more
convenient for stating the identity for Sy (n) but the second version is probably used
more often and has its own advantages.

(a) Prove that the first 14 Bernoulli numbers are the numbers listed below:

n01234567 891011 12 1314

n 1 1 —1 1 —1 5 —691 7
B'134050505508& 0 5% 07

Observe two patterns:

1. All Bernoulli numbers B***!, with k > 1, appear to be zero.
2. The signs of the Bernoulli numbers B", alternate for n > 2.

The above facts are indeed true but not so easy to prove from the defining equations.
However, they follow fairly easily from the fact that the generating function of the
numbers
Bk
m
can be computed explicitly in terms of the exponential function.
(b) Prove that

oo

k
Z k<
= B —_
l—ec kZ:O k!

Hint. Expand z/(1 —e™%) into a power series
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w© k
z z
— =Y by
l—e® /= k!

near 0, multiply both sides by 1 —e™%, and equate the coefficients of 21 from this,
prove that by = B* for all k > 0.

Remark: If we define B! = —%, then we get
ok
Z k<
= B —.
et —1 k;) k!

(c) Prove that B**! =0, for all k > 1.
Hint. Observe that

z 7z z(ef+1) o
_r_ T B
l—e2 2 2(ef—1) +k§’2 k!

is an even function (which means that it has the same value when we change z to

—2).
(d) Define the Bernoulli polynomial B(x) by

0 <];>JJ(IBI’

Biy1(n) = Bigi(n—1) = (k+1)n",

-

Bi(x) =

1

for every k > 0. Prove that

for all k > 0 and all n > 1. Deduce from the above identities that

1 | T D
S = —(B —B 0 _ +17lBl
k(1) k+1( t1(n) %+1(0)) k+1i0( ; >n )

an identity often known as Bernoulli’s formula.
Hint. Expand (n— 1)**1=" using the binomial formula and use the fact that

() =(E)0T)

Remark: If we assume that B! = —%, then

Biyi(n+1) = Biyi(n) = (k+ 1)n,
Find explicit formulae for S4(n) and Ss(n).

Extra Credit. It is reported that Euler computed the first 30 Bernoulli numbers.
Prove that
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g0 _ 174611 sy —7709321041217
330 - 510

What does the prime 37 have to do with the numerator of B32?

Remark: Because

<z
l—e2 2

z(ez+1)7gez/2+e_z/27£ th(g)
206 —1) 2e2—ee2 2°00\2)

where coth is the hyperbolic tangent function given by

coshz
coth(z) = ——
(2) sinhz’
with
eZ + e*Z . eZ _ e*Z
coshz = sinhz = .
2 2

It follows that

2z o ok (22)2k ik p2k 2
zcothz = —z= B — qkp?h =
l—e % kg(') (2k)! ,;0 (2k)!

If we use the fact that
sinz = —isinhiz, cosz = coshiz,

we deduce that cotz = cosz/sinz = icothiz, which yields

oo

Z( )k 2k 2
zcotz = —4)*B" ——.
= (2k)!

Now, Euler found the remarkable formula

o 2
é
zcotz = l—zkzl m

By expanding the right-hand side of the above formula in powers of z> and equating
the coefficients of z? in both series for z cotz, we get the amazing formula:

o 22k—1 7;21‘

B2k

(24 = (1) =B

for all k > 1, where {(r) is Riemann’s zeta function given by

for all » > 1. Therefore, we get
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= L) i = ()20 T

a formula due to due to Euler. This formula shows that the signs of the B> alternate
for all k£ > 1. Using Stirling’s formula, it also shows that

k 2k
|B*| ~ 4/ 7tk ()
e

so B tends to infinity rather quickly when k goes to infinity.
There is another remarkable relationship between the Euler constant ¥, defined
in Problem 4.18 and the Bernoulli numbers, namely the identity

1 < B*

r=5+Y 5
2 =2k

4.20. The purpose of this problem is to derive a recurrence formula for the sum
Se(n) = 15422 43 4.4k,
Using the trick of writing (n+ 1) as the “telescoping sum”
(n+ D=1 4 2 -1+ 3F =28+ 4 (n+ D =nb),

use the binomial formula to prove that

(n+1)"=1+kzl( )Zﬂ—HZ()

Jj=0

Deduce from the above formula the recurrence formula

k—1
(k+1DS(n) = (n+ 1) —1-Y) (kﬂ)Sj(n).

=0\ J

4.21. Given n cards and a table, we would like to create the largest possible overhang
by stacking cards up over the table’s edge, subject to the laws of gravity. To be more
precise, we require the edges of the cards to be parallel to the edge of the table; see
Figure 4.8. We assume that each card is 2 units long.

With a single card, obviously we get the maximum overhang when its center of
gravity is just above the edge of the table. Because the center of gravity is in the
middle of the card, we can create half of a cardlength, namely 1 unit, of overhang.

With two cards, a moment of thought reveals that we get maximum overhang
when the center of gravity of the top card is just above the edge of the second card
and the center of gravity of both cards combined is just above the edge of the table.
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Fig. 4.8 Stack of overhanging cards

The joint center of gravity of two cards is in the middle of their common part, so we
can achieve an additional half unit of overhang.

Given n cards, we find that we place the cards so that the center of gravity of
the top k cards lies just above the edge of the (k + 1)st card (which supports these
top k cards). The table plays the role of the (n+ 1)st card. We can express this
condition by defining the distance d; from the extreme edge of the topmost card
to the corresponding edge of the kth card from the top (see Figure 4.8). Note that
dy = 0. In order for dy_, | to be the center of gravity of the first k cards, we must have

(di+1)+(dr+2)+--+ (d +1)
k )

dey1 =

for 1 < k <n. This is because the center of gravity of k objects having respective
weights wy,...,wy and having respective centers of gravity at positions xi, ..., X iS
at position
WIX] = WoXp + - -+ Wik
witwa o twg

Prove that the equations defining the dy | imply that

1

dierr =di+ 7,
and thus, deduce that
1 1 1
di1=Hy=14+=-+-+---+—
k+1 k +2+3+ +k’

the kth Harmonic number (see Problem 4.18). Conclude that the total overhang with
n cards is H,.
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Prove that it only takes four cards to achieve an overhang of one cardlength. What
kind of overhang (in terms of cardlengths) is achieved with 52 cards? (See the end
of Problem 4.18.)

4.22. Consider n > 2 lines in the plane. We say that these lines are in general posi-
tion iff no two of them are parallel and no three pass through the same point. Prove
that n lines in general position divide the plane into

n(n+1)

1
5 +

regions.

4.23. (A deceptive induction, after Conway and Guy [3]) Place n distinct points
on a circle and draw the line segments joining all pairs of these points. These line
segments determine some regions inside the circle as shown in Figure 4.9 for five
points. Assuming that the points are in general position, which means that no more
than two line segments pass through any point inside the circle, we would like to
compute the number of regions inside the circle. These regions are convex and their
boundaries are line segments or possibly one circular arc.

Fig. 4.9 Regions inside a circle

If we look at the first five circles in Figure 4.10, we see that the number of regions

is
1,2,4,8, 16.

Thus, it is reasonable to assume that with n > 1 points, there are R = 2n—1 regions.

(a) Check that the circle with six points (the sixth circle in Figure 4.10) has 32
regions, confirming our conjecture.

(b) Take a closer look at the circle with six points on it. In fact, there are only
31 regions. Prove that the number of regions R corresponding to n points in general
position is

1
R= ﬁ(n“ —6n’ +23n — 18n+24).
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Thus, we get the following number of regions forn =1,...,14:

n=12345 6 78 9 10 11 12 13 14
R=124816315799 163 256 386 562 794 1093

SION
) D&

Fig. 4.10 Counting regions inside a circle

Hint. Label the points on the circle, 0, 1,...,n— 1, in counterclockwise order. Next,
design a procedure for assigning a unique label to every region. The region deter-
mined by the chord from 0 to n — 1 and the circular arc from 0 to n — 1 is labeled
“empty”. Every other region is labeled by a nonempty subset, S, of {0,1,...n— 1},
where S has at most four elements as illustrated in Figure 4.11. The procedure for
assigning labels to regions goes as follows.

For any quadruple of integers, a,b,c,d, with 0 <a < b <c<d <n—1, the
chords ac and bd intersect in a point that uniquely determines a region having this
point as a vertex and lying to the right of the oriented line bd; we label this region
abcd. In the special case where a = 0, this region, still lying to the right of the
oriented line bd is labeled bed. All regions that do not have a vertex on the circle
are labeled that way. For any two integers c¢,d, with 0 < ¢ < d < n— 1, there is a
unique region having c as a vertex and lying to the right of the oriented line cd and
we label it cd. In the special case where ¢ = 0, this region, still lying to the right of
the oriented line 0d is labeled d.

To understand the above procedure, label the regions in the six circles of Figure
4.10.

Use this labeling scheme to prove that the number of regions is
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Fig. 4.11 Labeling the regions inside a circle

e= (") () () () () = () ()

(c) Prove again, using induction on 7, that

=) )

4.24. The complete graph K, with n vertices (n > 2) is the simple undirected graph
whose edges are all two-element subsets {i, j}, with i,j € {1,2,...,n} and i # j.
The purpose of this problem is to prove that the number of spanning trees of K, is
n"~2, a formula due to Cayley (1889).

(a) Let T'(n;dy,...,d,) be the number of trees with n > 2 vertices vy, ..., v,, and
degrees d(vi) =dy, d(v2) = dy,...,d(v,) = d,, with d; > 1. Prove that
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n—>2
T (n;dy,...,d,) = .
(i dn) (dl—ldz—l---dn—1>

Hint. First, show that we must have

id,-zZ(n—l).

i=1
We may assume thatd; > d > --- > d,, with d,, = 1. Prove that

T(nidy,....dy) =Y, T(n—1idy,....di—1,....d, 1).

Then, prove the formula by induction on 7.
(b) Prove that dy,...,d,, with d; > 1, are degrees of a tree with n nodes iff

di=2n-1).

-

I
-

14

(c) Use (a) and (b) to prove that the number of spanning trees of K, is n" 2.

Hint. Show that the number of spanning trees of K, is

Z ( n—2 )
dy,....dy>1 di—1dr,—1---d,—1

di+-+dy=2(n—1)

and use the multinomial formula.
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Chapter 5

Partial Orders, Lattices, Well-Founded
Orderings, Unique Prime Factorization in Z and
GCDs, Equivalence Relations, Fibonacci and
Lucas Numbers, Public Key Cryptography and
RSA, Distributive Lattices, Boolean Algebras,
Heyting Algebras

5.1 Partial Orders

There are two main kinds of relations that play a very important role in mathematics
and computer science:

1. Partial orders
2. Equivalence relations

In this section and the next few ones, we define partial orders and investigate
some of their properties. As we show, the ability to use induction is intimately re-
lated to a very special property of partial orders known as well-foundedness.

Intuitively, the notion of order among elements of a set X captures the fact that
some elements are bigger than others, perhaps more important, or perhaps that they
carry more information. For example, we are all familiar with the natural ordering
< of the integers

0, =3<-2<-1<0<1<2<3<++-

)
the ordering of the rationals (where

&SQ iff qul—quzzo
q1 q2 q192

b

i.e., p2q1 —p1q2 > 0if q1q2 > 0 else prg1 — p1g2 < 0if g1g2 < 0), and the ordering
of the real numbers. In all of the above orderings, note that for any two numbers a
and b, either a < b or b < a. We say that such orderings are fotal orderings.

A natural example of an ordering that is not total is provided by the subset or-
dering. Given a set X, we can order the subsets of X by the subset relation: A C B,
where A, B are any subsets of X. For example, if X = {a,b,c}, we have {a} C {a,b}.
However, note that neither {a} is a subset of {b,c} nor {b,c} is a subset of {a}. We
say that {a} and {b,c} are incomparable. Now, not all relations are partial orders, so
which properties characterize partial orders? Our next definition gives us the answer.

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_5, © Springer Science+Business Media, LLC 2011 257
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Definition 5.1. A binary relation < on a set X is a partial order (or partial ordering)
iff it is reflexive, transitive, and antisymmetric; that is:

(1) (Reflexivity): a < a, for all a € X.
(2) (Transitivity): If a < b and b < ¢, thena < ¢, for all a,b,c € X.
(3) (Antisymmetry): If a < band b < a,thena=b, forall a,b € X.

A partial order is a total order (ordering) (or linear order (ordering)) iff for all
a,b € X, either a < b or b < a. When neither a < b nor b < a, we say that a and b
are incomparable. A subset, C C X, is a chain iff < induces a total order on C (so,
for all a,b € C, either a < b or b < a). The strict order (ordering) < associated with
< is the relation defined by: a < b iff a < b and a # b. If < is a partial order on X,
we say that the pair (X, <) is a partially ordered set or for short, a poset.

Remark: Observe that if < is the strict order associated with a partial order <, then
< is transitive and antireflexive, which means that

4) afa,forallaeX.

Conversely, let < be a relation on X and assume that < is transitive and antireflexive.
Then, we can define the relation < so thata < b iff a = b or a < b. It is easy to check
that < is a partial order and that the strict order associated with < is our original
relation, <.

Given a poset (X, <), by abuse of notation we often refer to (X, <) as the poset
X, the partial order < being implicit. If confusion may arise, for example, when we
are dealing with several posets, we denote the partial order on X by <y.

Here are a few examples of partial orders.

1. The subset ordering. We leave it to the reader to check that the subset relation
C on a set X is indeed a partial order. For example, if A C B and B C A, where
A,B C X, then A = B, because these assumptions are exactly those needed by
the extensionality axiom.

2. The natural order on N. Although we all know what the ordering of the natural
numbers is, we should realize that if we stick to our axiomatic presentation
where we defined the natural numbers as sets that belong to every inductive set
(see Definition 1.11), then we haven’t yet defined this ordering. However, this
is easy to do because the natural numbers are sets. For any m,n € N, define
m < nasm=normé& n. Then, it is not hard to check that this relation is a total
order. (Actually, some of the details are a bit tedious and require induction; see
Enderton [6], Chapter 4.)

3. Orderings on strings. Let ¥ = {ay,...,a,} be an alphabet. The prefix, suffix,
and substring relations defined in Section 2.11 are easily seen to be partial or-
ders. However, these orderings are not total. It is sometimes desirable to have a
total order on strings and, fortunately, the lexicographic order (also called dic-
tionnary order) achieves this goal. In order to define the lexicographic order
we assume that the symbols in X are totally ordered, a; < ay < --- < a,. Then,
given any two strings u,v € X* we set
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if v = uy, for some y € X*, or
u=<v if u=xa;y, v=1xajz,
and a; < aj, for some x,y,z € X*.

In other words, either u is a prefix of v or else u and v share a common prefix
x, and then there is a differing symbol, a; in u and a; in v, with a; < a;. It is
fairly tedious to prove that the lexicographic order is a partial order. Moreover,
the lexicographic order is a total order.

4. The divisibility order on N. Let us begin by defining divisibility in Z. Given
any two integers, a,b € 7, with b # 0, we say that b divides a (a is a multiple
of b) iff a = bg for some g € Z. Such a ¢ is called the qguotient of a and b.
Most number theory books use the notation b | a to express that b divides a. For
example, 4 | 12 because 12 =4-3 and 7 | —21 because —21 =7 - (—3) but 3
does not divide 16 because 16 is not an integer multiple of 3.

We leave the verification that the divisibility relation is reflexive and transitive
as an easy exercise. What about antisymmetry? So, assume that b | a and a | b
(thus, a,b # 0). This means that there exist ¢1,¢> € Z so that

a=bg; and b=aq.
From the above, we deduce that b = bq¢»; that is,

b(l —qlqz) =0.

As b # 0, we conclude that
q192 = 1.

Now, let us restrict ourselves to Ny = N— {0}, so that a,b > 1. It follows that
q1,92 € N and in this case, g1g> = 1 is only possible iff g; = g» = 1. There-
fore, a = b and the divisibility relation is indeed a partial order on N. Why is
divisibility not a partial order on Z — {0}?

Given a poset (X <), if X is finite then there is a convenient way to describe the
partial order < on X using a graph. In preparation for that, we need a few preliminary
notions.

Consider an arbitrary poset (X <) (not necessarily finite). Given any element
a € X, the following situations are of interest.

1. For no b € X do we have b < a. We say that a is a minimal element (of X).

2. There is some b € X so that b < a and there isno ¢ € X so that b < ¢ < a. We

say that b is an immediate predecessor of a.

For no b € X do we have a < b. We say that a is a maximal element (of X).

4. There is some b € X so that a < b and there isno ¢ € X so thata < ¢ < b. We
say that b is an immediate successor of a.

et

Note that an element may have more than one immediate predecessor (or more
than one immediate successor).
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If X is a finite set, then it is easy to see that every element that is not minimal has
an immediate predecessor and any element that is not maximal has an immediate
successor (why?). But if X is infinite, for example, X = Q, this may not be the case.
Indeed, given any two distinct rational numbers a,b € Q, we have

a-+b

a< <b.

Let us now use our notion of immediate predecessor to draw a diagram repre-
senting a finite poset (X, <). The trick is to draw a picture consisting of nodes and
oriented edges, where the nodes are all the elements of X and where we draw an
oriented edge from a to b iff a is an immediate predecessor of b. Such a diagram is
called a Hasse diagram for (X, <). Observe that if a < ¢ < b, then the diagram does
not have an edge corresponding to the relation a < b. However, such information
can be recovered from the diagram by following paths consisting of one or several
consecutive edges. Similarly, the self-loops corresponding to the reflexive relations
a < a are omitted. A Hasse diagram is an economical representation of a finite poset
and it contains the same amount of information as the partial order <.

The diagram associated with the partial order on the power set of the two-element
set {a,b} is shown in Figure 5.1.

{a, b}

{a} {0}

Fig. 5.1 The partial order of the power set 2{¢4}

The diagram associated with the partial order on the power set of the three-
element set {a,b,c} is shown in Figure 5.2.

Note that 0 is a minimal element of the poset in Figure 5.2. (in fact, the smallest
element) and {a,b,c} is a maximal element (in fact, the greatest element). In this
example, there is a unique minimal (respectively, maximal) element. A less trivial
example with multiple minimal and maximal elements is obtained by deleting @ and
{a,b,c} and is shown in Figure 5.3.

Given a poset (X, <), observe that if there is some element m € X so that m < x
for all x € X, then m is unique. Indeed, if 7’ is another element so that m’ < x for all
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Fig. 5.2 The partial order of the power set 2{#4:}

{b,c} {a,c} {a,b}

{a} {0} {c}
Fig. 5.3 Minimal and maximal elements in a poset

x € X, then if we set x = m' in the first case, we get m < m’ and if we set x = m in the
second case, we get m’ < m, from which we deduce that m = '/, as claimed. Such
an element m, is called the smallest or the least element of X. Similarly, an element
b € X, so that x < b for all x € X is unique and is called the greatest or the largest
element of X.

We summarize some of our previous definitions and introduce a few more useful
concepts in the following.

Definition 5.2. Let (X, <) be a poset and let A C X be any subset of X. An element
b € X is a lower bound of A iff b < a for all a € A. An element m € X is an upper
bound of A iff a < m for all a € A. An element b € X is the least element of A iff
beAand b <a for all a € A. An element m € X is the greatest element of A iff
m € A and a < m for all a € A. An element b € A is minimal in A iff a < b for no
a € A, or equivalently, if for all a € A, a < b implies that a = b. An element m € A is
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maximal in A iff m < a for no a € A, or equivalently, if for all a € A, m < a implies
that a = m. An element b € X is the greatest lower bound of A iff the set of lower
bounds of A is nonempty and if b is the greatest element of this set. An element
m € X is the least upper bound of A iff the set of upper bounds of A is nonempty
and if m is the least element of this set.

Remarks:

1. If b is a lower bound of A (or m is an upper bound of A), then b (or m) may not
belong to A.

2. The least element of A is a lower bound of A that also belongs to A and the
greatest element of A is an upper bound of A that also belongs to A. When A =X,
the least element is often denoted 1, sometimes 0, and the greatest element is
often denoted T, sometimes 1.

3. Minimal or maximal elements of A belong to A but they are not necessarily
unique.

4. The greatest lower bound (or the least upper bound) of A may not belong to A.
We use the notation /\ A for the greatest lower bound of A and the notation \/ A
for the least upper bound of A. In computer science, some people also use | |A
instead of \/A and the symbol | | upside down instead of A\. When A = {a,b},
we write a Ab for A{a,b} and aV b for \/{a,b}. The element a A b is called the
meet of a and b and a V b is the join of a and b. (Some computer scientists use
afbforaNband alb foraVb.)

5. Observe that if it exists, A® = T, the greatest element of X and if its exists,
\/0 = L, the least element of X. Also, if it exists, AX = L and if it exists,
VX=T.

The reader should look at the posets in Figures 5.2 and 5.3 for examples of the
above notions.

For the sake of completeness, we state the following fundamental result known as
Zorn’s lemma even though it is unlikely that we use it in this course. Zorn’s lemma
turns out to be equivalent to the axiom of choice. For details and a proof, the reader
is referred to Suppes [16] or Enderton [6].

Fig. 5.4 Max Zorn, 1906-1993
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Theorem 5.1. (Zorn’s Lemma) Given a poset (X, <), if every nonempty chain in X
has an upper bound, then X has some maximal element.

When we deal with posets, it is useful to use functions that are order preserving
as defined next.

Definition 5.3. Given two posets (X,<y) and (¥,<y), a function f: X — Y is
monotonic (or order preserving) iff for all a,b € X,

if a<xb then f(a)<y f(D).

5.2 Lattices and Tarski’s Fixed-Point Theorem

We now take a closer look at posets having the property that every two elements
have a meet and a join (a greatest lower bound and a least upper bound). Such
posets occur a lot more often than we think. A typical example is the power set
under inclusion, where meet is intersection and join is union.

Definition 5.4. A lattice is a poset in which any two elements have a meet and a
join. A complete lattice is a poset in which any subset has a greatest lower bound
and a least upper bound.

According to Part (5) of the remark just before Zorn’s lemma, observe that a
complete lattice must have a least element L and a greatest element T.

Remark: The notion of complete lattice is due to G. Birkhoff (1933). The notion
of a lattice is due to Dedekind (1897) but his definition used properties (L1)—(L.4)
listed in Proposition 5.1. The use of meet and join in posets was first studied by C.
S. Peirce (1880).

Fig. 5.5 J. W. Richard Dedekind, 1831-1916 (left), Garrett Birkhoff, 1911-1996 (middle) and
Charles S. Peirce, 1839-1914 (right)

Figure 5.6 shows the lattice structure of the power set of {a,b,c}. It is actually a
complete lattice.
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Fig. 5.6 The lattice 2{¢><}

It is easy to show that any finite lattice is a complete lattice and that a finite poset
is a lattice iff it has a least element and a greatest element.

The poset N under the divisibility ordering is a lattice. Indeed, it turns out that
the meet operation corresponds to greatest common divisor and the join operation
corresponds to least common multiple. However, it is not a complete lattice. The
power set of any set X is a complete lattice under the subset ordering. Indeed, one
may verify immediately that for any collection € of subsets of X, the least upper
bound of ¥ is its union | J% and the greatest lower bound of ¥ is its intersection
€. The least element of 2X is 0 and its greatest element is X itself.

The following proposition gathers some useful properties of meet and join.

Proposition 5.1. If X is a lattice, then the following identities hold for all a,b,c € X.

Ll avb=bVa, aNb=bAa

L2 (aVvb)Vc=aV(bVc), (anb)Nc=aN(bAc)
L3 aVa=a, aNa=a

L4 (aVb)Na=a, (anb)Va=a.

Properties (L1) correspond to commutativity, properties (L2) to associativity, prop-
erties (L3) to idempotence, and properties (L4) to absorption. Furthermore, for all
a,b € X, we have

a<b iff avb=>b iff aANb=a,
called consistency.

Proof. The proof is left as an exercise to the reader. O
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Properties (L1)—(L4) are algebraic identities that were found by Dedekind (1897).
A pretty symmetry reveals itself in these identities: they all come in pairs, one in-
volving A, the other involving V. A useful consequence of this symmetry is duality,
namely, that each equation derivable from (L1)—(L4) has a dual statement obtained
by exchanging the symbols A and V. What is even more interesting is that it is pos-
sible to use these properties to define lattices. Indeed, if X is a set together with
two operations A and V satisfying (L1)—(L4), we can define the relation a < b by
aV b = b and then show that < is a partial order such that A and V are the corre-
sponding meet and join. The first step is to show that

avVb=>b iff aNnb=a.

If aVV b = b, then substituting b for a VvV b in (L4), namely

(avb)Na=a,
we get
bNa=a,
which, by (L1), yields
aNb=a,

as desired. Conversely, if a Ab = a, then by (L1) we have b A a = a, and substituting
a for b A\ a in the instance of (L4) where a and b are switched, namely

(bAa)Vb=b,

we get
aVb=b,

as claimed. Therefore, we can define a < b asaV b = b or equivalently asaAb = a.
After a little work, we obtain the following proposition.

Proposition 5.2. Let X be a set together with two operations N\ and \ satisfying the
axioms (L1)—(L4) of Proposition 5.1. If we define the relation < bya <biffavVb=0>b
(equivalently, a ANb = a), then < is a partial order and (X, <) is a lattice whose meet
and join agree with the original operations N\ and V.

The following proposition shows that the existence of arbitrary least upper
bounds (or arbitrary greatest lower bounds) is already enough ensure that a poset
is a complete lattice.

Proposition 5.3. Let (X, <) be a poset. If X has a greatest element T, and if every
nonempty subset A of X has a greatest lower bound \ A, then X is a complete lattice.
Dually, if X has a least element | and if every nonempty subset A of X has a least
upper bound \/ A, then X is a complete lattice

Proof. Assume X has a greatest element T and that every nonempty subset A of
X has a greatest lower bound, A\ A. We need to show that any subset S of X has a
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least upper bound. As X has a greatest element T, the set U of upper bounds of S
is nonempty and so, m = AU exists. We claim that AU = \/ S (i.e., m is the least
upper bound of §). First, note that every element of S is a lower bound of U because
U is the set of upper bounds of S. As m = AU is the greatest lower bound of U,
we deduce that s < m for all s € S (i.e., m is an upper bound of §). Next, if b is any
upper bound for S, then b € U and as m is a lower bound of U (the greatest one), we
have m < b (i.e., m is the least upper bound of §). The other statement is proved by
duality. O

We are now going to prove a remarkable result due to A. Tarski (discovered in
1942, published in 1955). A special case (for power sets) was proved by B. Knaster
(1928). First, we define fixed points.

Fig. 5.7 Alferd Tarski, 1902-1983

Definition 5.5. Let (X, <) be a poset and let f: X — X be a function. An element
x € X is a fixed point of f (sometimes spelled fixpoint) iff

fx)=x.

An element, x € X, is a least (respectively, greatest) fixed point of f if it is a fixed
point of f and if x <y (resp. y < x) for every fixed point y of f.

Fixed points play an important role in certain areas of mathematics (e.g., topol-
ogy, differential equations) and also in economics because they tend to capture the
notion of stability or equilibrium.

We now prove the following pretty theorem due to Tarski and then immediately
proceed to use it to give a very short proof of the Schroder—Bernstein theorem (The-
orem 2.7).

Theorem 5.2. (Tarski’s Fixed-Point Theorem) Let (X, <) be a complete lattice and
let f: X — X be any monotonic function. Then, the set F of fixed points of f is a
complete lattice. In particular, f has a least fixed point,

xmin:/\{xEX|f(X)SX}

and a greatest fixed point
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Xmax = \/{xEX [x < f(x)}.

Proof. We proceed in three steps.

Step 1. We prove that xp, is the largest fixed point of f.

Because xmay 18 an upper bound of A = {x € X | x < f(x)} (the smallest one),
we have x < xmax for all x € A. By monotonicity of f, we get f(x) < f(xmax) and
because x € A, we deduce

x < f(x) < flxmax) forall x €A,

which shows that f(xmax) is an upper bound of A. As xmax is the least upper bound
of A, we get
Xmax < f(xmax)- (*)

Again, by monotonicity, from the above inequality, we get

S (max) < f(f (Xmax)),

which shows that f(xmax) € A. As Xmax i an upper bound of A, we deduce that

f(xmax) < Xmax- (k%)

But then, (%) and (**) yield
f(xmax) = Xmax

which shows that xp.x is a fixed point of f. If x is any fixed point of f, that is, if
f(x) =x, we also have x < f(x); that is, x € A. As xmax i8 the least upper bound of
A, we have x < xmax, Which proves that xny,x is the greatest fixed point of f.

Step 2. We prove that xp,;, is the least fixed point of f.

This proof is dual to the proof given in Step 1.

Step 3. We know that the set of fixed points F' of f has a least element and a
greatest element, so by Proposition 5.3, it is enough to prove that any nonempty
subset S C F has a greatest lower bound. If we let

I={xeX|x<s forall se€S and x<f(x)},

then we claim that a = \// is a fixed point of f and that it is the greatest lower bound
of S.

The proof that a = \/I is a fixed point of f is analogous to the proof used in Step
1. Because a is an upper bound of 7, we have x < a for all x € I. By monotonicity of
f and the fact that x € I, we get

x< f(x) < f(a).
Thus, f(a) is an upper bound of I and so, as a is the least upper bound of I, we have

a < f(a). ()



268 5 Partial Orders, GCDs, RSA, Lattices

By monotonicity of f, we get f(a) < f(f(a)). Now, to claim that f(a) € I, we need
to check that f(a) is a lower bound of S. However, by definition of /, every element
of S is an upper bound of / and because a is the least upper bound of /, we must
have a < s for all s € S; that is, a is a lower bound of S. By monotonicity of f and
the fact that S is a set of fixed points, we get

fla) < f(s)=s, forall s €S,

which shows that f(a) is a lower bound of S and thus, f(a) € I, as contended. As a
is an upper bound of I and f(a) € I, we must have

fla) <a, (1)

and together with (1), we conclude that f(a) = a; that is, a is a fixed point of f.

We already proved that a is a lower bound of S thus it only remains to show that
if x is any fixed point of f and x is a lower bound of S, then x < a. But, if x is any
fixed point of f then x < f(x) and because x is also a lower bound of S, then x € .
As a is an upper bound of I, we do getx < a. 0O

It should be noted that the least upper bounds and the greatest lower bounds in
F do not necessarily agree with those in X. In technical terms, F is generally not a
sublattice of X.

Now, as promised, we use Tarski’s fixed-point theorem to prove the Schroder—
Bernstein theorem.

Theorem 2.7 Given any two sets A and B, if there is an injection from A to B
and an injection from B to A, then there is a bijection between A and B.
Proof. Let f: A— B and g: B — A be two injections. We define the function
p:24 24 by

@(S) =A—g(B—f(S)),

for any S C A. Because of the two complementations, it is easy to check that ¢ is
monotonic (check it). As 24 is a complete lattice, by Tarski’s fixed point theorem,
the function ¢ has a fixed point; that is, there is some subset C C A so that

C=A—g(B=f(C)).
By taking the complement of C in A, we get
A—C=g(B-f(C)).

Now, as f and g are injections, the restricted functions f [ C: C — f(C) and
gl (B—f(C)): (B— f(C)) = (A—C) are bijections. Using these functions, we
define the function #: A — B as follows.

[ fla) ifaeC
hla) = { (1 (B—f(C)(a) ifagcC.
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The reader may check that % is indeed a bijection. 0O

The above proof is probably the shortest known proof of the Schroder—Bernstein
theorem because it uses Tarski’s fixed-point theorem, a powerful result. If one looks
carefully at the proof, one realizes that there are two crucial ingredients:

1. The set C is closed under g o f; that is, go f(C) C C.
2. A-CCg(B).

Using these observations, it is possible to give a proof that circumvents the use
of Tarski’s theorem. Such a proof is given in Enderton [6], Chapter 6, and we give a
sketch of this proof below.

Define a sequence of subsets C,, of A by recursion as follows.

Cy = A—g(B
Cop1 = (gof)(cn),

and set

c=JGn.

n>0

Clearly, A — C C g(B) and because direct images preserve unions, (go f)(C) C C.
The definition of / is similar to the one used in our proof:

_J fla) ifaeC
h(“){(gr(A—C))‘l(a) ifagcC.

When a ¢ C, thatis,a € A—C, as A—C C g(B) and g is injective, g ! (a) is indeed
well-defined. As f and g are injective, so is g~! on A — C. So, to check that / is in-
jective, it is enough to prove that f(a) = g~ (b) with a € C and b ¢ C is impossible.
However, if f(a) = g~!(b), then (go f)(a) = b. Because (go f)(C) CCanda € C,
we getb = (go f)(a) € C, yet b ¢ C, a contradiction. It is not hard to verify that & is
surjective and therefore, 4 is a bijection between A and B. 0O

The classical reference on lattices is Birkhoff [1]. We highly recommend this
beautiful book (but it is not easy reading).

We now turn to special properties of partial orders having to do with induction.

5.3 Well-Founded Orderings and Complete Induction

Have you ever wondered why induction on N actually “works”? The answer, of
course, is that N was defined in such a way that, by Theorem 1.4, it is the “smallest”
inductive set. But this is not a very illuminating answer. The key point is that every
nonempty subset of N has a least element. This fact is intuitively clear inasmuch
as if we had some nonempty subset of N with no smallest element, then we could
construct an infinite strictly decreasing sequence, ko > k; > --- > k,, > ---. But this
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is absurd, as such a sequence would eventually run into 0 and stop. It turns out that
the deep reason why induction “works” on a poset is indeed that the poset ordering
has a very special property and this leads us to the following definition.

Definition 5.6. Given a poset (X, <) we say that < is a well-order (well-ordering)
and that X is well-ordered by < iff every nonempty subset of X has a least element.

When X is nonempty, if we pick any two-element subset {a,b} of X, because the
subset {a,b} must have a least element, we see that either a < b or b < a; that is,
every well-order is a total order. First, let us confirm that N is indeed well-ordered.

Theorem 5.3. (Well-Ordering of N) The set of natural numbers N is well-ordered.

Proof. Not surprisingly we use induction, but we have to be a little shrewd. Let A
be any nonempty subset of N. We prove by contradiction that A has a least element.
So, suppose A does not have a least element and let P(m) be the predicate

Pm)= (Vke N)(k<m=k¢A),

which says that no natural number strictly smaller than m is in A. We prove by
induction on m that P(m) holds. But then, the fact that P(m) holds for all m shows
that A = 0, a contradiction.

Let us now prove P(m) by induction. The base case P(0) holds trivially. Next,
assume P(m) holds; we want to prove that P(m + 1) holds. Pick any k < m + 1.
Then, either

(1) k < m, in which case, by the induction hypothesis, k ¢ A; or

(2) k = m. By the induction hypothesis, P(m) holds. Now, if m were in A, as P(m)
holds no k < m would belong to A and m would be the least element of A,
contradicting the assumption that A has no least element. Therefore, m ¢ A.

Thus in both cases we proved that if k < m+ 1, then k ¢ A, establishing the induction
hypothesis. This concludes the induction and the proof of Theorem 5.3. O

Theorem 5.3 yields another induction principle which is often more flexible than
our original induction principle. This principle, called complete induction (or some-
times strong induction), was already encountered in Section 2.3. It turns out that it
is a special case of induction on a well-ordered set but it does not hurt to review it
in the special case of the natural ordering on N. Recall that N, = N —{0}.

Complete Induction Principle on N.
In order to prove that a predicate P(n) holds for all n € N it is enough to prove that

(1) P(0) holds (the base case).
(2) For every m € N, if (Vk € N)(k <m = P(k)) then P(m).

As a formula, complete induction is stated as

P(0) A (Vm € N3 )[(Vk € N)(k <m = P(k)) = P(m)] = (Vn € N)P(n).
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The difference between ordinary induction and complete induction is that in com-
plete induction, the induction hypothesis (Vk € N)(k <m = P(k)) assumes that P(k)
holds for all k£ < m and not just for m — 1 (as in ordinary induction), in order to de-
duce P(m). This gives us more proving power as we have more knowledge in order
to prove P(m).

We have many occasions to use complete induction but let us first check that it
is a valid principle. Even though we already sketched how the validity of complete
induction is a consequence of the (ordinary) induction principle (Version 3) on N
in Section 2.3 and we soon give a more general proof of the validity of complete
induction for a well-ordering, we feel that it is helpful to give the proof in the case
of N as a warm-up.

Theorem 5.4. The complete induction principle for N is valid.

Proof. Let P(n) be a predicate on N and assume that P(n) satisfies Conditions (1)
and (2) of complete induction as stated above. We proceed by contradiction. So,
assume that P(n) fails for some n € N. If so, the set

F = {n e N|P(n) = false}
is nonempty. By Theorem 5.3, the set A has a least element m and thus
P(m) = false.

Now, we can’t have m = 0, as we assumed that P(0) holds (by (1)) and because m
is the least element for which P(m) = false, we must have

P(k) = true for all k < m.

But, this is exactly the premise in (2) and as we assumed that (2) holds, we deduce
that
P(m) = true,

contradicting the fact that we already know that P(m) = false. Therefore, P(n) must
hold foralln € N. O

Remark: In our statement of the principle of complete induction, we singled out
the base case (1), and consequently we stated the induction step (2) for every m €
N, excluding the case m = 0, which is already covered by the base case. It is also
possible to state the principle of complete induction in a more concise fashion as
follows.

(Vm € N)[(Vk € N)(k < m= P(k)) = P(m)] = (Vn € N)P(n).

In the above formula, observe that when m = 0, which is now allowed, the premise
(Vk € N)(k < m = P(k)) of the implication within the brackets is trivially true and
so, P(0) must still be established. In the end, exactly the same amount of work is
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required but some people prefer the second more concise version of the principle
of complete induction. We feel that it would be easier for the reader to make the
transition from ordinary induction to complete induction if we make explicit the
fact that the base case must be established.

Let us illustrate the use of the complete induction principle by proving that every
natural number factors as a product of primes. Recall that for any two natural num-
bers, a,b € N with b # 0, we say that b divides a iff a = bq, for some g € N. In this
case, we say that a is divisible by b and that b is a factor of a. Then, we say that a
natural number p € N is a prime number (for short, a prime) if p > 2 and if p is only
divisible by itself and by 1. Any prime number but 2 must be odd but the converse
is false. For example, 2,3,5,7,11,13,17 are prime numbers, but 9 is not. There are
infinitely many prime numbers but to prove this, we need the following theorem.

Theorem 5.5. Every natural number n > 2 can be factored as a product of primes;
that is, n can be written as a product n = prl"1 -~~pkmk, where the p;s are pairwise
distinct prime numbers and m; > 1 (1 <i <k).

Proof. We proceed by complete induction on n > 2. The base case, n = 2 is trivial,
inasmuch as 2 is prime.

Consider any n > 2 and assume that the induction hypothesis holds; that is, every
m with 2 < m < n can be factored as a product of primes. There are two cases.

(a) The number 7 is prime. Then, we are done.

(b) The number n is not a prime. In this case, n factors as n = nyny, where
2 < ny,ny < n. By the induction hypothesis, n; has some prime factorization
and so does ny. If {py,...,pi} is the union of all the primes occurring in these
factorizations of n; and n,, we can write

m=p\pf and my=pi-pk
where iy, j, > 0 and, in fact, i, + j, > 1, for 1 < h < k. Consequently, n factors
as the product of primes,

in+j .

_ ikt Jk
n= pl )

Py

with i, + j, > 1, establishing the induction hypothesis. O

For example, 21 = 3'.7', 98 =2!.72, and 396 = 22-33 - 11.

Remark: The prime factorization of a natural number is unique up to permutation
of the primes py,..., p; but this requires the Euclidean division lemma. However,
we can prove right away that there are infinitely primes.

Theorem 5.6. Given any natural number n > 1 there is a prime number p such that
p > n. Consequently, there are infinitely many primes.

Proof. Letm =n!+1.1If mis prime, we are done. Otherwise, by Theorem 5.5, the
number m has a prime decomposition. We claim that p > n for every prime p in this
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decomposition. If not, 2 < p < n and then p would divide both n! + 1 and n!, so p
would divide 1, a contradiction. O

As an application of Theorem 5.3, we prove the Euclidean division lemma for
the integers.

Theorem 5.7. (Euclidean Division Lemma for 7,) Given any two integers a,b € Z,
with b # 0, there is some unique integer q € Z (the quotient) and some unique
natural number r € N (the remainder or residue), so that

a=bg+r with 0<r<|bl.

Proof. First, let us prove the existence of ¢ and » with the required condition on r.
We claim that if we show existence in the special case where a,b € N (with b # 0),
then we can prove existence in the general case. There are four cases:

1. If a,b € N, with b # 0, then we are done.
2. Ifa>0and b <0, then —b > 0, so we know that there exist ¢, r with

a=(=b)g+r with 0<r<-b-1.

Then,
a=b(—q)+r with 0<r<|b|—1.

3. Ifa<0andb >0, then —a > 0, so we know that there exist ¢, r with
—a=bg+r with 0<r<b—1.

Then,

a=b(—q)—r with 0<r<b-—1.
If r =0, we are done. Otherwise, 1 <r <b—1, whichimplies 1 <b—r<b—1,
So we get

a=b(—q)—b+b—r=b(—(q+1))+b—r with 0<b—r<b-1.

4. Ifa<0and b <0, then —a > 0 and —b > 0, so we know that there exist g,r
with
—a=(=b)g+r with 0<r<-b-—1.
Then,
a=bg—r with 0<r<-—-b—1.

If r =0, we are done. Otherwise, 1 <r < —b— 1, which implies | < —b—r <
—b—1, so we get

a=bqg+b—b—r=>b(g+1)+(=b—r) with 0<—-b—r<|b|—1.

We are now reduced to proving the existence of ¢ and r when a,b € N with b # 0.
Consider the set
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R={a—bgeN|qgeN}.

Note that a € R by setting g = 0, because a € N. Therefore, R is nonempty. By
Theorem 5.3, the nonempty set R has a least element . We claim that » < b — 1 (of
course, r > 0 as R C N). If not, then » > b, and so r —b > 0. As r € R, there is some
q € N with r = a — bq. But now, we have

r—=b=a—bqg—b=a—b(g+1)

and as r — b > 0, we see that r — b € R with r — b < r (because b # 0), contradicting
the minimality of r. Therefore, 0 < r < b — 1, proving the existence of g and r with
the required condition on r.

We now go back to the general case where a,b € Z with b # 0 and we prove
uniqueness of g and r (with the required condition on r). So, assume that

a=bqi+ri=bgx+r, with 0<r <|b|—1 and 0<r, <|b|—1.

Now, as 0 <r; < |b|—1and 0 < ry < |b| — 1, we have |r] — | < |b
bqgi +ry = bgy + ry, we get

, and from

b(qx—q1) =r1—r2,
which yields
bllg2 —q1] = |r1 —r2].

Because |r; — 2| < |b|, we must have r; = ry. Then, from b(g2 —gq1) =r1 —r, =0,
as b # 0, we get g = g2, which concludes the proof. 0O

For example, 12 =5-2+2, 200 =5-404 0, and 42823 = 6409 x 6 + 4369.
The remainder r in the Euclidean division, a = bg + r, of a by b, is usually denoted
amodb.

We now show that complete induction holds for a very broad class of partial
orders called well-founded orderings that subsume well-orderings.

Definition 5.7. Given a poset (X, <), we say that < is a well-founded ordering (or-
der) and that X is well founded iff X has no infinite strictly decreasing sequence
X0 > X1 >X2> > Xp > Xl >0

The following property of well-founded sets is fundamental.

Proposition 5.4. A poset (X, <) is well founded iff every nonempty subset of X has
a minimal element.

Proof. First, assume that every nonempty subset of X has a minimal element. If
we had an infinite strictly decreasing sequence, xo > x; > xp > --- > X, > ---, then
the set A = {x,,} would have no minimal element, a contradiction. Therefore, X is
well founded.

Now, assume that X is well founded. We prove that A has a minimal element
by contradiction. So, let A be some nonempty subset of X and suppose A has no
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minimal element. This means that for every a € A, there is some b € A with a > b.
Using the axiom of choice (graph version), there is some function g: A — A with
the property that

a> g(a), forall a € A.

Inasmuch as A is nonempty, we can pick some element, say a € A. By the recursion
Theorem (Theorem 2.1), there is a unique function f: N — A so that

f(o) =a,
f(n+1) =g(f(n)) forall n € N.

But then, f defines an infinite sequence {x,} with x, = f(n), so that x,, > x, 4 for
all n € N, contradicting the fact that X is well founded. O

So, the seemingly weaker condition that there is no infinite strictly decreasing
sequence in X is equivalent to the fact that every nonempty subset of X has a minimal
element. If X is a total order, any minimal element is actually a least element and so
we get the following.

Corollary 5.1. A poset, (X, <), is well-ordered iff < is total and X is well founded.

Note that the notion of a well-founded set is more general than that of a well-
ordered set, because a well-founded set is not necessarily totally ordered.

Remark: Suppose we can prove some property P by ordinary induction on N.
Then, I claim that P can also be proved by complete induction on N. To see this,
observe first that the base step is identical. Also, for all m € N, the implication

(Vk € N)(k < m = P(k)) = P(m—1)

holds and because the induction step (in ordinary induction) consists in proving for
all m € N that
P(m—1) = P(m)

holds, from this implication and the previous implication we deduce that for all
m € Ny, the implication

(Vk € N)(k < m = P(k)) = P(m)

holds, which is exactly the induction step of the complete induction method. So, we
see that complete induction on N subsumes ordinary induction on N. The converse
is also true but we leave it as a fun exercise. But now, by Theorem 5.3 (ordinary)
induction on N implies that N is well-ordered and by Theorem 5.4, the fact that
N is well-ordered implies complete induction on N. We just showed that complete
induction on N implies (ordinary) induction on N, therefore we conclude that all
three are equivalent; that is,

(ordinary) induction on N is valid
iff
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complete induction on N is valid
iff
N is well-ordered.
These equivalences justify our earlier claim that the ability to do induction hinges
on some key property of the ordering, in this case, that it is a well-ordering.

We finally come to the principle of complete induction (also called transfinite
induction or structural induction), which, as we prove, is valid for all well-founded
sets. Every well-ordered set is also well-founded, thus complete induction is a very
general induction method.

Let (X, <) be a well-founded poset and let P be a predicate on X (i.e., a function
P: X — {true, false}).

Principle of Complete Induction on a Well-Founded Set.
To prove that a property P holds for all z € X, it suffices to show that, for every
xeX,

(%) If x is minimal or P(y) holds for all y < x,
(#%) Then P(x) holds.

The statement (x) is called the induction hypothesis, and the implication
for all x, (%) implies (xx) is called the induction step. Formally, the induction
principle can be stated as:

(VxeX)[(WweX)y<x=P(y))=Px)]= Vze X)P(z) (ChH

Note that if x is minimal, then there is no y € X such that y < x, and
(Vy € X)(y < x = P(y)) is true. Hence, we must show that P(x) holds for every
minimal element x. These cases are called the base cases.

Complete induction is not valid for arbitrary posets (see the problems) but holds
for well-founded sets as shown in the following theorem.

Theorem 5.8. The principle of complete induction holds for every well-founded set.
Proof. We proceed by contradiction. Assume that (CI) is false. Then,
(vx e X)[(Vy e X)(y <x= P(y)) = P(x)] (M

holds and
(Vz€ X)P(2) 2

is false, that is, there is some z € X so that
P(z) = false.
Hence, the subset F of X defined by

F ={xe€ X | P(x) =false}
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is nonempty. Because X is well founded, by Proposition 5.4, F has some minimal
element b. Because (1) holds for all x € X, letting x = b, we see that

[(Vy€X)(y <b= P(y)) = P(b)] A3)
holds. If b is also minimal in X, then there is no y € X such that y < » and so,
(WyeX)(y<b=P(y))

holds trivially and (3) implies that P(b) = true, which contradicts the fact thatb € F.
Otherwise, for every y € X such that y < b, P(y) = true, because otherwise y would
belong to F' and b would not be minimal. But then,

(WyeX)(y<b=P(y))

also holds and (3) implies that P(b) = true, contradicting the fact that b € F. Hence,
complete induction is valid for well-founded sets. O

As an illustration of well-founded sets, we define the lexicographic ordering on
pairs. Given a partially ordered set (X, <), the lexicographic ordering << on X x X
induced by < is defined as follows. For all x,y,x",y' € X,

(x,y) << (¥,y') iff either

!/ !/
x=x and y=y or
x<x or

x=x and y<y.

We leave it as an exercise to check that << is indeed a partial order on X x X.
The following proposition is useful.

Proposition 5.5. If (X, <) is a well-founded set, then the lexicographic ordering
<< on X x X is also well-founded.

Proof. We proceed by contradiction. Assume that there is an infinite decreasing
sequence ({x;,y;)); in X x X. Then, either,

(1) There is an infinite number of distinct x;, or
(2) There is only a finite number of distinct x;.

In case (1), the subsequence consisting of these distinct elements forms a de-
creasing sequence in X, contradicting the fact that < is well-founded. In case (2),
there is some k such that x; = x;; 1, for all i > k. By definition of <<, the sequence
(yi)i>k is a decreasing sequence in X, contradicting the fact that < is well-founded.
Hence, << is well-founded on X x X. O

As an illustration of the principle of complete induction, consider the following
example in which it is shown that a function defined recursively is a total function.



278 5 Partial Orders, GCDs, RSA, Lattices

Example (Ackermann’s Function) The following function, A: N x N — N,
known as Ackermann’s function is well known in recursive function theory for its
extraordinary rate of growth. It is defined recursively as follows.

A(x,y) = ifx=0theny+1
elseify = OthenA(x—1,1)
elseA(x—1,A(x,y—1)).

We wish to prove that A is a total function. We proceed by complete induction
over the lexicographic ordering on N x N.

1. The base case is x = 0, y = 0. In this case, because A(0,y) =y+ 1, A(0,0) is
defined and equal to 1.

2. The induction hypothesis is that for any (m,n), A(m’,n’) is defined for all
(m',n'") << (m,n), with (m,n) # (m',n).

3. For the induction step, we have three cases:

a. If m =0, because A(0,y) =y+ 1, A(0,n) is defined and equal to n+ 1.

b. If m # 0 and n = 0, because (m—1,1) << (m,0) and (m—1,1) # (m,0),
by the induction hypothesis, A(m —1,1) is defined, and so A(m,0) is de-
fined because it is equal to A(m — 1, 1).

c. If m# 0and n# 0, because (m,n—1) << (m,n) and (m,n—1) # (m,n),
by the induction hypothesis, A(m,n— 1) is defined. Because (m—1,y) <<
(m,z) and (m — 1,y) # (m,z) no matter what y and z are,
(m—1,A(m,n—1)) << (m,n) and (m—1,A(m,n— 1)) # (m,n), and by
the induction hypothesis, A(m — 1,A(m,n— 1)) is defined. But this is pre-
cisely A(m,n), and so A(m,n) is defined. This concludes the induction
step.

Hence, A(x,y) is defined for all x,y > 0. O

5.4 Unique Prime Factorization in Z and GCDs

In the previous section, we proved that every natural number n > 2 can be factored as
a product of primes numbers. In this section, we use the Euclidean division lemma
to prove that such a factorization is unique. For this, we need to introduce greatest
common divisors (gcds) and prove some of their properties.

In this section, it is convenient to allow O to be a divisor. So, given any two
integers, a,b € Z, we say that b divides a and that a is a multiple of b iff a = bgq,
for some g € Z. Contrary to our previous definition, b = 0 is allowed as a divisor.
However, this changes very little because if O divides a, then a = Og = 0; that is, the
only integer divisible by 0 is 0. The notation b | a is usually used to denote that b
divides a. For example, 3 | 21 because 21 =2-7, 5 | —20 because —20 = 5-(—4)
but 3 does not divide 20.
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We begin by introducing a very important notion in algebra, that of an ideal due
to Richard Dedekind, and prove a fundamental property of the ideals of Z.

Fig. 5.8 Richard Dedekind, 1831-1916

Definition 5.8. An ideal of Z is any nonempty subset J of Z satisfying the following
two properties.

(ID1) Ifa,b € J,thenb—a € 7.
(ID2) If a € 7, then ak € J for every k € Z.

An ideal J is a principal ideal if there is some a € J, called a generator, such that
J={ak | k € Z}. The equality J = {ak | k € Z} is also written as J = aZ or as
J = (a). The ideal J = (0) = {0} is called the null ideal.

Note that if J is an ideal, then J = Z iff 1 € J. Because by definition, an ideal J is
nonempty, there is some a € J, and by (ID1) we get 0 = a —a € J. Then, for every
ac€J,since 0 € J, by (ID1) we get —a € J.

Theorem 5.9. Every ideal J of Z is a principal ideal; that is, 3 = mZ for some
unique m € N, withm > 0 iff 3 # (0).

Proof. Note that J = (0) iff J = 0Z and the theorem holds in this case. So, assume
that J # (0). Then, our previous observation that —a € J for every a € J implies
that some positive integer belongs to J and so, the set JN N is nonempty. As N is
well ordered, this set has a smallest element, say m > 0. We claim that J = mZ.

As m € J, by (ID2), mZ C J. Conversely, pick any n € J. By the Euclidean
division lemma, there are unique g € Z and r € N so that n = mg+r, with 0 <r < m.
If r > 0, because m € J, by (ID2), mq € J, and by (ID1), we get r =n—mgq € J.
Yet r < m, contradicting the minimality of m. Therefore, r = 0, so n = mq € mZ,
establishing that J C mZ and thus, J = mZ, as claimed. As to uniqueness, clearly
(0) # mZ if m # 0, so assume mZ = m'Z, with m > 0 and m’ > 0. Then, m divides
m' and m’ divides m, but we already proved earlier that this implies m = m/. O

Theorem 5.9 is often phrased: Z is a principal ideal domain, for short, a PID.
Note that the natural number m such that J = mZ is a divisor of every element in J.
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Corollary 5.2. For any two integers, a,b € 7, there is a unique natural number
d € N, and some integers u,v € 7, so that d divides both a and b and

ua-+vb=d.
(The above is called the Bézout identity.) Furthermore, d =0 iffa =0 and b = 0.
Proof. It is immediately verified that
J={ha+kb|hkeZ}

is an ideal of Z with a,b € J. Therefore, by Theorem 5.9, there is a unique d € N, so
that J = dZ. We already observed that d divides every number in J so, as a,b € J,
we see that d divides a and b. If d = 0, as d divides a and b, we must have a = b = 0.
Conversely, ifa=b=0,thend =ua+bv=0. O

Given any nonempty finite set of integers S = {ay,...,a,}, it is easy to verify
that the set
J={kia1+ - +kuay | k1,....kn €Z}

is an ideal of Z and, in fact, the smallest (under inclusion) ideal containing S. This
ideal is called the ideal generated by S and it is often denoted (ay,...,a,). Corollary
5.2 can be restated by saying that for any two distinct integers, a,b € Z, there is
a unique natural number d € N, such that the ideal (a,b), generated by a and b is
equal to the ideal dZ (also denoted (d)), that is,

(a,b) =dZ.

This result still holds when a = b; in this case, we consider the ideal (a) = (b). With
a slight (but harmless) abuse of notation, when a = b, we also denote this ideal by
(a,b).

Fig. 5.9 Etienne Bézout, 1730-1783

The natural number d of Corollary 5.2 divides both a and b. Moreover, every
divisor of a and b divides d = ua + vb. This motivates the next definition.
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Definition 5.9. Given any two integers a,b € Z, an integer d € Z is a greatest com-
mon divisor of a and b (for short, a gcd of a and b) if d divides a and b and, for
any integer, h € Z, if h divides a and b, then h divides d. We say that a and b are
relatively prime if 1 is a gcd of a and b.

Remarks:

1. If a = b = 0 then any integer d € Z is a divisor of 0. In particular, O divides
0. According to Definition 5.9, this implies gcd(0,0) = 0. The ideal generated
by 0 is the trivial ideal (0), so ged(0,0) = 0 is equal to the generator of the
zero ideal, (0).

If a # 0 or b # 0, then the ideal (a,b), generated by a and b is not the zero
ideal and there is a unique integer, d > 0, such that

(a,b) = dZ.

For any ged d’, of a and b, because d divides a and b we see that d must divide
d'. As d’ also divides a and b, the number d’ must also divide d. Thus, d = d'q’
and d’ = dq for some q,q' € Z and so, d = dgq’ which implies gg’ = 1 (inas-
much as d # 0). Therefore, d’ = +d. So, according to the above definition,
when (a,b) # (0), geds are not unique. However, exactly one of &’ or —d’
is positive and equal to the positive generator d, of the ideal (a,b). We refer
to this positive ged as “the” ged of @ and b and write d = ged(a, b). Observe
that ged(a,b) = ged(b,a). For example, ged(20,8) = 4, ged(1000,50) = 50,
gcd(42823,6409) = 17, and ged(5,16) = 1.

2. Another notation commonly found for ged(a,b) is (a,b), but this is confusing
because (a,b) also denotes the ideal generated by « and b.

3. Observe that if d = ged(a,b) # 0, then d is indeed the largest positive common
divisor of a and b because every divisor of a and b must divide d. However,
we did not use this property as one of the conditions for being a gcd because
such a condition does not generalize to other rings where a total order is not
available. Another minor reason is that if we had used in the definition of a
gcd the condition that gcd(a,b) should be the largest common divisor of a and
b, as every integer divides 0, ged(0,0) would be undefined.

4. If a = 0 and b > 0, then the ideal (0,b), generated by 0 and b, is equal to the
ideal (b) = bZ, which implies ged(0,b) = b and similarly, if a > 0 and b =0,
then ged(a,0) = a.

Let p € N be a prime number. Then, note that for any other integer n, if p does
not divide n, then ged(p,n) = 1, as the only divisors of p are 1 and p.

Proposition 5.6. Given any two integers a,b € 7 a natural number d € N is the
greatest common divisor of a and b iff d divides a and b and if there are some
integers, u,v € Z, so that

ua+vb=d. (Bézout identity)

In particular, a and b are relatively prime iff there are some integers u,v € 7, so that
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ua+vb=1. (Bézout identity)

Proof. We already observed that half of Proposition 5.6 holds, namely if d € N
divides a and b and if there are some integers u,v € Z so that ua +vb = d, then d is
the gcd of a and b. Conversely, assume that d = gcd(a,b). If d =0, thena=b=0
and the proposition holds trivially. So, assume d > 0, in which case (a,b) # (0). By
Corollary 5.2, there is a unique m € N with m > 0 that divides a and b and there are
some integers u,v € Z so that

ua—+vb =m.

But now m is also the (positive) gcd of a and b, so d = m and our proposition holds.
Now, a and b are relatively prime iff gcd(a,b) = 1 in which case the condition that
d = 1divides a and b is trivial. O

The ged of two natural numbers can be found using a method involving Euclidean
division and so can the numbers u and v (see Problems 5.18 and 5.19). This method
is based on the following simple observation.

Proposition 5.7. If a,b are any two positive integers with a > b, then for every k € Z,
gcd(a,b) = ged(b,a —kb).
In particular,
gcd(a,b) = ged(b,a —b) = ged(b,a+b),

and if a = bq + r is the result of performing the Euclidean division of a by b, with
0<r<b, then
gcd(a,b) = ged(b,r).

Proof. We claim that
(aab) = (b7a_kb)7

where (a,b) is the ideal generated by a and b and (b,a — kb) is the ideal generated
by b and a — kb. Recall that
(a,b) = {kia+kob | k1,k € Z},

and similarly for (b,a — kb). Because a = a — kb + kb, we have a € (b,a — kb), so
(a,b) C (b,a—kb). Conversely, we have a — kb € (a,b) and so, (b,a—kb) C (a,b).
Therefore, (a,b) = (b,a — kb), as claimed. But then, (a,b) = (b,a — kb) = dZ for a
unique positive integer d > 0, and we know that

gcd(a,b) = ged(b,a—kb) =d,

as claimed. The next two equations correspond to k = 1 and k = —1. When a =
bq+r, we have r = a — bq, so the previous result applies withk =¢. O

Using the fact that gcd(a,0) = a, we have the following algorithm for finding the
gcd of two natural numbers a, b, with (a,b) # (0,0).
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Euclidean Algorithm for Finding the ged.
The input consists of two natural numbers m, n, with (m,n) # (0,0).

begin
a:=m;b:=n;
if a < b then
t:=b;b:=a;a:=t;(swap a and b)
while b # 0 do
r:=a mod b; (divide a by b to obtain the remainder r)
a:=b;b:=r
endwhile;
gcd(m,n) :==a
end

In order to prove the correctness of the above algorithm, we need to prove two
facts:

1. The algorithm always terminates.
2. When the algorithm exits the while loop, the current value of a is indeed
gcd(m,n).

The termination of the algorithm follows by induction on min{m,n}. Without
loss of generality, we may assume that m > n. If n = 0, then b = 0, the body of
the while loop is not even entered and the algorithm stops. If n > 0, then b > 0,
we divide m by n, obtaining m = gn +r, with 0 < r < n and we set a to n and b
to r. Because r < n, we have min{n,r} = r < n = min{m,n}, and by the induction
hypothesis, the algorithm terminates.

The correctness of the algorithm is an immediate consequence of Proposition
5.7. During any round through the while loop, the invariant ged(a,b) = ged(m,n) is
preserved, and when we exit the while loop, we have

a = ged(a,0) = ged(m,n),

which proves that the current value of a when the algorithm stops is indeed
gcd(m,n).

Let us run the above algorithm for m = 42823 and n = 6409. There are five
division steps:

42823 = 6409 x 6+ 4369
6409 = 4369 x 142040
4369 = 2040 x 24289

2040 =289 x 7+ 17
289 = 17x17+0,

so we find that



284 5 Partial Orders, GCDs, RSA, Lattices

gcd(42823,6409) = 17.

You should also use your computation to find numbers x,y so that
42823x 46409y = 17.

Check that x = —22 and y = 147 work.

The complexity of the Euclidean algorithm to compute the gcd of two natural
numbers is quite interesting and has a long history. It turns out that Gabriel Lamé
published a paper in 1844 in which he proved that if m > n > 0, then the number of
divisions needed by the algorithm is bounded by 56 + 1, where 6 is the number of
digits in n. For this, Lamé realized that the maximum number of steps is achieved by
taking m and n to be two consecutive Fibonacci numbers (see Section 5.8). Dupré, in
a paper published in 1845, improved the upper bound to 4.7858 + 1, also making use
of the Fibonacci numbers. Using a variant of Euclidean division allowing negative
remainders, in a paper published in 1841, Binet gave an algorithm with an even
better bound: (10/3)68 + 1. For more on these bounds, see Problems 5.18, 5.20, and
5.51. (It should observed that Binet, Lamé, and Dupré do not count the last division
step, so the term +1 is not present in their upper bounds.)

The Euclidean algorithm can be easily adapted to also compute two integers, x
and y, such that

mx+ny = gcd(m,n);

see Problem 5.18. Such an algorithm is called the extended Euclidean algorithm.
Another version of an algorithm for computing x and y is given in Problem 5.19.
What can be easily shown is the following proposition.

Proposition 5.8. The number of divisions made by the Euclidean algorithm for gcd
applied to two positive integers m,n, with m > n, is at most log, m+1og, n.

Proof. We claim that during every round through the while loop, we have
br < ! b
r < —ab.
2

Indeed, as a > b, we have a = bg+r, withg > 1and 0 <r < b,soa > b+r > 2r,
and thus

1
br < —ab,
r<sa
as claimed. But then, if the algorithm requires & divisions, we get
1
0< ?mn,
which yields mn > 2F and by taking logarithms, k < log, m +logyn. O

The exact role played by the Fibonacci numbers in figuring out the complexity
of the Euclidean algorithm for gcd is explored in Problem 5.51.
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We now return to Proposition 5.6 as it implies a very crucial property of divisi-
bility in any PID.

Proposition 5.9. (Euclid’s proposition) Let a,b,c € 7 be any integers. If a divides
bc and a is relatively prime to b, then a divides c.

Proof. From Proposition 5.6, a and b are relatively prime iff there exist some inte-
gers u,v € 7 such that
ua+vb=1.

Then, we have
uac+vbc = c,

and because a divides bc, it divides both uac and vbe and so, a divides ¢. O

Fig. 5.10 Euclid of Alexandria, about 325 BC—about 265 BC

In particular, if p is a prime number and if p divides ab, where a,b € Z are
nonzero, then either p divides a or p divides b because if p does not divide a, by a
previous remark, then p and a are relatively prime, so Proposition 5.9 implies that
p divides c.

Proposition 5.10. Let a,by,...,b,, € Z be any integers. If a and b; are relatively
prime for all i, with 1 <i < m, then a and b - - - by, are relatively prime.

Proof. We proceed by induction on m. The case m = 1 is trivial. Let c = by - - - by,.
By the induction hypothesis, a and c are relatively prime. Let d be the gcd of a and
bic. We claim that d is relatively prime to b;. Otherwise, d and b; would have some
gcd dy # 1 which would divide both a and by, contradicting the fact that @ and b, are
relatively prime. Now, by Proposition 5.9, d divides b;c and d and b; are relatively
prime, thus d divides ¢ = b, - - - b,,,. But then, d is a divisor of a and ¢, and because
a and c are relatively prime, d = 1, which means that a and by - - - b, are relatively
prime. 0O

One of the main applications of the Euclidean algorithm is to find the inverse of
a number in modular arithmetic, an essential step in the RSA algorithm, the first and
still widely used algorithm for public-key cryptography.
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Given any natural number p > 1, we can define a relation on Z, called congru-
ence, as follows.
n=m(mod p)

iff p | n—m; that is, iff n = m+ pk, for some k € Z. We say that m is a residue of n
modulo p.

The notation for congruence was introduced by Carl Friedrich Gauss (1777-
1855), one of the greatest mathematicians of all time. Gauss contributed signifi-
cantly to the theory of congruences and used his results to prove deep and funda-
mental results in number theory.

Fig. 5.11 Carl Friedrich Gauss, 1777-1855

If n > 1 and n and p are relatively prime, an inverse of n modulo p is a number
s > 1 such that
ns =1 (mod p).

Using Proposition 5.9 (Euclid’s proposition), it is easy to see that that if s; and s, are
both an inverse of n modulo p, then s; = 57 (mod p). Finding an inverse of n modulo
p means finding some integers x, y, so that nx = 1+ py, that is, nx — py = 1, therefore
we can find x and y using the extended Euclidean algorithm; see Problems 5.18 and
5.19.If p=1, we can pick x =1 and y =n—1 and 1 is the smallest positive inverse
of n modulo 1. Let us now assume that p > 2. Using Euclidean division (even if x is
negative), we can write
X=pq+tr,

where 1 < r < p (r # 0 because otherwise p > 2 would divide 1), so that

nx—py =n(pq+r)—py=nr—p(y—nq) =1,

and r is the unique inverse of n modulo p such that 1 <r < p.
We can now prove the uniqueness of prime factorizations in N. The first rigorous
proof of this theorem was given by Gauss.

Theorem 5.10. (Unique Prime Factorization in N) For every natural number a > 2,
there exists a unique set {(p1,k1),...,{Pm,km)}, where the p;s are distinct prime
numbers and the k;s are (not necessarily distinct) integers, with m > 1, k; > 1, so
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that
k -
a = pll .. pm .
Proof. The existence of such a factorization has already been proved in Theorem
5.5.
Let us now prove uniqueness. Assume that

_ ki k, _ h
a=p/'--py and a=gq,'---q,".

Thus, we have ; ,
Pt =gyt g
We prove that m = n, p; = g;, and h; = k;, for all i, with 1 <i < n. The proof proceeds
by induction on Ay + - -+ + hy,.
Ifhy4+---+h,=1,thenn=1and h; = 1. Then,

k] k
Py P =4,

and because ¢ and the p; are prime numbers, we must have m = 1 and p; = ¢ (a
prime is only divisible by 1 or itself).
If hy +---+h, > 2, because h; > 1, we have

k
Pl Pl = qug,

with
hi—1 hn
a=q;" g

where (hy —1)+---+h, > 1 (and qll“fl = 1if hy = 1). Now, if q| is not equal to any

of the p;, by a previous remark, ¢g; and p; are relatively prime, and by Proposition
5.10, g1 and p’f‘ pf,’l" are relatively prime. But this contradicts the fact that ¢;

divides p]fl ... pkm_Thus, g1 is equal to one of the p;. Without loss of generality, we
can assume that ¢ = p;. Then, as ¢q; # 0, we get

-1 hl*1 hp

k
pll pﬁq’":ql ...q”,
where pi' ' = 1if ky = 1, and ¢' ' = 1if hy = 1. Now, (hy — 1) + -+ Iy <
hi+---+h,, and we can apply the induction hypothesis to conclude that m = n,
pi=qiand hj =k;, with 1 <i<n. 0O

Theorem 5.10 is a basic but very important result of number theory and it has
many applications. It also reveals the importance of the primes as the building blocks
of all numbers.

Remark: Theorem 5.10 also applies to any nonzero integer a € Z — {—1,+1}, by
adding a suitable sign in front of the prime factorization. That is, we have a unique
prime factorization of the form

k
a==+py pf;’”
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Theorem 5.10 shows that Z is a unique factorization domain, for short, a UFD.
Such rings play an important role because every nonzero element that is not a unit
(i.e., which is not invertible) has a unique factorization (up to some unit factor) into
so-called irreducible elements which generalize the primes.

Readers who would like to learn more about number theory are strongly advised
to read Silverman’s delightful and very “friendly” introductory text [15]. Another
excellent but more advanced text is Davenport [3] and an even more comprehensive
book (and a classic) is Niven, Zuckerman, and Montgomery [12]. For those inter-
ested in the history of number theory (up to Gauss), we highly recommend Weil
[17], a fascinating book (but no easy reading).

In the next section, we give a beautiful application of the pigeonhole principle to
number theory due to Dirichlet (1805-1949).

5.5 Dirichlet’s Diophantine Approximation Theorem

The pigeonhole principle (see Section 2.9) was apparently first stated explicitly by
Dirichlet in 1834. Dirichlet used the pigeonhole principle (under the name Schub-
fachschluf) to prove a fundamental theorem about the approximation of irrational
numbers by fractions (rational numbers). The proof is such a beautiful illustration

Fig. 5.12 Johan Peter Gustav Lejeune Dirichlet, 1805-1859

of the use of the pigeonhole principle that we can’t resist presenting it. Recall that a
real number o € R is irrational iff it cannot be written as a fraction p/g € Q.

Theorem 5.11. (Dirichlet) For every positive irrational number o > 0, there are
infinitely many pairs of positive integers, (x,y), such that gcd(x,y) = 1 and

1
Ix—yal < —.
y

Proof. Pick any positive integer m such that m > 1/ ¢, and consider the numbers

0, a,2a,3a, -+ ,ma.
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We can write each number in the above list as the sum of a whole number (a natural
number) and a decimal real part, between 0 and 1, say

0=No+Fp

a=N+F
20=N,+F,
3a=N:+F;
mo = Ny, + F,,

with Ng=Fy=0,N; € N,and 0 < F; < 1, fori =1,...,m. Observe that there are
m+ 1 numbers Fy, ..., F,. Consider the m “boxes” consisting of the intervals

i+1

{teR‘l§t< }, 0<i<m-—1.
m

There are m+ 1 numbers F;, and only m intervals, thus by the pigeonhole principle,
two of these numbers must be in the same interval, say F; and Fj, fori < j. As

i i+1
LR <

m m

we must have |
F—F;| < —

IFi-Fjl< -

and because iot = N; + F; and ja = N; + F}, we conclude that
lia— Ny — (jo—N,)| < —
it —N: — _N; .
i J J m
that is,
o 1
|Nj—N,~—(]—l)Ot|<E.
Note that 1 < j—i < m and so, if N; — N; = 0, then

1

1
o< -,
(j—i)m — m

which contradicts the hypothesis m > 1/a. Therefore, x = N; —N; > 0 and y =
Jj —i> 0 are positive integers such that y < m and

1
|x—yo| < —.
m

If ged(x,y) = d > 1, then write x = dx’, y = dy’, and divide both sides of the above
inequality by d to obtain
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X —yal| < 1 < !
md m
with ged(x',y") = 1 and y' < m. In either case, we proved that there exists a pair of

positive integers (x,y), with y < m and gcd(x,y) = 1 such that
1
|x—yal < —.
m
However, y < m, so we also have

< -,

1
|x—yo| < —
m

<=

as desired.
Suppose that there are only finitely many pairs (x,y) satisfying gcd(x,y) = 1 and

1
|x—yor| < —.
y

In this case, there are finitely many values for |x — yot| and thus, the minimal value
of |x — ya| is achieved for some (xp,yo). Furthermore, as « is irrational, we have
0 < |xo — yoar|. However, if we pick m large enough, we can find (x,y) such that
gcd(x,y) =1 and

1
lx—ya| < — < |x —yoor],
m

contradicting the minimality of |xo — ypct|. Therefore, there are infinitely many pairs
(x,y), satisfying the theorem. O

Note that Theorem 5.11 yields rational approximations for ¢, because after divi-
sion by y, we get

x a’ 1
y bl
For example,
355
T 3.1415929204,

a good approximation of
7w =3.1415926535. ..

The fraction
103993

33102

=3.1415926530

is even better.

Remark: Actually, Dirichlet proved his approximation theorem for irrational num-
bers of the form /D, where D is a positive integer that is not a perfect square, but
a trivial modification of his proof applies to any (positive) irrational number. One
should consult Dirichlet’s original proof in Dirichlet [5], Supplement VIII. This
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book was actually written by R. Dedekind in 1863 based on Dirichlet’s lectures,
after Dirichlet’s death. It is considered as one of the most important mathematics
book of the nineteenth century and it is a model of exposition for its clarity.

Theorem 5.11 only gives a brute-force method for finding x and y, namely, given
v, we pick x to be the integer closest to yot. There are better ways for finding rational
approximations based on continued fractions; see Silverman [15], Davenport [3], or
Niven, Zuckerman, and Montgomery [12].

It should also be noted that Dirichlet made another clever use of the pigeonhole
principle to prove that the equation (known as Pell’s equation)

xszy2 =1,

where D is a positive integer that is not a perfect square, has some solution (x,y),
where x and y are positive integers. Such equations had been considered by Fermat
around the 1640s and long before that by the Indian mathematicians, Brahmagupta
(598-670) and Bhaskaracharya (1114—1185). Surprisingly, the solution with the
smallest x can be very large. For example, the smallest (positive) solution of

K —6ly=1

is (x1,y1) = (1766319049, 226153980).

It can also be shown that Pell’s equation has infinitely many solutions (in pos-
itive integers) and that these solutions can be expressed in terms of the smallest
solution. For more on Pell’s equation, see Silverman [15] and Niven, Zuckerman,
and Montgomery [12].

We now take a well-deserved break from partial orders and induction and study
equivalence relations, an equally important class of relations.

5.6 Equivalence Relations and Partitions

Equivalence relations basically generalize the identity relation. Technically, the def-
inition of an equivalence relation is obtained from the definition of a partial order
(Definition 5.1) by changing the third condition, antisymmetry, to symmetry.

Definition 5.10. A binary relation R on a set X is an equivalence relation iff it is
reflexive, transitive, and symmetric, that is:

(1) (Reflexivity): aRa, for all a € X
(2) (Transitivity): If aRb and bRc, then aRc, for all a,b,c € X
(3) (symmetry): If aRb, then bRa, for all a,b € X

Here are some examples of equivalence relations.

1. The identity relation idx on a set X is an equivalence relation.
2. The relation X x X is an equivalence relation.
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3. Let S be the set of students in CIS160. Define two students to be equivalent iff
they were born the same year. It is trivial to check that this relation is indeed an
equivalence relation.

4. Given any natural number p > 1, recall that we can define a relation on Z as
follows,

n=m(modp)

iff p | n —m; that is, n = m+ pk, for some k € Z. It is an easy exercise to check
that this is indeed an equivalence relation called congruence modulo p.

5. Equivalence of propositions is the relation defined so that P = Q iff P = Q
and Q = P are both provable (say, classically). It is easy to check that logical
equivalence is an equivalence relation.

6. Suppose f: X — Y is a function. Then, we define the relation =, on X by

x=py iff f(x)=f()

It is immediately verified that = is an equivalence relation. Actually, we show
that every equivalence relation arises in this way, in terms of (surjective) func-
tions.

The crucial property of equivalence relations is that they partition their domain
X into pairwise disjoint nonempty blocks. Intuitively, they carve out X into a bunch
of puzzle pieces.

Definition 5.11. Given an equivalence relation R on a set X for any x € X, the set
[lr = {y € X | xRy}

is the equivalence class of x. Each equivalence class [x]g is also denoted Xg and the
subscript R is often omitted when no confusion arises. The set of equivalence classes
of R is denoted by X /R. The set X /R is called the quotient of X by R or quotient of
X modulo R. The function, 7: X — X /R, given by

7(x) = [x]g, x € X,
is called the canonical projection (or projection) of X onto X /R.

Every equivalence relation is reflexive, that is, xRx for every x € X, therefore
observe that x € [x]g for any x € R; that is, every equivalence class is nonempty. It
is also clear that the projection 7: X — X /R is surjective. The main properties of
equivalence classes are given by the following.

Proposition 5.11. Let R be an equivalence relation on a set X. For any two elements
x,y € X we have

xRy iff [x] =[]
Moreover, the equivalence classes of R satisfy the following properties.

(1) [x] #£0, forallx € X
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(2) If [x] # [Y] then [} N[y = 0
(3) X = Usex[x].

Proof. First, assume that [x] = [y]. We observed that by reflexivity, y € [y]. As
[x] = [y], we get y € [x] and by definition of [x], this means that xRy.

Next, assume that xRy. Let us prove that [y] C [x]. Pick any z € [y]; this means
that yRz. By transitivity, we get xRz; that is, z € [x], proving that [y] C [x]. Now, as
R is symmetric, xRy implies that yRx and the previous argument yields [x] C [y].
Therefore, [x] = [y], as needed.

Property (1) follows from the fact that x € [x] (by reflexivity).

Let us prove the contrapositive of (2). So, assume [x] N [y] # @. Thus, there is
some z so that z € [x] and z € [y]; that is,

xRz and yRz.

By symmetry, we get zRy and by transitivity, xRy. But then, by the first part of the
proposition, we deduce [x] = [y], as claimed.
The third property follows again from the fact that x € [x]. O

A useful way of interpreting Proposition 5.11 is to say that the equivalence
classes of an equivalence relation form a partition, as defined next.

Definition 5.12. Given a set X, a partition of X is any family IT = {X; };c;, of subsets
of X such that

(1) X; # 0, for all i € I (each X; is nonempty)
(2) If i # j then X; N X; = 0 (the X; are pairwise disjoint)
(3) X = U;¢; X; (the family is exhaustive).

Each set X; is called a block of the partition.

In the example where equivalence is determined by the same year of birth, each
equivalence class consists of those students having the same year of birth. Let us
now go back to the example of congruence modulo p (with p > 0) and figure out
what are the blocks of the corresponding partition. Recall that

m = n(mod p)

iff m —n = pk for some k € Z. By the division theorem (Theorem 5.7), we know
that there exist some unique ¢, r, with m = pg+r and 0 < r < p — 1. Therefore, for
every m € 7,

m=r(modp) with0<r<p-—1,

which shows that there are p equivalence classes, [0],[1],...,[p — 1], where the
equivalence class [r] (with 0 < r < p—1) consists of all integers of the form pg+r,
where g € Z, that is, those integers whose residue modulo p is r.

Proposition 5.11 defines a map from the set of equivalence relations on X to the
set of partitions on X. Given any set X, let Equiv(X) denote the set of equivalence
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relations on X and let Part(X) denote the set of partitions on X. Then, Proposition
5.11 defines the function IT: Equiv(X) — Part(X) given by,

II(R)=X/R={[x]r | x € X},

where R is any equivalence relation on X. We also write Ik instead of IT(R).
There is also a function % : Part(X) — Equiv(X) that assigns an equivalence
relation to a partition as shown by the next proposition.

Proposition 5.12. For any partition I1 = {X;}ic; on a set X, the relation 2(IT)
defined by
@)y iff (31 € I)(x,y € X)),

is an equivalence relation whose equivalence classes are exactly the blocks X;.

Proof. We leave this easy proof as an exercise to the reader. O

Putting Propositions 5.11 and 5.12 together we obtain the useful fact that there is
a bijection between Equiv(X) and Part(X). Therefore, in principle, it is a matter of
taste whether we prefer to work with equivalence relations or partitions. In computer
science, it is often preferable to work with partitions, but not always.

Proposition 5.13. Given any set X the functions I1 : Equiv(X) — Part(X) and
% Part(X) — Equiv(X) are mutual inverses; that is,

HolIl =id and IloZX =id.

Consequently, there is a bijection between the set Equiv(X) of equivalence relations
on X and the set Part(X) of partitions on X.

Proof. This is a routine verification left to the reader. O

Now, if f: X — Y is a surjective function, we have the equivalence relation =y
defined by

x=pyiff f(x) = f().

It is clear that the equivalence class of any x € X is the inverse image f~!(f(x)),
of f(x) € Y. Therefore, there is a bijection between X/ =; and Y. Thus, we can
identify f and the projection 7, from X onto X / =;. If f is not surjective, note that
f is surjective onto f(X) and so, we see that f can be written as the composition

f=ion,

where 7: X — f(X) is the canonical projection and i: f(X) — Y is the inclusion
function mapping f(X) into Y (i.e., i(y) =y, forevery y € f(X)).

Given a set X, the inclusion ordering on X x X defines an ordering on binary
relations on X, namely,

R<S iff (Vx,y€X)(xRy= xSy).
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When R < S, we say that R refines S. If R and S are equivalence relations and R < S,
we observe that every equivalence class of R is contained in some equivalence class
of S. Actually, in view of Proposition 5.11, we see that every equivalence class of S
is the union of equivalence classes of R. We also note that idy is the least equivalence
relation on X and X x X is the largest equivalence relation on X. This suggests the
following question: Is Equiv(X) a lattice under refinement?

The answer is yes. It is easy to see that the meet of two equivalence relations is
RN, their intersection. But beware, their join is not RUS, because in general, RUS
is not transitive. However, there is a least equivalence relation containing R and S,
and this is the join of R and S. This leads us to look at various closure properties of
relations.

5.7 Transitive Closure, Reflexive and Transitive Closure,
Smallest Equivalence Relation

Let R be any relation on a set X. Note that R is reflexive iff idy C R. Consequently,
the smallest reflexive relation containing R is idy U R. This relation is called the
reflexive closure of R.

Note that R is transitive iff RoR C R. This suggests a way of making the smallest
transitive relation containing R (if R is not already transitive). Define R” by induction
as follows.

R = idy
R™ = R"oR.

Definition 5.13. Given any relation R on a set X, the transitive closure of R is the
relation R™ given by

Rt =JR"
n>1
The reflexive and transitive closure of R is the relation R*, given by
R = JR"=idx UR".
n>0

The proof of the following proposition is left an an easy exercise.

Proposition 5.14. Given any relation R on a set X, the relation R is the small-
est transitive relation containing R and R* is the smallest reflexive and transitive
relation containing R.

If R is reflexive, then it is easy to see that R C R? and so, R¥ C R¥L for all k > 0.
From this, we can show that if X is a finite set, then there is a smallest k£ so that
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R¥ = R*1_In this case, R* is the reflexive and transitive closure of R. If X has n
elements it can be shown that k <n —1.

Note that a relation R is symmetric iff R~! = R. As a consequence, RUR™! is
the smallest symmetric relation containing R. This relation is called the symmetric
closure of R. Finally, given a relation R, what is the smallest equivalence relation
containing R? The answer is given by

Proposition 5.15. For any relation R on a set X, the relation
(RUR™Y)*

is the smallest equivalence relation containing R.

5.8 Fibonacci and Lucas Numbers; Mersenne Primes

‘We have encountered the Fibonacci numbers (after Leonardo Fibonacci, also known
as Leonardo of Pisa, 1170-1250) in Section 2.3. These numbers show up unex-
pectedly in many places, including algorithm design and analysis, for example, Fi-
bonacci heaps. The Lucas numbers (after Edouard Lucas, 1842-1891) are closely
related to the Fibonacci numbers. Both arise as special instances of the recurrence
relation

Upt2 = Upt] +Up, 1 > Oa

where up and u; are some given initial values.

Fig. 5.13 Leonardo Pisano Fibonacci, 1170-1250 (left) and F. Edouard Lucas, 1842-1891 (right)

The Fibonacci sequence (F,) arises for ugp = 0 and u; = 1 and the Lucas sequence
(Ly) for up =2 and u; = 1. These two sequences turn out to be intimately related and
they satisfy many remarkable identities. The Lucas numbers play a role in testing
for primality of certain kinds of numbers of the form 27 — 1, where p is a prime,
known as Mersenne numbers. In turns out that the largest known primes so far are
Mersenne numbers and large primes play an important role in cryptography.

It is possible to derive a closed-form formula for both F, and L, using some
simple linear algebra.
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Observe that the recurrence relation

Up42 = Up41 + Upn
Up+1) 11 Up
Un -~ \10 Up—1
w1 _ (1 1\" [
U ~\10 uo

for all n > 0. Now, the matrix
11
1=(10)

has characteristic polynomial, A> — A — 1, which has two real roots

14++/5
A= >

yields the recurrence

for all n > 1, and so,

Observe that the larger root is the famous golden ratio, often denoted

1++/5
2

=1.618033988749- -

and that

1-v5
> .
Inasmuch as A has two distinct eigenvalues, it can be diagonalized and it is easy to

show that
Ao 1y _ 1 o -0 "N\ /(o 0 1 ¢!
10/ s\ 0—¢')\~1 ¢ )

It follows that
()-a D) (5
Uy V5L o1 (Quo —ur)(—9~1)" )

Uy = \% (((p_luo +up) Q" + (Quo — ”1)(*(1’_1)")7

and so,

for all n > 0.
For the Fibonacci sequence, ug = 0 and u; = 1, so

()9

1 n 71n_L
=\75(<p — (-9 ))—\/g

Ey
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a formula established by Jacques Binet (1786—1856) in 1843 and already known to
Euler, Daniel Bernoulli, and de Moivre. Because

ol _V5-1 1
V525 Y
we see that F, is the closest integer to ¢” /+/5 and that
" 1J
Fo=|"—+-].
|7

It is also easy to see that
Fn+1 = (pFn+ (_(pfl)n’

which shows that the ratio F,,;1/F, approaches ¢ as n goes to infinity.
For the Lucas sequence, up =2 and u; = 1, so

o lug+u 227(\6_1) +1=15,

2
1 5
Quy — uy :27( +2f) —1= \/g
and we get
145\ (1-v5)"
Ln:q)n_i_(_(pfl)n: + .
2 2
Because
5—1
o= V3 <0.62
2
it follows that L,, is the closest integer to ¢".
When uy = uj, because ¢ — @' = 1, we get
Uo / ntl —1\n+1Y.
Uy = — — (= ;
"= (" = (=¢~")")
that is,
Uy = upkyq.

Therefore, from now on, we assume that uy 7 u;. It is easy to prove the following
by induction.

Proposition 5.16. The following identities hold.
F()2+F12+"'+F;,2 :F;‘LFVH-I

R+ ++F=F,-1
B+F+-+Fy=Fh—1
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Fi+ b+ + Py =P
Y kFie=nFpo—Fo3+2
k=0
for all n > 0 (with the third sum interpreted as Fy for n =0).

Following Knuth (see [7]), the third and fourth identities yield the identity
Flumod2)+2+ -+ Foa+Fy = Fop1 — 1,

forall n > 2.
The above can be used to prove the Zeckendorf representation of the natural
numbers (see Knuth [7], Chapter 6).

Proposition 5.17. (Zeckendorf’s Representation) Every natural number n € N with
n > 0, has a unique representation of the form

n==F,+F,+ - +F,,
withk; > ki1 +2fori=1,....,r—1 andk, > 2.

For example,

30=214+8+1
=R+FKEK+H
and
1000000 = 832040 + 121393 +46368 + 144+ 55
= P30+ Fo6 + Fos + Fio + Fio.
The fact that

Fn+l = (PFn+ (_(pil)n

and the Zeckendorf representation lead to an amusing method for converting be-
tween kilometers and miles (see [7], Section 6.6). Indeed, ¢ is nearly the number of
kilometers in a mile (the exact number is 1.609344 and ¢ = 1.618033). It follows
that a distance of F;; kilometers is very nearly a distance of F,, miles,

Thus, to convert a distance d expressed in kilometers into a distance expressed
in miles, first find the Zeckendorf representation of d and then shift each F, in this
representation to Fy,_. For example,

30=214+8+1=F+F+F
so the corresponding distance in miles is

F+F+F=13454+1=19.
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The “exact” distance in miles is 18.64 miles.
We can prove two simple formulas for obtaining the Lucas numbers from the
Fibonacci numbers and vice-versa:

Proposition 5.18. The following identities hold:

Ln = Frzfl +E1+l
5Fn =L, +Ln+1a

foralln > 1.

The Fibonacci sequence begins with
0,1,1,2,3,5,8,13,21,34,55,89,144,233,377,610

and the Lucas sequence begins with
2,1,3,4,7,11,18,29,47,76,123,199,322,521,843,1364.
Notice that L,, = F;,_| + F,,+1 is equivalent to

2Fn+1 =F,+Ly.

It can also be shown that
F2n = FnLna

foralln > 1.
The proof proceeds by induction but one finds that it is necessary to prove an
auxiliary fact.

Proposition 5.19. For any fixed k > 1 and all n > 0, we have
Fork = by + B .
The reader can also prove that

LyLyio = L2, +5(—1)"
Ly, = L2 —2(—1)"
Lopy1 = LyLyyy — (—1)"

L2 =SF2+4(—1)".

Using the matrix representation derived earlier, the following can be shown.
Proposition 5.20. The sequence given by the recurrence
Up42 = Up+1 + Un
satisfies the equation:

Uy Uy —uﬁ = (—1)”71(u3—|—u0u1 —u%)
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For the Fibonacci sequence, where ug = 0 and u; = 1, we get the Cassini identity
(after Jean-Dominique Cassini, also known as Giovanni Domenico Cassini, 1625—
1712),

FoiFp  —FE>=(=1)", n>1.

The above identity is a special case of Catalan’s identity,
FoiFyr—Fp = (=1)"""'F? n>n

due to Eugene Catalan (1814—-1894).

Fig. 5.14 Jean-Dominique Cassini, 1748-1845 (left) and Eugene Charles Catalan, 1814-1984
(right)

For the Lucas numbers, where up = 2 and u; = 1 we get
LyiiL, | —L2=5(—1)""", n>1.
In general, we have
UgUn41 + Uk—1Un = U Unf + UOUp4k—1,

forall k> 1andall n > 0.
For the Fibonacci sequence, where ug = 0 and u; = 1, we just re-proved the
identity
Fork = FyFpe1 + F1 F.

For the Lucas sequence, where up = 2 and u; = 1, we get

LiLy1 + Ly 1Ly = Ly + 2L 51
= Lok + Lpk—1 + Logi—1
= Lytit1+ Lotk—1
= S5Fyi4;
that is,
LiLp1 + Li—1Ln = Lyik1 + Lopa—1 = SFyiks
forallk>1andall n > 0.
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The identity
Fovik = FFp + B Fy

plays a key role in the proof of various divisibility properties of the Fibonacci num-
bers. Here are two such properties.

Proposition 5.21. The following properties hold.

1. F, divides Fy, for all m,n > 1.
2. ged(F, Fu) = Faea(mn), for all m,n > 1.

An interesting consequence of this divisibility property is that if F, is a prime
and n > 4, then n must be a prime. Indeed, if » > 5 and # is not prime, then n = pg
for some integers p, g (possibly equal) with p > 2 and g > 3, so F, divides Fy, = F;
and becaue g > 3, F; > 2 and F, is not prime. For n = 4, F, = 3 is prime. However,
there are prime numbers n > 5 such that F, is not prime, for example, n = 19, as
Fl9 =4181 =37 x 113 is not prime.

The ged identity can also be used to prove that for all m,n with 2 <n <m, if F,,
divides F;,, then n divides m, which provides a converse of our earlier divisibility
property.

The formulae

2Fm+n = FypLy + FyLy
2Lm—&-n = LyLy ~+ SEyuFy

are also easily established using the explicit formulae for F, and L, in terms of ¢
and @~

The Fibonacci sequence and the Lucas sequence contain primes but it is unknown
whether they contain infinitely many primes. Here are some facts about Fibonacci
and Lucas primes taken from The Little Book of Bigger Primes, by Paulo Riben-
boim [13].

As we proved earlier, if F;, is a prime and n # 4, then n must be a prime but the
converse is false. For example,

F33F47F5aF77F11,Fl3>Fl77F23

are prime but Fjg = 4181 = 37 x 113 is not a prime. One of the largest prime Fi-
bonacci numbers is Fgig39. This number has 17,103 digits. Concerning the Lucas
numbers, we prove shortly that if L, is an odd prime and 7 is not a power of 2, then
n is a prime. Again, the converse is false. For example,

L07L27L43L57L77L83Ll]3L137L167L177L197L31

are prime but Ly3 = 64079 = 139 x 461 is not a prime. Similarly, Lz, = 4870847 =
1087 x 4481 is not prime. One of the largest Lucas primes is Ls1169.

Generally, divisibility properties of the Lucas numbers are not easy to prove be-
cause there is no simple formula for L,,;, in terms of other L;s. Nevertheless, we
can prove that if n,k > 1 and k is odd, then L, divides Lg,. This is not necessarily
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true if k is even. For example, Ly = 7 and Lg = 47 are prime. The trick is that when
k is odd, the binomial expansion of LK = (¢" + (—¢~!)")* has an even number of
terms and these terms can be paired up. Indeed, if & is odd, say k = 2k + 1, we have
the formula

1 2h+1 " 2h+1 n
L,%H_l = Lopsin+ < | >(l) Lop_1yn+ < 2 >(1)2 Lop—3)n =+
n <2hZI>(—l)h"Ln.

By induction on &, we see that L, divides Ly, 1), for all & > 0. Consequently, if
n > 2 is not prime and not a power of 2, then either n = 2/q for some odd integer,
q > 3, and some i > 1 and thus, L,; > 3 divides L,, or n = pq for some odd integers
(possibly equal), p > 3 and ¢ > 3, and so, L, > 4 (and L, > 4) divides L. Therefore,
if L, is an odd prime (so n # 1, because L; = 1) then either n is a power of 2 or n is
prime.

Remark: When & is even, say k = 24, the “middle term,” (2,1") (—1)"_ in the bino-

mial expansion of L2" = (¢" + (—¢~")")?" stands alone, so we get

2% 2h
L = Ly, + ( 1 )(_1)’1L(2h2)n + ( 2 ) (=1 Ly + -+

(2 e ()

Unfortunately, the above formula seems of little use to prove that Ly, is divisible
by L,. Note that the last term is always even inasmuch as

()= = om0 )

It should also be noted that not every sequence (u,) given by the recurrence

Upt2 = Upt1 + Uy

and with gcd(up,u;) = 1 contains a prime number. According to Ribenboim [13],
Graham found an example in 1964 but it turned out to be incorrect. Later, Knuth
gave correct sequences (see Concrete Mathematics [7], Chapter 6), one of which
began with

up = 62638280004239857
u; = 49463435743205655.

We just studied some properties of the sequences arising from the recurrence
relation
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Up42 = Up4] + Up.
Lucas investigated the properties of the more general recurrence relation
Un 2 = Pup 1 — Quy,

where P,Q € Z are any integers with P> —4Q # 0, in two seminal papers published
in 1878.

We can prove some of the basic results about these Lucas sequences quite easily
using the matrix method that we used before. The recurrence relation

U2 = Pupy — Quy

Un+1
Up Up—1
Un+1 Q !
Up
_(P-0
" (1 ; )
has the characteristic polynomial —(P — A)A +Q = A2 — PA + Q, which has the

discriminant D = P? — 4Q. If we assume that P> — 4Q +# 0, the polynomial 1% —
PA + Q has two distinct roots:

yields the recurrence

for all » > 1, and so,

for all n > 0. The matrix

_P+VD ﬁ_P—\@
2 2
Obviously,
o+p =P
af =0
o—B =VD.

The matrix A can be diagonalized as
=)= () (60 (D).
() =5 (1) (i)

1
o—p

Thus, we get

and so,

((—ﬁu0+u1)a” + (OCM() —Ml)ﬂ").

Uy =
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Actually, the above formula holds for n = 0 only if o # 0 and 8 # 0, that is, iff
Q #0.1If Q =0, then either o = 0 or B = 0, in which case the formula still holds if
we assume that 00 = 1.

For up =0 and u; = 1, we get a generalization of the Fibonacci numbers,

(Xn—ﬁn

o—p

Un

and for ug = 2 and u; = P, because
—Puo+uy =-2p+P=-2p+a+p=a-p

and
auy—uy =20~ P =20~ (a+B) = a—p,

we get a generalization of the Lucas numbers,
Va=0o"+p".

The orginal Fibonacci and Lucas numbers correspond to P = 1 and Q = —1. The
vectors (V) and (3) are linearly independent, therefore every sequence arising from
the recurrence relation

U2 = Pupy — Quy

is a unique linear combination of the sequences (U,) and (V).
It is possible to prove the following generalization of the Cassini identity.

Proposition 5.22. The sequence defined by the recurrence
U2 = Pup 1 — Quy
(with P* —4Q # 0) satisfies the identity:
Uns1tty—1 — s = Q" (—Qui + Puouy — uf).
For the U-sequence, uy =0 and u; = 1, so we get
2 n—1
Un+lUn—1 _Un - _Q .
For the V-sequence, 1y = 2 and u; = P, so we get
2 _ n—1
VrH»anfl*Vn *Q Dv
where D = P? —4Q.
Because o — Q = a(a — B) and B2 — Q = —B(o — B), we easily get formulae
expressing U, in terms of the Vis and vice versa.

Proposition 5.23. We have the following identities relating the U,, and the V,,,
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Vi = Unt1 — QUp—1
DU, = n+1 _QVn—la

foralln > 1.

The following identities are also easy to derive.

Uy = U,V
Vau = V7 —20"
Um+n = UmUthl - QUnUmfl
Vm+n =VuVu— anmfn-
Lucas numbers play a crucial role in testing the primality of certain numbers of

the form N = 27 — 1, called Mersenne numbers. A Mersenne number which is prime
is called a Mersenne prime.

Fig. 5.15 Marin Mersenne, 1588-1648

First, let us show that if N = 27 — 1 is prime, then p itself must be a prime. This
is because if p = ab is a composite, with a,b > 2, as

2P —1=2% 1 =2~ 1)(1424+2% +... 420" 1),

then 2¢ — 1 > 1 divides 2” — 1, a contradiction.

For p=2,3,57weseethat 3=22—-1,7=23—-1,31=2"—1,127=2" -1
are indeed prime.

However, the condition that the exponent p be prime is not sufficient for N =
27 —1 to be prime, because for p = 11, we have 2!! — 1 = 2047 = 23 x 89. Mersenne
(1588-16438) stated in 1644 that N = 2P — 1 is prime when

p=2,3,5,7,13,17,19,31,67,127,257.

Mersenne was wrong about p = 67 and p =257, and he missed p = 61,89, and 107.
Euler showed that 23! — 1 was indeed prime in 1772 and at that time, it was known
that 27 — 1 is indeed prime for p =2,3,5,7,13,17,19,31.



5.8 Fibonacci and Lucas Numbers; Mersenne Primes 307

Then came Lucas. In 1876, Lucas, proved that 2'27 — 1 was prime. Lucas came
up with a method for testing whether a Mersenne number is prime, later rigorously
proved correct by Lehmer, and known as the Lucas—Lehmer test. This test does not
require the actual computation of N = 27 — 1 but it requires an efficient method for
squaring large numbers (less that N) and a way of computing the residue modulo
2P — 1 just using p.

A version of the Lucas—Lehmer test uses the Lucas sequence given by the recur-
rence

Vn+2 = 2Vn-‘,—l + 2Vn7

starting from V = V| = 2. This corresponds to P = 2 and Q = —2. In this case,
D =12 and it is easy to see that o« = 1 ++/3, B =1 —1/3, s0

Vo= (1+V3)" + (1 -V3)".

This sequence starts with
2,2,8,20,56,....

Here is the first version of the Lucas—Lehmer test for primality of a Mersenne num-
ber.

Fig. 5.16 Derrick Henry Lehmer, 1905-1991

Theorem 5.12. Lucas—Lehmer test (Version 1) The number N = 2P — 1 is prime for
any odd prime p iff N divides Vp-1.

A proof of the Lucas—Lehmer test can be found in The Little Book of Bigger
Primes [13]. Shorter proofs exist and are available on the Web but they require
some knowledge of algebraic number theory. The most accessible proof that we are
aware of (it only uses the quadratic reciprocity law) is given in Volume 2 of Knuth
[8]; see Section 4.5.4. Note that the test does not apply to p = 2 because 3 = 2> — 1
does not divide V> = 8 but that’s not a problem.

The numbers V,,-1 get large very quickly but if we observe that

Vi, = V2 —2(=2)",

we may want to consider the sequence S,,, given by
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Spr1=82-2,
starting with Sy = 4. This sequence starts with
4,14,194,37643,1416317954,... .

Then, it turns out that
k—1
Vo = 8127,

for all k > 1. It is also easy to see that

k

Se=02+V3)2 +(2-V3)¥.

Now, N =27 — 1 is prime iff N divides V,,—1 iff N =27 — 1 divides S, p,222p72 iff
N divides S,_> (because if N divides 221)72, then N is not prime).

Thus, we obtain an improved version of the Lucas—Lehmer test for primality of
a Mersenne number.

Theorem 5.13. Lucas—Lehmer test (Version 2) The number, N = 2P — 1, is prime for
any odd prime p iff
Sy—2 =0 (mod N).

The test does not apply to p = 2 because 3 = 2> — 1 does not divide Sy = 4 but
that’s not a problem.

The above test can be performed by computing a sequence of residues mod N,
using the recurrence S, | = S — 2, starting from 4.

As of January 2009, only 46 Mersenne primes were known. The largest one was
found in August 2008 by mathematicians at UCLA. This is

Mg = 243112609 _ l,

and it has 12,978, 189 digits. It is an open problem whether there are infinitely many
Mersenne primes.

Going back to the second version of the Lucas-Lehmer test, because we are
computing the sequence of Sgs modulo N, the squares being computed never exceed
N? = 2%7_ There is also a clever way of computing nmod 27 — 1 without actually
performing divisions if we express # in binary. This is because

n=(nmod 27)+ |n/2”] (mod 2¥ —1).

But now, if n is expressed in binary, (n mod 2”) consists of the p rightmost
(least significant) bits of n and |n/2”] consists of the bits remaining as the head
of the string obtained by deleting the rightmost p bits of n. Thus, we can compute
the remainder modulo 27 — 1 by repeating this process until at most p bits remain.
Observe that if 7 is a multiple of 27 — 1, the algorithm will produce 27 — 1 in binary
as opposed to O but this exception can be handled easily. For example,
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916 mod 2° — 1 = 1110010100, (mod 2° — 1)
= 10100, + 11100, (mod 2% — 1)
= 110000, (mod 2° — 1)
= 10000, + 15 (mod 2° — 1)
= 10001, (mod 2% —1)
= 10001,
=17.

The Lucas—Lehmer test applied to N = 127 = 27 — 1 yields the following steps,
if we denote Sy, mod 27 — 1 by ry.

ro =4,
rp =4 -2 =14 (mod 127); that is, r; = 14.
ry = 14% —2 = 194 (mod 127); that is, r, = 67.
r3 = 67> —2 = 4487 (mod 127); that is, r3 = 42.
rqy =422 —2 =1762 (mod 127); that is, r4 = 111.
rs = 1112 =2 = 12319 (mod 127); that is, r5 = 0.
As rs =0, the Lucas—Lehmer test confirms that N = 127 =27 — [ is indeed prime.

5.9 Public Key Cryptography; The RSA System

Ever since written communication was used, people have been interested in trying
to conceal the content of their messages from their adversaries. This has led to the
development of techniques of secret communication, a science known as cryprogra-
phy.

The basic situation is that one party, A, say Albert, wants to send a message
to another party, J, say Julia. However, there is a danger that some ill-intentioned
third party, Machiavelli, may intercept the message and learn things that he is not
supposed to know about and as a result, do evil things. The original message, un-
derstandable to all parties, is known as the plain text. To protect the content of the
message, Albert encrypts his message. When Julia receives the encrypted message,
she must decrypt it in order to be able to read it. Both Albert and Julia share some
information that Machiavelli does not have, a key. Without a key, Machiavelli, is
incapable of decrypting the message and thus, to do harm.

There are many schemes for generating keys to encrypt and decrypt messages.
We are going to describe a method involving public and private keys known as
the RSA Cryptosystem, named after its inventors, Ronald Rivest, Adi Shamir, and
Leonard Adleman (1978), based on ideas by Diffie and Hellman (1976). We highly
recommend reading the orginal paper by Rivest, Shamir, and Adleman [14]. It is
beautifully written and easy to follow. A very clear, but concise exposition can also
be found in Koblitz [9]. An encyclopedic coverage of cryptography can be found in
Menezes, van Oorschot, and Vanstone’s Handbook [11].
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The RSA system is widely used in practice, for example in SSL (Secure Socket
Layer), which in turn is used in https (secure http). Any time you visit a “secure site”
on the Internet (to read e-mail or to order merchandise), your computer generates a
public key and a private key for you and uses them to make sure that your credit card
number and other personal data remain secret. Interestingly, although one might
think that the mathematics behind such a scheme is very advanced and complicated,
this is not so. In fact, little more than the material of Section 5.4 is needed. Therefore,
in this section, we are going to explain the basics of RSA.

The first step is to convert the plain text of characters into an integer. This can
be done easily by assigning distinct integers to the distinct characters, for example,
by converting each character to its ASCII code. From now on, we assume that this
conversion has been performed.

The next and more subtle step is to use modular arithmetic. We pick a (large)
positive integer m and perform arithmetic modulo m. Let us explain this step in
more detail.

Recall that for all a,b € Z, we write a = b(mod m) iff a — b = km, for some k € Z,
and we say that a and b are congruent modulo m. We already know that congruence
is an equivalence relation but it also satisfies the following properties.

Proposition 5.24. For any positive integer m, for all ay,as,by,by € Z, the following
properties hold. If a; = by (modm) and ay = by (modm), then

(1) a; +ap = by + by (modm).
(2)ay—ar =b; — by (modm).
(3) ajar = b1by (modm).

Proof. We only check (3), leaving (1) and (2) as easy exercises. Because a; =
by (modm) and ap = by (mod m), we have a; = by + kym and a = by + kpm, for
some ki,kp € Z, and so

a\ay = (b] +k1m)(b2 +k2m) =biby + (b]kz +k1by —|—k1mk2)m,

which means that aja; = b1b; (modm). A more elegant proof consists in observing
that

ajay —biby = ay (a2 - bz) + (a1 — b])bz
= (arky +kiby)m,

as claimed. 0O

Proposition 5.24 allows us to define addition, subtraction, and multiplication on
equivalence classes modulo m. If we denote by Z/mZ the set of equivalence classes
modulo m and if we write a for the equivalence class of a, then we define
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The above make sense because a + b does not depend on the representatives cho-
sen in the equivalence classes @ and b, and similarly for a — b and ab. Of course,
each equivalence class @ contains a unique representative from the set of remainders
{0,1,...,m— 1}, modulo m, so the above operations are completely determined by
m x m tables. Using the arithmetic operations of Z/mZ is called modular arithmetic.

For an arbitrary m, the set Z/mZ is an algebraic structure known as a ring. Ad-
dition and subtraction behave as in Z but multiplication is stranger. For example,
when m = 6,

2.3=0
3-4=0,

inasmuch as 2-3 =6 =0(mod6), and 3-4 = 12 = 0(mod6). Therefore, it is not true
that every nonzero element has a multiplicative inverse. However, we know from
Section 5.4 that a nonzero integer a has a multiplicative inverse iff ged(a,m) = 1
(use the Bézout identity). For example,

5.5=1,

because 5-5 =25=1(mod6).

As a consequence, when m is a prime number, every nonzero element not divisi-
ble by m has a multiplicative inverse. In this case, Z/mZ is more like Q; it is a finite
field. However, note that in Z/mZ we have

I4+14---+1=0
—_————

mtimes

(because m = 0 (modm)), a phenomenom that does not happen in Q (or R).

The RSA method uses modular arithmetic. One of the main ingredients of public
key cryptography is that one should use an encryption function, f: Z/mZ — Z/mZ,
which is easy to compute (i.e., can be computed efficiently) but such that its inverse
f~!is practically impossible to compute unless one has special additional informa-
tion. Such functions are usually referred to as trapdoor one-way functions. Remark-
ably, exponentiation modulo m, that is, the function, x — x° mod m, is a trapdoor
one-way function for suitably chosen m and e.

Thus, we claim the following.

(1) Computing x* mod m can be done efficiently .
(2) Finding x such that
x¢ =y (modm)

with 0 < x,y <m — 1, is hard, unless one has extra information about m. The
function that finds an eth root modulo m is sometimes called a discrete loga-
rithm.

We explain shortly how to compute x® mod m efficiently using the square and
multiply method also known as repeated squaring.
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As to the second claim, actually, no proof has been given yet that this function is
a one-way function but, so far, this has not been refuted either.

Now, what’s the trick to make it a trapdoor function?

What we do is to pick two distinct large prime numbers, p and g (say over 200
decimal digits), which are “sufficiently random” and we let

m= pq.

Next, we pick a random e, with 1 < e < (p—1)(¢g — 1), relatively prime to
(p—D(g—1).

Because ged(e,(p— 1)(g— 1)) = 1, we know from the discussion just before
Theorem 5.10 that there is some d with 1 <d < (p—1)(¢— 1), such that ed =
I'(mod (p —1)(¢g = 1)).

Then, we claim that to find x such that

x* =y (modm),
we simply compute y¢ mod m, and this can be done easily, as we claimed earlier.
The reason why the above “works” is that

x“ = x (mod m), (%)

for all x € Z, which we prove later.

Setting up RSA
In, summary to set up RSA for Albert (A) to receive encrypted messages, perform
the following steps.

1. Albert generates two distinct large and sufficiently random primes, ps and g4.
They are kept secret.

2. Albert computes my = paga. This number called the modulus will be made
public.

3. Albert picks at random some e4, with 1 < eq < (pa —1)(ga — 1), so that
gcd(ea, (pa — 1)(ga — 1)) = 1. The number e4 is called the encryption key and
it will also be public.

4. Albert computes the inverse, dy = e;l modulo mg, of e4. This number is kept
secret. The pair (da,m,) is Albert’s private key and dy is called the decryption
key.

5. Albert publishes the pair (e4,m4) as his public key.

Encrypting a Message
Now, if Julia wants to send a message, x, to Albert, she proceeds as follows. First,
she splits x into chunks, x1,...,x;, each of length at most m4 — 1, if necessary (again,

I assume that x has been converted to an integer in a preliminary step). Then she
looks up Albert’s public key (e4,m,) and she computes

vi =E4 (x,') = fo mod my,
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for i = 1,... k. Finally, she sends the sequence y1,...,y; to Albert. This encrypted
message is known as the cyphertext. The function Ey4 is Albert’s encryption function.

Decrypting a Message
In order to decrypt the message yy,...,yx that Julia sent him, Albert uses his private
key (da,my) to compute each

d
xi = Da(yi) =y;* modmy,

and this yields the sequence x1,...,x;. The function D4 is Albert’s decryption func-
tion.

Similarly, in order for Julia to receive encrypted messages, she must set her own
public key (e;,my) and private key (d;,m;) by picking two distinct primes p; and
qs and ey, as explained earlier.

The beauty of the scheme is that the sender only needs to know the public key of
the recipient to send a message but an eavesdropper is unable to decrypt the encoded
message unless he somehow gets his hands on the secret key of the receiver.

Let us give a concrete illustration of the RSA scheme using an example borrowed
from Silverman [15] (Chapter 18). We write messages using only the 26 upper-case
letters A, B, ..., Z, encoded as the integers A =11, B =12,...,Z = 36. It would be
more convenient to have assigned a number to represent a blank space but to keep
things as simple as possible we do not do that.

Say Albert picks the two primes pg = 12553 and g4 = 13007, so that my =
paga = 163,276,871 and (ps — 1)(ga — 1) = 163,251,312. Albert also picks e4 =
79921, relatively prime to (ps — 1)(ga — 1) and then finds the inverse dj, of e
modulo (ps — 1)(ga — 1) using the extended Euclidean algorithm (more details are
given in Section 5.11) which turns out to be d4 = 145,604,785. One can check that

145,604,785-79921 — 71282 - 163,251,312 = 1,

which confirms that dy4 is indeed the inverse of ¢4 modulo 163,251,312.
Now, assume that Albert receives the following message, broken in chunks of at
most nine digits, because my = 163,276,871 has nine digits.

145387828 47164891 152020614 27279275 35356191.
Albert decrypts the above messages using his private key (da,my), where dsy =

145,604,785, using the repeated squaring method (described in Section 5.11) and
finds that
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145387828143:604785 — 3182523
47164891'43:604785 = 26292524
152020614 143694785 = 19291924
27279275'43:604785 — 30282531

mod 163,276,871)
mod 163,276,871)
mod 163,276,871)
mod 163,276,871)

—~ o~ —~

35356191 143604785 = 122215 (mod 163,276,871)
which yields the message
30182523 26292524 19291924 30282531 122215,

and finally, translating each two-digit numeric code to its corresponding character,
to the message
THOMPSONISINTROUBLE

or, in more readable format
Thompson is in trouble

It would be instructive to encrypt the decoded message
30182523 26292524 19291924 30282531 122215

using the public key e4 = 79921. If everything goes well, we should get our original
message

145387828 47164891 152020614 27279275 35356191

back.
Let us now explain in more detail how the RSA system works and why it is
correct.

5.10 Correctness of The RSA System

We begin by proving the correctness of the inversion formula (x). For this, we need
a classical result known as Fermat’s little theorem.

This result was first stated by Fermat in 1640 but apparently no proof was pub-
lished at the time and the first known proof was given by Leibnitz (1646—-1716).
This is basically the proof suggested in Problem 5.14. A different proof was given
by Ivory in 1806 and this is the proof that w give here. It has the advantage that it
can be easily generalized to Euler’s version (1760) of Fermat’s little theorem.

Theorem 5.14. (Fermat’s Little Theorem) If p is any prime number, then the follow-
ing two equivalent properties hold.
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n'a pas de solution pour des entiers n>2

Fig. 5.17 Pierre de Fermat, 1601-1665

(1) For every integer, a € 7, if a is not divisible by p, then we have
a’~!' =1 (mod p).
(2) For every integer, a € Z, we have
a? = a(mod p).
Proof. (1) Consider the integers
a,2a,3a,....,(p—1a

and let
1,12, 13, -5 Fp—1

be the sequence of remainders of the division of the numbers in the first sequence
by p. Because gcd(a, p) = 1, none of the numbers in the first sequence is divisible
by p,sol <ri<p—1,fori=1,...,p—1. We claim that these remainders are all
distinct. If not, then say r; = r;, with 1 <i < j < p— 1. But then, because

ai = r; (mod p)

and
aj=rj(modp),

we deduce that
aj—ai=rj—r;(modp),

and because r; = rj, we get,

a(j—1i)=0(mod p).
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This means that p divides a(j — i), but ged(a, p) = 1 so, by Euclid’s proposition
(Proposition 5.9), p must divide j —i. However 1 < j—i < p—1, so we get a
contradiction and the remainders are indeed all distinct.

There are p — 1 distinct remainders and they are all nonzero, therefore we must
have

{ri,ro,...,rp1}=1{1,2,...,p—1}.
Using Property (3) of congruences (see Proposition 5.24), we get
a-2a-3a---(p—1)a=1-2-3---(p—1) (mod p);
that is,
("' —1)-(p—1)! =0(mod p).

Again, p divides (a”~' —1)-(p—1)!, but because p is relatively prime to (p —1)!,
it must divide a?~! — 1, as claimed.
(2) If ged(a, p) = 1, we proved in (1) that

a?~! =1 (mod p),
from which we get
a’ = a(mod p),
because a = a (mod p). If a is divisible by p, then a = 0 (mod p), which implies
a? = 0(mod p), and thus, that

a’ = a(mod p).

Therefore, (2) holds for all a € Z and we just proved that (1) implies (2). Finally,
if (2) holds and if ged(a, p) = 1, as p divides a” —a = a(a’~! — 1), it must divide
aP~1 — 1, which shows that (1) holds and so, (2) implies (1). O

It is now easy to establish the correctness of RSA.

Proposition 5.25. For any two distinct prime numbers p and q, if e and d are any
two positive integers such that

Ll1<ed<(p—1)g-1),
2.ed=1(mod(p—1)(g—1)),

then for every x € Z we have
x! = x(mod pq).

Proof. Because p and ¢ are two distinct prime numbers, by Euclid’s proposition it
is enough to prove that both p and ¢ divide x* — x. We show that x°? — x is divisible
by p, the proof of divisibility by g being similar.

By condition (2), we have

ed=1+(p—1)(qg—1)k,
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with k£ > 1, inasmuch as 1 < e,d < (p—1)(g — 1). Thus, if we write h = (¢ — 1)k,
we have h > 1 and

x4 —x =yt

) x (mod p)

= x((x"1)" ~1) (mod p)

= x( ' = D)( Y 4 P2 4 1) (mod p)
= (o« — ) (" (P2 4 1) (mod p)

= 0(mod p),

because x” —x = 0 (mod p), by Fermat’s little theorem. 0O

Remark: Of course, Proposition 5.25 holds if we allow e = d = 1, but this not in-
teresting for encryption. The number (p — 1)(g — 1) turns out to be the number of
positive integers less than pq that are relatively prime to pq. For any arbitrary posi-
tive integer, m, the number of positive integers less than m that are relatively prime
to m is given by the Euler ¢ function (or Euler totient), denoted ¢ (see Problems
5.23 and 5.27 or Niven, Zuckerman, and Montgomery [12], Section 2.1, for basic
properties of ¢).

Fermat’s little theorem can be generalized to what is known as Euler’s formula
(see Problem 5.23): For every integer a, if gcd(a,m) = 1, then

a®™ =1 (modm).

Because ¢ (pg) = (p—1)(¢—1), when ged(x, ¢ (pg)) = 1, Proposition 5.25 follows
from Euler’s formula. However, that argument does not show that Proposition 5.25
holds when ged(x, ¢(pg)) > 1 and a special argument is required in this case.

It can be shown that if we replace pg by a positive integer m that is square-free
(does not contain a square factor) and if we assume that e and d are chosen so that
1 <e,d< ¢(m)anded =1 (mod¢(m)), then

x! = x (mod m)
for all x € Z (see Niven, Zuckerman, and Montgomery [12], Section 2.5, Problem
4).

We see no great advantage in using this fancier argument and this is why we used
the more elementary proof based on Fermat’s little theorem.

Proposition 5.25 immediately implies that the decrypting and encrypting RSA
functions D4 and E4 are mutual inverses for any A. Furthermore, E, is easy to
compute but, without extra information, namely, the trapdoor dy, it is practically
impossible to compute Dy = EA_l. That D4 is hard to compute without a trapdoor is
related to the fact that factoring a large number, such as my, into its factors p4 and
g4 1is hard. Today, it is practically impossible to factor numbers over 300 decimal
digits long. Although no proof has been given so far, it is believed that factoring
will remain a hard problem. So, even if in the next few years it becomes possible
to factor 300-digit numbers, it will still be impossible to factor 400-digit numbers.
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RSA has the peculiar property that it depends both on the fact that primality testing
is easy but that factoring is hard. What a stroke of genius!

5.11 Algorithms for Computing Powers and Inverses Modulo m

First, we explain how to compute x” mod m efficiently, where n > 1. Let us first
consider computing the nth power x" of some positive integer. The idea is to look at
the parity of n and to proceed recursively. If n is even, say n = 2k, then

X :x2k _ (xk)Z’

so, compute x* recursively and then square the result. If 7 is odd, say n = 2k + 1,

then

X :x2k+l _ ()Ck)2 X,

so, compute x* recursively, square it, and multiply the result by x.
What this suggests is to write n > 1 in binary, say

n=>by-24bp -2 -4 by -2 4 by,

where b; € {0,1} withby =1 or, if weletJ = {j | b; =1}, as
n= Z2j.
JjeJ

Then we have

X = xXier? — Hx ' modm.
jeJ

This suggests computing the residues r; such that

= rj(modm),

because then,
X'"=rg---rg (modm),

where we can compute this latter product modulo m two terms at a time.
For example, say we want to compute 999'7° mod 1763. First, we observe that

179 =27 +2° 424+ 2 +1,

and we compute the powers modulo 1763:
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9992 = 143 (mod 1763)

9992’ = 1432 = 1056 (mod 1763)
9992’ = 10562 = 920 (mod 1763)
9992 = 9202 = 160 (mod 1763)
9992’ = 1602 = 918 (mod 1763)
9992 = 9182 = 10 (mod 1763)
9992’ = 10% = 100 (mod 1763).

Consequently,

999'" =999.143-160-918 - 100 (mod 1763)
=54-160-918- 100 (mod 1763)

= 1588-918-100 (mod 1763)
= 1546100 (mod 1763)
= 1219 (mod 1763),

and we find that
999'7 = 1219 (mod 1763).

Of course, it would be impossible to exponentiate 999!7° first and then reduce mod-
ulo 1763. As we can see, the number of multiplications needed is O(log, n), which
is quite good.

The above method can be implemented without actually converting n to base 2. If
niseven, say n =2k, then n/2 =k and if nis odd, say n = 2k+ 1, then (n—1)/2 =k,
so we have a way of dropping the unit digit in the binary expansion of n and shifting
the remaining digits one place to the right without explicitly computing this binary
expansion. Here is an algorithm for computing x" mod m, with n > 1, using the
repeated squaring method.

An Algorithm to Compute x” mod m Using Repeated Squaring

begin
u:=1;a:=x;
while n > 1 do
if even(n) then e := 0 else ¢ := 1;
ife=1then u:=a-umod m;
a:=a*>mod m;n:=(n—e)/2
endwhile;
u:=a-umodm
end
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The final value of u is the result. The reason why the algorithm is correct is that
after j rounds through the while loop, a = x> mod m and

i
u= H x* modm,

ieJ|i<j

with this product interpreted as 1 when j = 0.

Observe that the while loop is only executed n — 1 times to avoid squaring once
more unnecessarily and the last multiplication a - u is performed outside of the while
loop. Also, if we delete the reductions modulo m, the above algorithm is a fast
method for computing the nth power of an integer x and the time speed-up of not
performing the last squaring step is more significant. We leave the details of the
proof that the above algorithm is correct as an exercise.

Let us now consider the problem of computing efficiently the inverse of an integer
a, modulo m, provided that ged(a,m) = 1.

We mentioned in Section 5.4 how the extended Euclidean algorithm can be used
to find some integers x, y, such that

ax+ by = ged(a,b),

where a and b are any two positive integers. The details are worked out in Problem
5.18 and another version is explored in Problem 5.19. In our situation, a = m and
b = a and we only need to find y (we would like a positive integer).

When using the Euclidean algorithm for computing ged(m,a), with 2 < a < m,
we compute the following sequence of quotients and remainders.

m=aq+r|
a=riqa+nr
r=nrng+n

Th—1 = TkQk+1 T Vet 1

Tn—3 = I'n—2qn—1+rn—1
Fn—2 =1rn-19x +0,

withn>3,0<r; <b,q; > 1,fork=1,... ,n,and 0 < rpy| <ry, fork=1,...
Observe that r, = 0. If n = 2, we have just two divisions,

m=aq,+r

a= r1612+07

with 0 < r; < b, q1,92 > 1, and r, = 0. Thus, it is convenient to set r_; = m and
ro =da.
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In Problem 5.18, it is shown that if we set

x_1 =1

y-1=0
x0=0
yo=1

Xitl = Xi—1 —Xiqi+1
Yi+1 = YVi—1 = Yiqi+1,
fori=0,...,n—2, then
mxp—1 +ay,—1 = ged(m,a) =r,_1,
and so, if gcd(m,a) = 1, then r,_; = 1 and we have
ayn—1 = 1 (modm).

Now, y,—1 may be greater than m or negative but we already know how to deal with
that from the discussion just before Theorem 5.10. This suggests reducing modulo
m during the recurrence and we are led to the following recurrence.

y-1=0
yo=1
Zi+1 = Yi—1 — Yiqi+1
Yi+1 = zipymodm if  zi41 >0
Yir1 = m—((=zig1)modm) if zip1 <O,

fori=0,...,n—2.
It is easy to prove by induction that

ay; = r; (mod m)

fori=0,...,n— 1 and thus, if gcd(a,m) > 1, then a does not have an inverse modulo
m, else

ayn—1 = 1 (modm)

and y,_ is the inverse of a modulo m such that 1 <y,_; < m, as desired. Note that
we also get yo = 1 whena = 1.

We leave this proof as an exercise (see Problem 5.58). Here is an algorithm ob-
tained by adapting the algorithm given in Problem 5.18.

An Algorithm for Computing the Inverse of ¢« Modulo m
Given any natural number a with 1 < a < m and ged(a,m) = 1, the following algo-
rithm returns the inverse of @ modulo m as y.
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begin
y:i=0v:i=1g:=m;r:=a
pr:=r;q:=|g/prl|; r:=g— prg; (divide g by pr, to get g = prq+r)
if » =0 then
y:=1;g:=pr
else
r = pr;
while r £ 0 do
pri=r; pv:=v;
q:=|g/pr|;r:=g— prg; (divide g by pr,to get g = prqg+r)
vi=y—pvg;
if v < 0 then
v:=m—((—v) mod m)
else
v=vmod m
endif
g:=pr;y:=pv
endwhile;
endif’,
inverse(a) :=y
end

For example, we used the above algorithm to find that dy = 145,604,785 is the
inverse of e4 = 79921 modulo (ps —1)(ga — 1) = 163,251,312.

The remaining issues are how to choose large random prime numbers p, g, and
how to find a random number e, which is relatively prime to (p — 1)(g — 1). For this,
we rely on a deep result of number theory known as the prime number theorem.

5.12 Finding Large Primes; Signatures; Safety of RSA

Roughly speaking, the prime number theorem ensures that the density of primes is
high enough to guarantee that there are many primes with a large specified number
of digits. The relevant function is the prime counting function m(n).

Definition 5.14. The prime counting function 7 is the function defined so that
7(n) = number of prime numbers p, such that p < n,
for every natural number n € N.

Obviously, 7(0) = n(1) = 0. We have ©(10) = 4 because the primes no greater
than 10 are 2,3,5,7 and m(20) = 8 because the primes no greater than 20 are
2,3,5,7,11,13, 17,19. The growth of the function m was studied by Legendre,
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Gauss, Chebyshev, and Riemann between 1808 and 1859. By then, it was conjec-
tured that

for n large, which means that

timato) /iy =

However, a rigorous proof was not found until 1896. Indeed, in 1896, Jacques

Fig. 5.18 Pafnuty Lvovich Chebyshev, 1821-1894 (left), Jacques Salomon Hadamard, 1865-1963
(middle), and Charles Jean de la Vallée Poussin, 1866—1962 (right)

Hadamard and Charles de la Vallée-Poussin independendly gave a proof of this
“most wanted theorem,” using methods from complex analysis. These proofs are dif-
ficult and although more elementary proofs were given later, in particular by Erdos
and Selberg (1949), those proofs are still quite hard. Thus, we content ourselves
with a statement of the theorem.

Fig. 5.19 Paul Erdos, 1913-1996 (left), Atle Selberg, 1917-2007 (right)

Theorem 5.15. (Prime Number Theorem) For n large, the number of primes 7t(n)
no larger than n is approximately equal to n/1n(n), which means that

tm) /=
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For a rather detailed account of the history of the prime number theorem (for
short, PNT), we refer the reader to Ribenboim [13] (Chapter 4).

As an illustration of the use of the PNT, we can estimate the number of primes
with 200 decimal digits. Indeed this is the difference of the number of primes up to
102% minus the number of primes up to 10'%°, which is approximately

10200 10199

_ ~ 10197
200In10  199In10 1.95-10°.

Thus, we see that there is a huge number of primes with 200 decimal digits. The
number of natural numbers with 200 digits is 10200 _ 1099 = 9. 10!, thus the
proportion of 200-digit numbers that are prime is

1.95-10"7 1
9.1019 " 460

Consequently, among the natural numbers with 200 digits, roughly one in every 460
is a prime.

@ Beware that the above argument is not entirely rigorous because the prime
number theorem only yields an approximation of 7(n) but sharper estimates
can be used to say how large n should be to guarantee a prescribed error on the
probability, say 1%.

The implication of the above fact is that if we wish to find a random prime with
200 digits, we pick at random some natural number with 200 digits and test whether
it is prime. If this number is not prime, then we discard it and try again, and so on.
On the average, after 460 trials, a prime should pop up,

This leads us the question: How do we test for primality?

Primality testing has also been studied for a long time. Remarkably, Fermat’s
little theorem yields a test for nonprimality. Indeed, if p > 1 fails to divide a?~' — 1
for some natural number a, where 2 < a < p — 1, then p cannot be a prime. The
simplest a to try is @ = 2. From a practical point of view, we can compute a”~ ! mod p
using the method of repeated squaring and check whether the remainder is 1.

But what if p fails the Fermat test? Unfortunately, there are natural numbers p,
such that p divides 2°~! — 1 and yet, p is composite. For example p =341 =11-31
is such a number.

Actually, 2349 being quite big, how do we check that 2340 — 1 is divisible by 341?

We just have to show that 2340 — 1 is divisible by 11 and by 31. We can use
Fermat’s little theorem. Because 11 is prime, we know that 11 divides 210 _ 1. But,

2340 1= (210)34 1= (210 _ 1)((210)33 + (210)32 4ot 1)’

s0 2349 _ 1 is also divisible by 11.
As to divisibility by 31, observe that 31 = 251, and

2340_ 1= (25)68 1= (25 _ 1)((25)67_|_(25)66_|_“'+ 1),
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s0 2340 _ 1 is also divisible by 31.

A number p that is not a prime but behaves like a prime in the sense that p
divides 277! — 1, is called a pseudo-prime. Unfortunately, the Fermat test gives a
“false positive” for pseudo-primes.

Rather than simply testing whether 27~! — 1 is divisible by p, we can also try
whether 37~! — 1 is divisible by p and whether 5”~! — 1 is divisible by p, and so on.

Unfortunately, there are composite natural numbers p, such that p divides a?~' —
1, for all positive natural numbers a with gcd(a, p) = 1. Such numbers are known as
Carmichael numbers. The smallest Carmichael number is p =561 =3-11-17. The
reader should try proving that, in fact, ¢ — 1 is divisible by 561 for every positive
natural number a, such that ged(a,561) = 1, using the technique that we used to
prove that 341 divides 2340 — 1.

A

Fig. 5.20 Robert Daniel Carmichael, 1879-1967

It turns out that there are infinitely many Carmichael numbers. Again, for a thor-
ough introduction to primality testing, pseudo-primes, Carmichael numbers, and
more, we highly recommend Ribenboim [13] (Chapter 2). An excellent (but more
terse) account is also given in Koblitz [9] (Chapter V).

Still, what do we do about the problem of false positives? The key is to switch to
probabilistic methods. Indeed, if we can design a method that is guaranteed to give a
false positive with probablity less than 0.5, then we can repeat this test for randomly
chosen as and reduce the probability of false positive considerably. For example,
if we repeat the experiment 100 times, the probability of false positive is less than
27100 < 10739, This is probably less than the probability of hardware failure.

Various probabilistic methods for primality testing have been designed. One of
them is the Miller—Rabin test, another the APR test, and yet another the Solovay—
Strassen test. Since 2002, it has been known that primality testing can be done in
polynomial time. This result is due to Agrawal, Kayal, and Saxena and known as the
AKS test solved a long-standing problem; see Dietzfelbinger [4] and Crandall and
Pomerance [2] (Chapter 4). Remarkably, Agrawal and Kayal worked on this prob-
lem for their senior project in order to complete their bachelor’s degree. It remains
to be seen whether this test is really practical for very large numbers.

A very important point to make is that these primality testing methods do not pro-
vide a factorization of m when m is composite. This is actually a crucial ingredient
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for the security of the RSA scheme. So far, it appears (and it is hoped) that factor-
ing an integer is a much harder problem than testing for primality and all known
methods are incapable of factoring natural numbers with over 300 decimal digits (it
would take centuries).

For a comprehensive exposition of the subject of primality-testing, we refer the
reader to Crandall and Pomerance [2] (Chapter 4) and again, to Ribenboim [13]
(Chapter 2) and Koblitz [9] (Chapter V).

Going back to the RSA method, we now have ways of finding the large random
primes p and g by picking at random some 200-digit numbers and testing for pri-
mality. Rivest, Shamir, and Adleman also recommend to pick p and g so that they
differ by a few decimal digits, that both p — 1 and g — 1 should contain large prime
factors and that gcd(p — 1,¢ — 1) should be small. The public key, e, relatively prime
to (p— 1)(g — 1) can also be found by a similar method: Pick at random a number,
e < (p—1)(g—1), which is large enough (say, greater than max{p,q}) and test
whether ged(e, (p—1)(¢g— 1)) = 1, which can be done quickly using the extended
Euclidean algorithm. If not, discard e and try another number, and so on. It is easy
to see that such an e will be found in no more trials than it takes to find a prime;
see Lovasz, Pelikan, and Vesztergombi [10] (Chapter 15), which contains one of the
simplest and clearest presentations of RSA that we know of. Koblitz [9] (Chapter
IV) also provides some details on this topic as well as Menezes, van Oorschot, and
Vanstone’s Handbook [11].

If Albert receives a message coming from Julia, how can he be sure that this mes-
sage does not come from an imposter? Just because the message is signed “Julia”
does not mean that it comes from Julia; it could have been sent by someone else
pretending to be Julia, inasmuch as all that is needed to send a message to Albert
is Albert’s public key, which is known to everybody. This leads us to the issue of
signatures.

There are various schemes for adding a signature to an encrypted message to
ensure that the sender of a message is really who he or she claims to be (with a high
degree of confidence). The trick is to make use of the the sender’s keys. We propose
two scenarios.

1. The sender, Julia, encrypts the message x to be sent with her own private key,
(dy,my), creating the message Dy(x) = y;. Then, Julia adds her signature, “Ju-
lia”, at the end of the message y;, encrypts the message “y; Julia” using Albert’s
public key, (ea,m4), creating the message y» = E4(y; Julia), and finally sends
the message y, to Albert.

When Albert receives the encrypted message y, claiming to come from Julia,
first he decrypts the message using his private key (da,my). He will see an en-
crypted message, D4 (y2) = y; Julia, with the legible signature, Julia. He will
then delete the signature from this message and decrypt the message y; using
Julia’s public key (ej,my), getting x = E;(y;). Albert will know whether some-
one else faked this message if the result is garbage. Indeed, only Julia could have
encrypted the original message x with her private key, which is only known to
her. An eavesdropper who is pretending to be Julia would not know Julia’s pri-
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vate key and so, would not have encrypted the original message to be sent using
Julia’s secret key.

2. The sender, Julia, first adds her signature, “Julia”, to the message x to be sent

and then, she encrypts the message “xJulia” with Albert’s public key (ea,my),
creating the message y; = E4 (xJulia). Julia also encrypts the original message
x using her private key (dj,my) creating the message y, = D;(x), and finally
she sends the pair of messages (y1,y2).
When Albert receives a pair of messages (y1,y2), claiming to have been sent by
Julia, first Albert decrypts y; using his private key (da,ma ), getting the message
Dy(y1) = xJulia. Albert finds the signature, Julia, and then decrypts y, using
Julia’s public key (e;,my), getting the message X' = Ej(y,). If x = x/, then Albert
has serious assurance that the sender is indeed Julia and not an imposter.

The last topic that we would like to discuss is the security of the RSA scheme.
This is a difficult issue and many researchers have worked on it. As we remarked
earlier, the security of RSA hinges on the fact that factoring is hard. It has been
shown that if one has a method for breaking the RSA scheme (namely, to find the
secret key d), then there is a probabilistic method for finding the factors p and g,
of m = pq (see Koblitz [9], Chapter IV, Section 2, or Menezes, van Oorschot, and
Vanstone [11], Section 8.2.2). If p and g are chosen to be large enough, factoring
m = pq will be practically impossible and so it is unlikely that RSA can be cracked.
However, there may be other attacks and, at present, there is no proof that RSA is
fully secure.

Observe that because m = pq is known to everybody, if somehow one can learn
N=(p—1)(g—1), then p and g can be recovered. Indeed N = (p—1)(g—1) =
pq—(p+q)+1=m—(p+q)+1andso,

pqg=m
p+q=m—N+1,

and p and g are the roots of the quadratic equation
X2 —(m—N+1)X+m=0.

Thus, a line of attack is to try to find the value of (p —1)(¢ — 1). For more on the
security of RSA, see Menezes, van Oorschot, and Vanstone’s Handbook [11].

5.13 Distributive Lattices, Boolean Algebras, Heyting Algebras

If we go back to one of our favorite examples of a lattice, namely, the power set
2X of some set X, we observe that it is more than a lattice. For example, if we look
at Figure 5.6, we can check that the two identities D1 and D2 stated in the next
definition hold.
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Definition 5.15. We say that a lattice X is a distributive lattice if (D1) and (D2)
hold:

D1 aN(bVe)=(anb)V(aNc)
D2 aV(bAc)=(aVb)A(aVec).

Remark: Not every lattice is distributive but many lattices of interest are distribu-
tive.

It is a bit surprising that in a lattice (D1) and (D2) are actually equivalent, as we
now show. Suppose (D1) holds, then

(avb)N(aVve)=((avb)Na)V ((aVb)Ac) (D1)
=aV((avb)Ac) (L4)
=aV((cA(aVb)) (L1)
=aV((cAa)V(cAb)) (D1)
=aV((anc)V(bAc)) (L1)
=(aV(anc))V(bAc) (L2)
=((anc)Va)V(bAc) (L1)
=aV(bAc) (L4)

which is (D2). Dually, (D2) implies (D1).

The reader should prove that every totally ordered poset is a distributive lattice.
The lattice Ny = N — {0} under the divisibility ordering also turns out to be a dis-
tributive lattice.

Another useful fact about distributivity is that in any lattice

an(bVe) > (anb)V(aNc).

This is because in any lattice, aA (bVc¢) > aAband aA (bV c¢) > aAc. Therefore,
in order to establish distributivity in a lattice it suffices to show that

an(bVe)<(anb)V(aNc).
Another important property of distributive lattices is the following.

Proposition 5.26. In a distributive lattice X, if zAx =z Ay and zV x = zV Yy, then
x =y (forall x,y,z € X).

Proof. We have

x=(xVz)Ax 4
=xA(zVx) (L1
=xA(zVYy)

=(xAz2)V(xAYy) (D1)
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=(zAX)V (xAYy) (LD
=(zAY)V(xAy)

=NV (yAx) (LD
=yA(zVx) (D1)
=yA(zVy)

=(Vz)Ay (L1)
=¥ (L4)

that is, x =y, as claimed. O

The power set lattice has yet some additional properties having to do with com-
plementation. First, the power lattice 2X has a least element 0 = 0 and a greatest
element, 1 = X. If a lattice X has a least element 0 and a greatest element 1, the
following properties are clear: For all a € X, we have

aN0=0 avV0=a
aNl =a aVvl=1.

More important, for any subset A C X we have the complement Aof Ain X,
which satisfies the identities:

AUA=X, ANA=0.

Moreover, we know that the de Morgan identities hold. The generalization of these
properties leads to what is called a complemented lattice.

Fig. 5.21 Augustus de Morgan, 1806-1871

Definition 5.16. Let X be a lattice and assume that X has a least element O and a
greatest element 1 (we say that X is a bounded lattice). For any a € X, a complement
of a is any element b € X, so that

aVb=1 and aANb=0.

If every element of X has a complement, we say that X is a complemented lattice.
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Remarks:

1. When 0 = 1, the lattice X collapses to the degenerate lattice consisting of a sin-
gle element. As this lattice is of little interest, from now on, we always assume
that 0 # 1.

2. In a complemented lattice, complements are generally not unique. However, as
the next proposition shows, this is the case for distributive lattices.

Proposition 5.27. Let X be a lattice with least element 0 and greatest element 1.
If X is distributive, then complements are unique if they exist. Moreover; if b is the
complement of a, then a is the complement of b.

Proof. 1If a has two complements, by and by, thenaAb; =0,aANb, =0,aVb; =1,
and a V b, = 1. By Proposition 5.26, we deduce that b; = b; that is, a has a unique
complement.

By commutativity, the equations

aVb=1 and aAb=0
are equivalent to the equations
bvVa=1 and bAa=0,

which shows that a is indeed a complement of . By uniqueness, a is the complement
of b. O

In view of Proposition 5.27, if X is a complemented distributive lattice, we denote
the complement of any element, a € X, by a. We have the identities

Q|
I

aV
a

Ql Q|
I
N

We also have the following proposition about the de Morgan laws.

Proposition 5.28. Let X be a lattice with least element O and greatest element 1. If
X is distributive and complemented, then the de Morgan laws hold:

aVb=1aAb
anb=1aVvb.
Proof. We prove that B
aVvVb=aAb,

leaving the dual identity as an easy exercise. Using the uniqueness of complements,
it is enough to check that a A b works, that is, satisfies the conditions of Definition
5.16. For the first condition, we have
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(avb)V(@nb) =

For the second condition, we have

a

(avDb) A

((aVb)Vb)

((b))

All this leads to the definition of a Boolean lattice.

Definition 5.17. A Boolean lattice is a lattice with a least element 0, a greatest ele-
ment 1, and which is distributive and complemented.

Of course, every power set is a Boolean lattice, but there are Boolean lattices
that are not power sets. Putting together what we have done, we see that a Boolean
lattice is a set X with two special elements, O, 1, and three operations A, V, and
a — a satisfying the axioms stated in the following.

Proposition 5.29. If X is a Boolean lattice, then the following equations hold for all

a,b,c € X.

L1

L2

L3

L4
D1-D2
LE
GE

C

1

am

aVb=>bVa,
(avb)Ve=aV (bVc),
aVa=a,

(avb)Na=a,
an(bVe)=(anb)V(aic),
aVvV0=a,

avl=1,

aVa=1,

a=a

aVb=aAb,

aNb=bAM\a
(anb)Ac=aN (bAc)
ahNa=a

(anb)Va=a

aV (bAc)=(aVD)A(aVec)
an0=0

aNl=a

aNa=0
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Conversely, if X is a set together with two special elements 0, 1, and three operations
A, V, and a — a satisfying the axioms above, then it is a Boolean lattice under the
ordering given by a < b iffav b =b.

In view of Proposition 5.29, we make the following definition.

Definition 5.18. A set X together with two special elements O, 1 and three opera-
tions A, V, and a — a satisfying the axioms of Proposition 5.29 is called a Boolean
algebra.

Proposition 5.29 shows that the notions of a Boolean lattice and of a Boolean al-
gebra are equivalent. The first one is order-theoretic and the second one is algebraic.

Remarks:

1. As the name indicates, Boolean algebras were invented by G. Boole (1854).
One of the first comprehensive accounts is due to E. Schroder (1890-1895).

2. The axioms for Boolean algebras given in Proposition 5.29 are not independent.
There is a set of independent axioms known as the Huntington axioms (1933).

Fig. 5.22 George Boole, 1815-1864 (left) and Ernst Schroder 1841-1902 (right)

Let p be any integer with p > 2. Under the division ordering, it turns out that
the set Div(p) of divisors of p is a distributive lattice. In general not every integer
k € Div(p) has a complement but when it does k = p/k. It can be shown that Div(p)
is a Boolean algebra iff p is not divisible by any square integer (an integer of the
form m?2, with m > 1).

Classical logic is also a rich source of Boolean algebras. Indeed, it is easy to
show that logical equivalence is an equivalence relation and, as homework prob-
lems, you have shown (with great pain) that all the axioms of Proposition 5.29 are
provable equivalences (where V is disjunction and A is conjunction, P = —P; i.e.,
negation, 0 =1 and 1 = T) (see Problems 1.8, 1.18, 1.28). Furthermore, again, as
homework problems (see Problems 1.18—1.20), you have shown that logical equiv-
alence is compatible with V, A, — in the following sense. If P, = Q; and P» = Q»,
then
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(PVP) = (01V0)
(PLAP,) = (01 ANOD2)
-P = -0;.

Consequently, for any set 7' of propositions we can define the relation =7 by
P=;rQiff THFP=0Q,

that is, iff P = Q is provable from 7 (as explained in Section 1.11). Clearly, =7 is
an equivalence relation on propositions and so, we can define the operations V, A,
and — on the set of equivalence classes B7 of propositions as follows.

[PIvIo] =[PV Q]
[PINQ] = [PAQ]
[Pl =[-P]

We also let 0 = [L] and 1 = [T]. Then, we get the Boolean algebra By called the
Lindenbaum algebra of T.

It also turns out that Boolean algebras are just what’s needed to give truth-value
semantics to classical logic. Let B be any Boolean algebra. A truth assignment is any
function v from the set PS = {P;,P,,...} of propositional symbols to B. Then, we
can recursively evaluate the truth value Pg[v] in B of any proposition P with respect
to the truth assignment v as follows.

(P)s[v] = v(P)
lg]=0
Tev] =1
(PVQ)p[v] = Pp[v]V Pp[v]
(PAQ)B[v] = Pa[v] A Pg[v]
(=P)s[v] = P[V]s-

In the equations above, on the right-hand side, V and A are the lattice operations of
the Boolean algebra B. We say that a proposition P is valid in the Boolean algebra
B (or B-valid) if Pg[v] = 1 for all truth assignments v. We say that P is (classically)
valid if P is B-valid in all Boolean algebras B. It can be shown that every provable
proposition is valid. This property is called soundness. Conversely, if P is valid, then
it is provable. This second property is called completeness. Actually completeness
holds in a much stronger sense: If a proposition is valid in the two-element Boolean
algebra {0, 1}, then it is provable.

One might wonder if there are certain kinds of algebras similar to Boolean alge-
bras well suited for intuitionistic logic. The answer is yes: such algebras are called
Heyting algebras.

In our study of intuitionistic logic, we learned that negation is not a primary
connective but instead it is defined in terms of implication by =P = P =-_L. This
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Fig. 5.23 Arend Heyting, 1898-1980

suggests adding to the two lattice operations V and A a new operation —, that will
behave like =. The trick is, what kind of axioms should we require on — to “cap-
ture” the properties of intuitionistic logic? Now, if X is a lattice with 0 and 1, given
any two elements a,b € X, experience shows that a — b should be the largest ele-
ment ¢, such that ¢ Aa < b. This leads to

Definition 5.19. A lattice X with 0 and 1 is a Heyting lattice iff it has a third binary
operation — such that
cNha<biffc<(a—b)

for all a,b,c € X. We define the negation (or pseudo-complement) of a as
a=(a—0).

At first glance, it is not clear that a Heyting lattice is distributive but in fact, it is.
The following proposition (stated without proof) gives an algebraic characterization
of Heyting lattices which is useful to prove various properties of Heyting lattices.

Proposition 5.30. Let X be a lattice with O and 1 and with a binary operation —.
Then, X is a Heyting lattice iff the following equations hold for all a,b,c € X.

a—a=1
aN(a—b)=aNb
bA(a—b) =D

a— (bAc)=(a—b)N(a—c).

A lattice with 0 and 1 and with a binary operation, —, satisfying the equations
of Proposition 5.30 is called a Heyting algebra. So, we see that Proposition 5.30
shows that the notions of Heyting lattice and Heyting algebra are equivalent (this is
analogous to Boolean lattices and Boolean algebras).

The reader will notice that these axioms are propositions that were shown to be
provable intuitionistically in homework problems. The proof of Proposition 5.30 is
not really difficult but it is a bit tedious so we omit it. Let us simply show that the
fourth equation implies that for any fixed a € X, the map b — (a — b) is monotonic.
So, assume b < c; that is, b Ac = b. Then, we get
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a—b=a— (bANc)=(a—=b)N(a—c),

which means that (¢ — b) < (a — ¢), as claimed.

The following theorem shows that every Heyting algebra is distributive, as we
claimed earlier. This theorem also shows “how close” to a Boolean algebra a Heyt-
ing algebra is.

Theorem 5.16. (a) Every Heyting algebra is distributive.
(b) A Heyting algebra X is a Boolean algebra iff a = a for all a € X.

Proof. (a) From a previous remark, to show distributivity, it is enough to show the
inequality
an(bVe)<(anb)V(aNc).

Observe that from the property characterizing —, we have
b<a— (anb) iff bAa<aAb

which holds, by commutativity of A. Thus, b < a — (a A D) and similarly,
c<a—(ahc).

Recall that for any fixed a, the map x — (a — x) is monotonic. Because
anb<(aAb)V(anc)andaAc < (aAb)V(aAc), we get

a— (anb) <a— ((anb)V(anc)) and a— (aAc)<a— ((aAb)V(aNc)).

These two inequalities imply (a — (aAb))V(a— (aAc)) <a— ((aAb)V(aNc)),
and because we also have b < a — (aAb) and ¢ < a — (aAc), we deduce that

bVe<a— ((anb)V(aAic)),
which, using the fact that (bV ¢) Aa=aA (bV c), means that
an(bVe)<(anb)V(aic),

as desired.
(b) We leave this part as an exercise. The trick is to see that the de Morgan laws
hold and to apply one of themtoaAa=0. O

Remarks:

1. Heyting algebras were invented by A. Heyting in 1930. Heyting algebras are
sometimes known as “Brouwerian lattices”.

2. Every Boolean algebra is automatically a Heyting algebra: Seta — b =aV b.

3. It can be shown that every finite distributive lattice is a Heyting algebra.

We conclude this brief exposition of Heyting algebras by explaining how they
provide a truth-value semantics for intuitionistic logic analogous to the truth-value
semantics that Boolean algebras provide for classical logic.
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As in the classical case, it is easy to show that intuitionistic logical equivalence
is an equivalence relation and you have shown (with great pain) that all the ax-
ioms of Heyting algebras are intuitionistically provable equivalences (where V is
disjunction, A is conjunction, and — is =). Furthermore, you have also shown that
intuitionistic logical equivalence is compatible with V, A, = in the following sense.
If P, = Q) and P, = Q», then

(PLVP) =(01V02)
(PLAPy) = (Q1NQD2)
(Pr=P) = (01= Q).

Consequently, for any set T of propositions we can define the relation =7 by
P=rQiff T-P=0Q,

that is iff P = Q is provable intuitionistically from 7 (as explained in Section 1.11).
Clearly, =7 is an equivalence relation on propositions and we can define the opera-
tions V, A, and — on the set of equivalence classes Hy of propositions as follows.

PIVIQ] =[PV

[
[PIN[Q] =[P O]
[Pl = (0] =[P = 0.

V
A

We also let 0 = [L] and 1 = [T]. Then, we get the Heyting algebra Hy called the
Lindenbaum algebra of T, as in the classical case.

Now, let H be any Heyting algebra. By analogy with the case of Boolean alge-
bras, a truth assignment is any function v from the set PS = {P;,P,,...} of propo-
sitional symbols to H. Then, we can recursively evaluate the truth value Py[v] in H
of any proposition P, with respect to the truth assignment v as follows.

(P)u[v] =v(P)
Ly v]=0
T =1
(PVQ)u[v] = Pulv]V Pulv]
(PAQ)u[v] = Pulv| A Pylv]
(P= Q)uv] = (Pu[v] = Puv])
(=P)u[v] = (Pa[v] = 0)

In the equations above, on the right-hand side, V, A, and — are the operations of the
Heyting algebra H. We say that a proposition P is valid in the Heyting algebra H (or
H-valid) if Py[v] = 1 for all truth assignments, v. We say that P is HA-valid (or intu-
itionistically valid) if P is H-valid in all Heyting algebras H. As in the classical case,
it can be shown that every intuitionistically provable proposition is HA-valid. This
property is called soundness. Conversely, if P is HA-valid, then it is intuitionistically
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provable. This second property is called completeness. A stronger completeness re-
sult actually holds: if a proposition is H-valid in all finite Heyting algebras H, then
it is intuitionistically provable. As a consequence, if a proposition is not provable
intuitionistically, then it can be falsified in some finite Heyting algebra.

Remark: If X is any set, a topology on X is a family & of subsets of X satisfying
the following conditions.

(1) Ve dandX € 0.
(2) For every family (even infinite), (U;);ey, of sets U; € &, we have |J;; U; € 0.
(3) For every finite family, (U;)1<i<n, of sets U; € 0, we have (), <;,U; € 0.

Every subset in & is called an open subset of X (in the topology &) . The pair
(X, 0) is called a topological space. Given any subset A of X, the union of all open

subsets contained in A is the largest open subset of A and is denoted A.
Given a topological space (X, €), we claim that & with the inclusion ordering is
a Heyting algebra with 0 = 0; 1 = X; V = U (union); A = N (intersection); and with

o

———
(U—V)=(X-U)UV.

(Here, X — U is the complement of U in X.) In this Heyting algebra, we have

o

—
U=X-U.

Because X — U is usually not open, we generally have U = U. Therefore, we see
that topology yields another supply of Heyting algebras.

5.14 Summary

In this chapter, we introduce two important kinds of relations, partial orders and
equivalence relations, and we study some of their main properties. Equivalence re-
lations induce partitions and are, in a precise sense, equivalent to them. The ability
to use induction to prove properties of the elements of a partially ordered set is
related to a property known as well-foundedness. We investigate quite thoroughly
induction principles valid for well-ordered sets and, more generally, well-founded
sets. As an application, we prove the unique prime factorization theorem for the in-
tegers. Section 5.8 on Fibonacci and Lucas numbers and the use of Lucas numbers
to test a Mersenne number for primality should be viewed as a lovely illustration
of complete induction and as an incentive for the reader to take a deeper look into
the fascinating and mysterious world of prime numbers and more generally, number
theory. Section 5.9 on public key cryptography and the RSA system is a wonder-
ful application of the notions presented in Section 5.4, gcd and versions of Euclid’s
algorithm, and another excellent motivation for delving further into number the-
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ory. An excellent introduction to the theory of prime numbers with a computational
emphasis is Crandall and Pomerance [2] and a delightful and remarkably clear in-
troduction to number theory can be found in Silverman [15]. We also investigate the
properties of partially ordered sets where the partial order has some extra proper-
ties. For example, we briefly study lattices, complete lattices, Boolean algebras, and
Heyting algebras. Regarding complete lattices, we prove a beautiful theorem due
to Tarski (Tarski’s fixed-point theorem) and use it to give a very short proof of the
Schroder—Bernstein theorem (Theorem 2.7).

We begin with the definition of a partial order.

Next, we define fotal orders, chains, strict orders, and posets.

We define a minimal element, an immediate predecessor, a maximal element,
and an immediate successor.

We define the Hasse diagram of a poset.

We define a lower bound, and upper bound, a least element, a greatest element,
a greatest lower bound, and a least upper bound.

We define a meet and a join.

We state Zorn’s lemma.

We define monotonic functions.

We define lattices and complete lattices.

We prove some basic properties of lattices and introduce duality.

We define fixed points as well as least and greatest fixed points.

We state and prove Tarski’s fixed-point theorem.

As a consequence of Tarski’s fixed-point theorem we give a short proof of the
Schroder—Bernstein theorem (Theorem 2.7).

We define a well order and show that N is well ordered.

We revisit complete induction on N and prove its validity.

We define prime numbers and we apply complete induction to prove that every
natural number n > 2 can be factored as a product of primes.

We prove that there are infinitely many primes.

We use the fact that N is well ordered to prove the correctness of Euclidean
division.

We define well-founded orderings.

We characterize well-founded orderings in terms of minimal elements.

We define the principle of complete induction on a well-founded set and prove
its validity.

We define the lexicographic ordering on pairs.

We give the example of Ackermann’s function and prove that it is a total func-
tion.

We define divisibility on Z (the integers).

We define ideals and prime ideals of Z.

We prove that every ideal of Z is a principal ideal.

We prove the Bézout identity.

We define greatest common divisors (gcds) and relatively prime numbers.

We characterize gcds in terms of the Bézout identity.
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e We describe the Euclidean algorithm for computing the gcd and prove its cor-
rectness.
We prove Euclid’s proposition.
We prove unique prime factorization in N.
We prove Dirichlet’s diophantine approximation theorem, a great application of
the pigeonhole principle

o We define equivalence relations, equivalence classes, quotient sets, and the
canonical projection.
We define partitions and blocks of a partition.
We define a bijection between equivalence relations and partitions (on the same
set).

e We define when an equivalence relation is a refinement of another equivalence
relation.

e We define the reflexive closure, the transitive closure, and the reflexive and tran-
sitive closure of a relation.
We characterize the smallest equivalence relation containing a relation.
We define the Fibonacci numbers F, and the Lucas numbers L,, and investigate
some of their properties, including explicit formulae for F, and L,,.

e We state the Zeckendorf representation of natural numbers in terms of Fibonacci
numbers.
We give various versions of the Cassini identity
We define a generalization of the Fibonacci and the Lucas numbers and state
some of their properties.
We define Mersenne numbers and Mersenne primes.
We state two versions of the Lucas—Lehmer test to check whether a Mersenne
number is a prime.

e  We introduce some basic notions of cryptography: encryption, decryption, and
keys.
We define modular arithmetic in Z/mZ.
We define the notion of a trapdoor one-way function.
We claim that exponentiation modulo m is a trapdoor one-way function; its in-
verse is the discrete logarithm.

e  We explain how to set up the RSA scheme; we describe public keys and private
keys.

e We describe the procedure to encrypt a message using RSA and the procedure
to decrypt a message using RSA.
We prove Fermat’s little theorem.
We prove the correctness of the RSA scheme.
We describe an algorithm for computing x* mod m using repeated squaring and
give an example.

e We give an explicit example of an RSA scheme and an explicit example of the
decryption of a message.

e  We explain how to modify the extended Euclidean algorithm to find the inverse
of an integer @ modulo m (assuming ged(a,m) = 1).
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e  We define the prime counting function, t(n), and state the prime number theo-
rem (or PNT).

e We use the PNT to estimate the proportion of primes among positive integers

with 200 decimal digits (1/460).

We discuss briefly primality testing and the Fermat test.

We define pseudo-prime numbers and Carmichael numbers.

We mention probabilistic methods for primality testing.

We stress that factoring integers is a hard problem, whereas primality testing is

much easier and in theory, can be done in polynomial time.

We discuss briefly scenarios for signatures.

We briefly discuss the security of RSA, which hinges on the fact that factoring

is hard.

We define distributive lattices and prove some properties about them.

We define complemented lattices and prove some properties about them.

We define Boolean lattices, state some of their properties, and define Boolean

algebras.

We discuss the Boolean-valued semantics of classical logic.

We define the Lindenbaum algebra of a set of propositions.

We define Heyting lattices and prove some properties about them and define

Heyting algebras.

e We show that every Heyting algebra is distributive and characterize when a
Heyting algebra is a Boolean algebra.

e  We discuss the semantics of intuitionistic logic in terms of Heyting algebras
(HA-validity).

e We conclude with the definition of a fopological space and show how the open
sets form a Heyting algebra.

Problems

5.1. Give a proof for Proposition 5.1.
5.2. Give a proof for Proposition 5.2.

5.3. Draw the Hasse diagram of all the (positive) divisors of 60, where the partial
ordering is the division ordering (i.e., a < b iff a divides b). Does every pair of
elements have a meet and a join?

5.4. Check that the lexicographic ordering on strings is indeed a total order.

5.5. Check that the function ¢@: 24 — 24 used in the proof of Theorem 2.7, is in-
deed monotonic. Check that the function 4: A — B constructed during the proof of
Theorem 2.7, is indeed a bijection.

5.6. Give an example of a poset in which complete induction fails.
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5.7. Prove that the lexicographic ordering << on pairs is indeed a partial order.

5.8. Prove that the set
J={ha+kb|hkeZ}

used in the proof of Corollary 5.2 is indeed an ideal.
5.9. Prove by complete induction that

u, =3(3"=2"
is the solution of the recurrence relations:

up =0

u1:3

Unt2 = Sty — 6uy,
for all n > 0.
5.10. Consider the recurrence relation

Upy2 = 3upy1 — 2Up.

For up = 0 and u; = 1, we obtain the sequence (U,) and for uy = 2 and u; = 3, we
obtain the sequence (V,,).
(1) Prove that

Uu,=2"-1
V,=2"+1,
foralln > 0.

(2) Prove that if U, is a prime number, then n must be a prime number.
Hint. Use the fact that

Zab_l:(2(1_1)(1+2a+22a+.”_~_2(b71)a).

Remark: The numbers of the form 27 — 1, where p is prime are known as Mersenne
numbers. It is an open problem whether there are infinitely many Mersenne primes.

(3) Prove that if V,, is a prime number, then n must be a power of 2; that is, n = 2",
for some natural number m.
Hint. Use the fact that

AN 1= (a+ D)@ -+ P —at ).

Remark: The numbers of the form 22" + 1 are known as Fermat numbers. It is an
open problem whether there are infinitely many Fermat primes.
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5.11. Find the smallest natural number #n such that the remainder of the division of
nbykisk—1,fork=2,3,4,...,10.

5.12. Prove that if z is a real zero of a polynomial equation of the form
a2+ +raiz+ag=0,

where ag,ay,...,a,—1 are integers and z is not an integer, then z must be irrational.

5.13. Prove that for every integer k > 2 there is some natural number 7 so that the k
consecutive numbers, n+ 1,...,n+k, are all composite (not prime).
Hint. Consider sequences starting with (k+1)!4 2.

5.14. Let p be any prime number. (1) Prove that for every k, with 1 <k < p—1, the

prime p divides (£).
P p—1
k = .

Hint. Observe that

(2) Prove that for every natural number a, if p is prime then p divides a” —a.
Hint. Use induction on a.

Deduce Fermat'’s little theorem: For any prime p and any natural number a, if p
does not divide a, then p divides a”~' — 1.

5.15. If one wants to prove a property P(n) of the natural numbers, rather than using
induction, it is sometimes more convenient to use the method of proof by smallest
counterexample. This is a method that proceeds by contradiction as follows.

1. If P is false, then we know from Theorem 5.3 that there is a smallest £k € N such
that P(k) is false; this k is the smallest counterexample.

2. Next, we prove that k # 0. This is usually easy and it is a kind of basis step.

3. Because k # 0, the number k& — 1 is a natural number and P(k — 1) must hold
because k is the smallest counterexample. Then, use this fact and the fact that
P(k) is false to derive a contradiction.

Use the method of proof by smallest counterexample to prove that every natural
number is either odd or even.

5.16. Prove that for any two positive natural numbers a and m, if ged(a,m) > 1, then
"' # 1 (modm).

5.17. Let a, b be any two positive integers. (1) Prove that if a is even and b odd, then

gcd(a,b) = ged (%,b) i

(2) Prove that if both a and b are even, then

b
gcd(a,b) =2ged (;, 2> .
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5.18. Let a,b be any two positive integers and assume a > b. When using the Eu-
clidean alorithm for computing the ged, we compute the following sequence of quo-
tients and remainders.

a:bq1—|—r1
b=riqga+n
r=rq3+r3

Tk—1 = TiGk+1 + Tkt 1

Tn—3 = Fn—2qn—1+"rn—1
'n—2 = TI'n—14n +07

withn>3,0<r <b,q; > 1,fork=1,...,n,and 0 <rp;| <rg,fork=1,...,n—2.
Observe that r,, = 0.
If n =1, we have a single division,

a=bq +0,
with r1 =0 and g; > 1 and if n = 2, we have two divisions,

a=bq+n
b= ru]z-i—()

with 0 < r; < b, g1,q2 > 1 and r, = 0. Thus, it is convenient to set »_; = a and
ro = b, so that the first two divisions are also written as

r—1 =roq1+r1
ro = riqa+nr.

(1) Prove (using Proposition 5.7) that r,—; = ged(a, b).
(2) Next, we prove that some integers x,y such that

ax+by = ged(a,b) = rp—
can be found as follows:
If n=1,thena=bg, and rop =b,sowesetx=1andy=—(q; — ).
If n > 2, we define the sequence (x;,y;) fori =0,...,n— 1, so that
X0=0,y=1,xi=1, y1=—q

and, if n > 3, then

Xi+1 = Xi—1 —Xiqi+1, Yi+1 = Yi—1 — Yiqi+1,
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fori=1,...,.n—2.
Prove that if n > 2, then
ax;+by; = ri,

fori=0,...,n—1 (recall that ry = b) and thus, that
axp—1 + by,—1 = ged(a,b) = r,_;1.
(3) Whenn > 2,if we setx_; =1 and y_; = 0 in addition to xo = 0 and yp = 1,
then prove that the recurrence relations
Xit1 = Xi—1 = Xiqi+1; Yi+1 = Vi—1 = Viqi+1,
are valid fori =0,...,n—2.

Remark: Observe that ;1 is given by the formula
Tigl =Ti-1 = Tiqi+1.
Thus, the three sequences, (r;), (x;), and (y;) all use the same recurrence relation,
Witl = Wi—1 —Wigi+1,

but they have different initial conditions: The sequence 7; starts with r_; = a,ry = b,
the sequence x; starts with x_; = 1,x9 = 0, and the sequence y; starts with y_; =
O,yo =1.
(4) Consider the following version of the gcd algorithm that also computes inte-
gers X, Y, so that
mx+ny = ged(m,n),

where m and n are positive integers.
Extended Euclidean Algorithm

begin
x=Ly=0u:=0v:=1,8g:=mr:=n;
if m < n then

t:=g;8:=r;r:=t;(swap g and r)

pr:=r;q:=|g/pr];r:=g—prg; (divide g by r, to get g = prq—+r)
if = 0 then

x=1Ly:=—(¢q—1);g:=pr

else
r = pr,
while r =~ 0 do

pri=r; pui=u; pv.=1v;
q:=|g/pr|;r:=g— prg; (divide g by pr,to get g = prq+r)
U:=x—puq,v:=y—pvg,
g 1= pr;X:=pu,y:=pv

endwhile;
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endif’;

ged(m,n) :=g;

ifm<nthent:=x;x=y;y=r(swap xandy)
end

Prove that the above algorithm is correct, that is, it always terminates and com-
putes x,y so that
mx~+ny = gcd(m,n),

5.19. As in Problem 5.18, let a,b be any two positive integers and assume a > b.
Consider the sequence of divisions,
Tiel = 1iqit1 +Tig1,

withr_j=a,ro=b,with0<i<n—1,n>1, and r, = 0. We know from Problem
5.18 that
gcd(a,b) = ry—1.

In this problem, we give another algorithm for computing two numbers x and y so
that
ax+ by = ged(a,b),

that proceeds from the bottom up (we proceed by “‘back-substitution”). Let us il-
lustate this in the case where n = 4. We have the four divisions:

a=bq)+r;
b=rig+rn;
ry = rqz+r3
r2 = r3qz+0,

with r3 = ged(a, b).
From the third equation, we can write

r3 =r1—rqs3. 3)
From the second equation, we get
rn=b—rq,
and by substituting the right-hand side for r; in (3), we get
r3=b—(b—ri1q2)q3 = —bgz +r1(1+q293);

that is,
r3 = —bqz +ri(1+¢2q3). ()

From the first equation, we get
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ry =a—bq,
and by substituting the right-hand side for r; in (2), we get

r3 = —bgqz +(a—bq1)(1+q2q3) = a(1+q2q93) — b(q3 + q1(1 + q293));

that is,
r3=a(1+q2q3) —b(qs +q1(1+q243)), 1)

which yields x = 1+ ¢2q3 and y = ¢3 + q1 (1 + q243).
In the general case, we would like to find a sequence s; for i = 0,...,n such that

Fn—1 = Ti—1Si+1 +TiSi, ()
fori=n—1,...,0. For such a sequence, for i = 0, we have
ged(a,b) = ry—1 = r_181 +roso = asy + bso,

so s1 and s are solutions of our problem.
The equation (x) must hold for i = n — 1, namely,

Tn—1 = "rtn—2Sp +rn—15p—1,

therefore we should set s, =0 and s,,_1 = 1.
(1) Prove that (x) is satisfied if we set

Si—1 = —qiSi +Si+1,

fori=n-1,...,0.

(2) Write an algorithm computing the sequence (s;) as in (1) and compare its
performance with the extended Euclidean algorithm of Problem 5.18. Observe that
the computation of the sequence (s;) requires saving all the quotients ¢1,...,g,—1,
so the new algorithm will require more memory when the number of steps n is large.

5.20. In a paper published in 1841, Binet described a variant of the Euclidean al-
gorithm for computing the gcd which runs faster than the standard algorithm. This
algorithm makes use of a variant of the division algorithm that allows negative re-
mainders. Let a,b be any two positive integers and assume a > b. In the usual divi-
sion, we have

a=bqg+r,

where 0 < r < b; that is, the remainder r is nonnegative. If we replace g by ¢+ 1,
we get
a=b(g+1)—(b—7),

where 1 <b—r <b.Now, if r > |b/2], then b—r < |b/2], so by using a negative
remainder, we can always write

a=bg+tr,
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with 0 < r < |b/2]. The proof of Proposition 5.7 also shows that
gcd(a,b) = ged(b,r).

As in Problem 5.18 we can compute the following sequence of quotients and re-
mainders:

a:bq’I:I:rll
b=rqg)+r
=nrnq=xn
/ /! /
rL=rq3Er;

/ 1 /
Tk—1 = TkGg+1 £ g

/ o ! /
-3 = Th—249n—1 + Tn—1

/ / /
Fp—2 = rn71Qn+Oa

withn > 3,0 <r] < |b/2], 4 > 1, for k=1,...,n, and 0 < rj | < [r;/2], for
k=1,...,n—2. Observe that r}, = 0.
If n = 1, we have a single division,

a=bq} +0,

with 7| =0 and ¢} > 1 and if n = 2, we have two divisions,

= bq'l + r’l
b=rig,+0
with 0 < | < |b/2],q},¢5 > 1,and r, =0. As in Problem 5.18, we set /| = a and
ry =b.
(1) Prove that
r_ = gcd(a,b).
(2) Prove that

1
b>2""r,_.

Deduce from this that

log(b) —log(ry—1) 10 10
1< —log(b)+1<—8+1
log(2) =3 og(b) +1=< 30tk

where 0 is the number of digits in b (the logarithms are in base 10).
Observe that this upper bound is better than Lamé’s bound, n <58 + 1 (see Prob-
lem 5.51).
(3) Consider the following version of the gcd algorithm using Binet’s method.
The input is a pair of positive integers, (m,n).
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begin
a:=m;b:=n;
if a < b then
t:=b;b:=a;a:=t;(swap a and b)
while b £ 0 do
r := a mod b; (divide a by b to obtain the remainder r)
if 2r >bthenr:=b—r;
a:=b;b:=r
endwhile;
gcd(m,n) :==a
end

Prove that the above algorithm is correct; that is, it always terminates and it
outputs a = ged(m, n).

5.21. In this problem, we investigate a version of the extended Euclidean algorithm
(see Problem 5.18) for Binet’s method described in Problem 5.20.

Let a,b be any two positive integers and assume a > b. We define sequences,
gi,ri,q;, and r; inductively, where the ¢; and r; denote the quotients and remainders
in the usual Euclidean division and the ¢} and r} denote the quotient and remainders
in the modified division allowing negative remainders. The sequences r; and r} are
defined starting from i = —1 and the sequence ¢; and ¢} starting from i = 1. All
sequences end for some n > 1.

Wesetr_y =r_, =a,ro=ry=>b,and for 0 <i<n—1, we have

/ /
rioy =riqi+1+rit1,

the result of the usual Euclidean division, where if n = 1, then r; = r’1 =0and g =
q’l >l,elseifn>2,then 1 <riyy <rj,fori=0,....n—2,¢q; > 1,fori=1,...,n,
r, = 0, and with

gt = qi+1 if 2 <7}
HUT g+ 1 i 2r > 7
and )
A R if 2ripy <7
al ri—riyr Af 2y > 1,

fori=0,...,.n—1.
(1) Check that
. {rgqgﬂ +r£+1 %f 2riy < rg
riqi — iy i 2rip >

and prove that
r_ = gcd(a,b).

(2) If n > 2, define the sequences, x; and y; inductively as follows:
x1=1x=0y1=0y =1,
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/ : /
g = Xi—1 —Xiqi %f 2rip1 <1
i Xigiy — X1 if 2rigg >

and . ) ,
S yvici—yiqi i 2 <
Yi+1 = ) . if 27 /
Yidiy1 —Yi-1 WZlripp > 1,
fori=0,...,n—2.
Prove that if n > 2, then
axi+by; =i,

fori=—1,...,n—1 and thus,
axp—1+by, 1 = ng(Chb) = r:‘l—l'

(3) Design an algorithm combining the algorithms proposed in Problems 5.18
and 5.20.

5.22. (1) Let mj,my be any two positive natural numbers and assume that m; and
my are relatively prime.

Prove that for any pair of integers aj,a there is some integer x such that the
following two congruences hold simultaneously.

x = a; (modmy)

X = ap (modmy).

Furthermore, prove that if x and y are any two solutions of the above system, then
x =y (modmm;), so x is unique if we also require that 0 < x < mm,.
Hint. By the Bézout identity (Proposition 5.6), there exist some integers, yi,y2, SO
that

myy1 +myyr = 1.

Prove that x = aympys + axmy; = ai(1 — myyr) + axmyyy = aymays + ax(1 —
myy,) works. For the second part, prove that if m; and my both divide b and if
gcd(my,my) = 1, then mymy divides b.

(2) Let my,my, ...,m, be any n > 2 positive natural numbers and assume that the
m; are pairwise relatively prime, which means that m; and m; are relatively prime
for all i # j.

Prove that for any »n integers ay,as,...,a,, there is some integer x such that the
following n congruences hold simultaneously.

x=a; (modm)

X = ap (modmy)

X = a, (modmy,).
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Furthermore, prove that if x and y are any two solutions of the above system, then
x =y(modm), where m = mym; - - - my, so x is unique if we also require that 0 < x <
m. The above result is known as the Chinese remainder theorem.

Hint. Use induction on n. First, prove that m| and m;---m, are relatively prime
(because the m; are pairwise relatively prime). By (1), there exists some z; so that

z1 = 1 (modmy)
71 = 0(modmy ---my).

By the induction hypothesis, there exists 2o, .., z,, so that

z = 1 (modm;)

zi = 0 (modm;)

foralli=2,...,nand all j # i, with 2 < j < n; show that
X=aiz1 +axza+---+apin

works.

(3) Let m =m; ---m, and let M; = m/m; = [Tj=y jzimj, fori=1,...,n. As in
(2), we know that m; and M; are relatively prime, thus by Bézout (or the extended
Euclidean algorithm), we can find some integers u;,v; so that

miu; +Mv; =1,
fori=1,...,n. If we let z; = M,;v; = mv;/m;, then prove that
X=a121+ - +an,

is a solution of the system of congruences.

5.23. The Euler ¢-function (or totient) is defined as follows. For every positive in-
teger m, ¢(m) is the number of integers, n € {1,...,m}, such that m is relatively
prime to n. Observe that ¢ (1) = 1.
(1) Prove the following fact. For every positive integer a, if a and m are relatively
prime, then
a®™ =1 (modm);

that is, m divides a®m 1,
Hint. Let sy,...,s; be the integers, s; € {1,...,m}, such that s; is relatively prime
tom (k= ¢(m)). Let ry,...,ri be the remainders of the divisions of sa, s24,...,sra
by m (so, s;a = mq; + ri, with 0 < r; < m).

(i) Prove that ged(r;,m) =1, fori=1,... k.

(ii) Prove that r; # r; whenever i # j, so that

{r],...,rk}:{s],...,sk}.

Use (i) and (ii) to prove that
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aSsyosp =518, (modm)
and use this to conclude that
a®™ =1 (modm).
(2) Prove that if p is prime, then ¢(p) = p — | and thus, Fermat’s little theorem

is a special case of (1).

5.24. Prove that if p is a prime, then for every integer x we have x> = 1 (mod p) iff
x= =1 (mod p).

5.25. For any two positive integers a,m prove that gcd(a,m) = 1 iff there is some
integer x so that ax = 1 (mod m).

5.26. Prove that if p is a prime, then

(p—1)'=—1(modp).

This result is known as Wilson’s theorem.

Hint. The cases p =2 and p = 3 are easily checked, so assume p > 5. Consider
any integer a, with 1 < a < p— 1. Show that gcd(a, p) = 1. Then, by the result of
Problem 5.25, there is a unique integer @ such that 1 <@ < p— 1 and aa = 1 (mod p).
Furthermore, a is the unique integer such that | <a < p—1 and @a = 1 (mod p).
Thus, the numbers in {1,...,p — 1} come in pairs a,a such that aa = 1 (mod p).
However, one must be careful because it may happen that @ = @, which is equivalent
to a*> = 1 (mod p). By Problem 5.24, this happens iff a = +1 (mod p), iff a = 1 or
a = p— 1. By pairing residues modulo p, prove that

p—2
a=1(modp)

a=2

and use this to prove that

(p—1)!'=—1(modp).

5.27. Let ¢ be the Euler-¢ function defined in Problem 5.23.
(1) Prove that for every prime p and any integer k > 1 we have

o) =p""p—-1).
(2) Prove that for any two positive integers mj,my, if gcd(m;,my) = 1, then

¢ (mimy) = ¢(m1)¢(ma).
Hint. For any integer m > 1, let
A(m)={nec{l,...,m} | gcd(m,n) =1}.

Let m = mymy. For every n € Z(m), if a; is the remainder of the division of n by
my and similarly if a; is the remainder of the division of n by my, then prove that
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ged(ay,mp) =1 and ged(az,my) = 1. Consequently, we get a function 6: %Z(m) —
X (my) x Z(m), given by 0(n) = (ar,ay).

Prove that for every pair (aj,a2) € %Z(m1) x %(m ), there is a unique n € Z(m),
so that 6(n) = (a;,a2) (Use the Chinese remainder theorem; see Problem 5.22).
Conclude that 0 is a bijection. Use the bijection 6 to prove that

¢ (mimz) = ¢(m1)9(mz).

(3) Use (1) and (2) to prove that for every integer n > 2, if n = plf‘ p’;' is the

prime factorization of n, then

o) =P =)= = (1= L) (12 1),

P1
5.28. Prove that the function, f: N x N — N, given by

flmn)=2"2n+1)—1

is a bijection.

5.29. Let S={ay,...,a,} be any nonempty set of n positive natural numbers. Prove
that there is a nonempty subset of S whose sum is divisible by #.
Hint. Consider the numbers, by =ay, b =a1+as, ..., b, =a1+ar+---+a,.

5.30. Establish the formula

=(0)=5 ()00 (%)

with @ = (14+/5)/2 given in Section 5.8 and use it to prove that

(“ﬂ“) _ (fp —<p‘> ( (¢~ uo+101)9" )
U VAR (Quo —ur)(—=@~1)")
5.31. If (F,) denotes the Fibonacci sequence, prove that

Fop1 = @F, + (-@71)’1.

5.32. Prove the identities in Proposition 5.16, namely:

F}+F2 4+ F} = FF
Fo+Fi++F, =Fy,—1
P+ Fi++Fy = Fy — 1

Fi+FB+-+Fn =P

n
kFy = nky2 —Fy3+2
k=0
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for all n > 0 (with the third sum interpreted as Fy for n = 0).

5.33. Consider the undirected graph (fan) with n+ 1 nodes and 2n — 1 edges, with
n > 1, shown in Figure 5.24

I 2 3 n—1 n

Fig. 5.24 A fan

The purpose of this problem is to prove that the number of spanning subtrees of
this graph is F>,, the 2nth Fibonacci number.
(1) Prove that
I+B+Fy+- -+ Fy =y

for all n > 0, with the understanding that the sum on the left-hand side is 1 when
n = 0 (as usual, F; denotes the kth Fibonacci number, with Ffp = 0 and F} = 1).

(2) Let s, be the number of spanning trees in the fan on n+ 1 nodes (n > 1).
Prove that s; = 1 and that s, = 3.

There are two kinds of spannings trees:

(a) Trees where there is no edge from node # to node 0.
(b) Trees where there is an edge from node 7 to node 0.

Prove that in case (a), the node n is connected to n — 1 and that in this case, there
are s, spanning subtrees of this kind; see Figure 5.25.
Observe that in case (b), there is some k < n such that the edges between the

nodes n,n —1,...,k are in the tree but the edge from k to kK — 1 is not in the tree
and that none of the edges from 0 to any node in {n—1,...,k} are in this tree; see
Figure 5.26.

Furthermore, prove that if k = 1, then there is a single tree of this kind (see Figure
5.27) and if k > 1, then there are

Sp—1tSp—2+ - +51

trees of this kind.
(3) Deduce from (2) that

Sp=8p-1+S-1+Sp2+-+s1+1,
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1 2 3 n—1 n

Fig. 5.25 Spanning trees of type (a)

1 2 k=1 k n—1 n

Fig. 5.26 Spanning trees of type (b) when k > 1

Fig. 5.27 Spanning tree of type (b) when k =1

with s; = 1. Use (1) to prove that

forall n > 1.

5.34. Prove the Zeckendorf representation of natural numbers, that is, Proposition
5.17.
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Hint. For the existence part, prove by induction on k > 2 that a decomposition of
the required type exists for all n < F; (with n > 1). For the uniqueness part, first
prove that

F(nm0d2)+2+"'+Fn—2+Fn = Fn+1 -1,

foralln > 2.

5.35. Prove Proposition 5.18 giving identities relating the Fibonacci numbers and
the Lucas numbers:

L, = Fi +Fn+1
SF, =L,y +Ln+1;

foralln > 1.
5.36. Prove Proposition 5.19; that is, for any fixed k > 1 and all n > 0, we have
Foik = FiFpr1 + Fe1 By

Use the above to prove that
Fon = FyLy,

foralln > 1.

5.37. Prove the following identities.

LyLyio = L2, +5(—1)"
Ly, = Ly —2(—1)"
Lopy1 = LyLyyy — (—1)"
L2 =SF2+4(—1)".

5.38. (a) Prove Proposition 5.20; that is,

Uy Uy — uﬁ =(—1)"! (u% 4 upuy — u%)

(b) Prove the Catalan identity,

FpirFy r—F>=(=1)""ME2 n>r

5.39. Prove that any sequence defined by the recurrence
Upt2 = Up+1 + Un
satisfies the following equation,
UglUp 1+ Ug—1Up = U Uppk F UOUn4k—1,

forall k> 1andall n > 0.
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5.40. Prove Proposition 5.21; that is,

1. F, divides F,,;,, for all m,n > 1.
2. ged(Fn, Fn) = Fyca(m,n)» for all m,n > 1.

Hint. For the first statement, use induction on m > 1. To prove the second statete-
ment, first prove that
gcd(Fy, Fop) =1

for all n > 1. Then, prove that
ged(Fy, ) = ged(Fyn, Fr).-
5.41. Prove the formulae

2Fm+n = FpLy+ FyLy,
2Lm+n = Lan + 5FmE1~

5.42. Prove that

2h+1 . 2h+1 ;
Lthrl _ L(2h+l)n+< ! >(—1) L(2hl)n+< ) )(_1)2 L(2h73)n+-.,

+ <2h; 1) (=D)L,

5.43. Prove that

=)= N EN D)

where

and then prove that

() =as (1) (o)

5.44. Prove Proposition 5.22; that is, the sequence defined by the recurrence

Un+2 = PMn-H - Qun
(with P2 — 4Q +# 0) satisfies the identity:
y
U1ttt — 2 = Q" (—Qub + Puouy —u?).

5.45. Prove the following identities relating the U,, and the V,;;
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Vn = Un+l1 _QUnfl
DUn = Vn+l1 — QVn—la
for all n > 1. Then, prove that
U2n == UnVn
Vay =V —20"
Um+n = UmUn+1 - QUnUm—l
Vm+n = VmVn - anmfrr
5.46. Consider the recurrence
Vn+2 = 2Vn-&—l +2Vn7
starting from Vy = V| = 2. Prove that
Vo= (14+V3)"+ (1 —V3)".
5.47. Consider the sequence S, given by
Sn+1 = S;% - 27
starting with Sy = 4. Prove that
Ve = S22,
for all £ > 1 and that
k k
Sk=(2+V3)* +(2-V3)%.

5.48. Prove that
n= (nmod 2”)+ |n/2”] (mod 27 —1).

5.49. The Cassini identity,
FonFyo—Fp=(=1)",  n>1,

is the basis of a puzzle due to Lewis Carroll. Consider a square chess-board consist-
ing of 8 x 8 = 64 squares and cut it up into four pieces using the Fibonacci numbers,
3,5, 8, as indicated by the bold lines in Figure 5.28 (a). Then, reassamble these four
pieces into a rectangle consisting of 5 x 13 = 65 squares as shown in Figure 5.28
(b). Again, note the use of the Fibonacci numbers: 3,5, 8, 13. However, the original
square has 64 small squares and the final rectangle has 65 small squares. Explain
what’s wrong with this apparent paradox.

5.50. The generating function of a sequence (u,) is the power series

F(z) = Z u,7".
n=0
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(a) (b)
Fig. 5.28 (a) A square of 64 small squares. (b) A rectangle of 65 small squares

If the sequence (u,) is defined by the recurrence relation
Upy = Pupiy — Qup

then prove that
uo + (u; — Pug)z
F(z) = M 2 M0
1—-Pz+0Qz

For the Fibonacci-style sequence uy = 0, u; = 1, so we have

Z

Frip(2) = 1-P:102

and for the Lucas-style sequence uy = 2, u; = 1, so we have

24 (1-2P)z

e = p 0

If Q # 0, prove that

F(z)

. 1 —Buo—i—ul AUy — Uj
T a-B\ l-az 1-Bz )

Prove that the above formula for F(z) yields, again,

1
4 B

Prove that the above formula is still valid for Q = 0, provided we assume that 00=1.

((—ﬁu0+u1)a” + (OCM() —I/tl)[)m).

Un

5.51. (1) Prove that the Euclidean algorithm for gcd applied to two consecutive Fi-
bonacci numbers F;, and F,, | (with n > 2) requires n — 1 divisions.
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(2) Prove that the Euclidean algorithm for gcd applied to two consecutive Lucas
numbers L, and L, (with n > 1) requires n divisions.
(3) Prove that if a > b > 1 and if the Euclidean algorithm for gcd applied to a
and b requires n divisions, thena > F, o and b > F 4.
(4) Using the explicit formula for F;,+; and by taking logarithms in base 10, use
(3) to prove that
n<4.7856+1,

where 6 is the number of digits in » (Dupré’s bound). This is slightly better than
Lamé’s bound, n <58 + 1.

5.52. Let R and S be two relations on a set X. (1) Prove that if R and S are both
reflexive, then Ro S is reflexive.

(2) Prove that if R and S are both symmetric and if RoS = SoR, then Ro S is
symmetric.

(3) Prove that R is transitive iff RoR C R. Prove that if R and § are both transitive
and if RoS = SoR, then Ro S is transitive.

Can the hypothesis Ro S = S oR be omitted?

(4) Prove that if R and S are both equivalence relations and if RoS = SoR, then
R oS is the smallest equivalence relation containing R and S.

5.53. Prove Proposition 5.12.
5.54. Prove Proposition 5.13.
5.55. Prove Proposition 5.14.
5.56. Prove Proposition 5.15

5.57. (1) Prove the correctness of the algorithm for computing x” mod m using re-
peated squaring.

(2) Use your algorithm to check that the message sent to Albert has been de-
crypted correctly and then encrypt the decrypted message and check that it is iden-
tical to the original message.

5.58. Recall the recurrence relations given in Section 5.9 to compute the inverse
modulo m of an integer a such that 1 <a < m and ged(m,a) = 1:

y-1=0
yo =1
Zi+1 = Yi—1 —Yiqi+1
Yir1 = zipymodm if  z;1 >0
Vi1 = m—((—zip1)modm) if zipy <O,

fori=0,...,n—2.
(1) Prove by induction that

ay; = r; (mod m)
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fori=0,...,n—1 and thus, that
ayy—1 =1 (modm),

with 1 <y, <m, as desired.

(2) Prove the correctness of the algorithm for computing the inverse of an element
modulo m proposed in Section 5.9.

(3) Design a faster version of this algorithm using “Binet’s trick” (see Problem
5.20 and Problem 5.21).

5.59. Prove that a>® — 1 is divisible by 561 for every positive natural number, a,
such that ged(a,561) = 1.

Hint. Because 561 =3-11-17, itis enough to prove that 3 | (a>® — 1) for all positive
integers a such that a is not a multiple of 3, that 11 | (a>®® — 1) for all positive integers
a such that a is not a multiple of 11, and that 17 | (> — 1) for all positive integers
a such that a is not a multiple of 17.

5.60. Prove that 161038 divides 291038 — 2, yet 2191037 = 80520 (mod 161038).
This example shows that it would be undesirable to define a pseudo-prime as a
positive natural number # that divides 2" — 2.

5.61. (a) Consider the sequence defined recursively as follows.

Up=0
U =2
Un+2 = 6Un+1 - Una n> 0.

Prove the following identity,
Uni2Uy = UL — 4,

forall n > 0.
(b) Consider the sequence defined recursively as follows:

Vo=1
Vi=3
Vn+2 = 6Vn+1 — Vn, n 2 0.
Prove the following identity,

Va2V = Vn2+1 +38,

foralln > 0.
(c) Prove that
Vi—2U; =1,

forall n > 0.
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Hint. Use (a) and (b). You may also want to prove by simultaneous induction that

V22U =1
ViVio1 —2U,Up1 = 3,

foralln > 1.

5.62. Consider the sequences (U,) and (V,), given by the recurrence relations

Uy=0
Vo =1
Ui =y
Vi=x

Upyr = 2x1Up 1 — U,
Vg2 = 2x1Vig1 — Vi,

for any two positive integers x1, 1.
(1) If x; and y; are solutions of the (Pell) equation

P —dy? =1,
where d is a positive integer that is not a perfect square, then prove that

VZ—dU? =1
ViVi1 =dU Uy = x1,

foralln > 1.
(2) Verify that
U - (x1 +y1Vd)" = (x; —y1Vd)"
=
2Vd
Vo (x1 +y1Vd)" + (x; —y1V/d)"
n — 2 .

Deduce from this that
Vo4 UpVd = (x) +y1Vd)".

(3) Prove that the U,s and Vs also satisfy the following simultaneous recurrence
relations:

UrH»l - xlUn +y1vn
Vi1 = dy Uy +x1Vp,

for all n > 0. Use the above to prove that
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Vit + U1 Vd = (Vu+UpVd) (x1 +y1Vd)
Vot = UppiVd = (Vo — UpVd) (x) — y1Vd)

for all n > 0 and then that

Vn+Un\/> = (xl +yl\/:1)n
Vi _Unf = (X] —)’1\/3)n

for all n > 0. Use the above to give another proof of the formulae for U, and V), in
().

Remark: It can be shown that Pell’s equation,
¥ —dy’ =1,

where d is not a perfect square, always has solutions in positive integers. If (x,y;) is
the solution with smallest x; > 0, then every solution is of the form (V,,,U, ), where
U, and V,, are defined in (1). Curiously, the “smallest solution” (x,y;) can involve
some very large numbers. For example, it can be shown that the smallest positive
solution of
2 2 _
x*—6ly =1

is (x1,y1) = (1766319049,226153980).

5.63. Prove that every totally ordered poset is a distributive lattice. Prove that the
lattice N under the divisibility ordering is a distributive lattice.

5.64. Prove part (b) of Proposition 5.16.

5.65. Prove that every finite distributive lattice is a Heyting algebra.
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Chapter 6
Graphs, Part II: More Advanced Notions

6.1 I'-Cycles, Cocycles, Cotrees, Flows, and Tensions

In this section, we take a closer look at the structure of cycles in a finite graph G.
It turns out that there is a dual notion to that of a cycle, the notion of a cocycle.
Assuming any orientation of our graph, it is possible to associate a vector space
Z with the set of cycles in G, another vector space .7 with the set of cocycles in
G, and these vector spaces are mutually orthogonal (for the usual inner product).
Furthermore, these vector spaces do not depend on the orientation chosen, up to
isomorphism. In fact, if G has m nodes, n edges, and p connected components, we
prove that dim.% =n—m+ p and dim.7 = m — p. These vector spaces are the
flows and the tensions of the graph G, and these notions are important in combi-
natorial optimization and the study of networks. This chapter assumes some basic
knowledge of linear algebra.

Recall that if G is a directed graph, then a cycle C is a closed e-simple chain,
which means that C is a sequence of the form C = (ug, e, u1,e2,up, ..., Uy—1,€n,uy),
wheren > 1;u; € V; e; € E and

uo=uy; {s(e;),t(e;)} ={ui—1,u;}, 1 <i<nande; #e;foralli#j.

The cycle C induces the sets C™ and C~ where CT consists of the edges whose
orientation agrees with the order of traversal induced by C and where C™ consists
of the edges whose orientation is the inverse of the order of traversal induced by C.
More precisely,

Ct={e;eC|sle)) =u1,t(e;) =u;}

and
C ={eeC|s(e)) =ut(e;) =ui—1}.

For the rest of this section, we assume that G is a finite graph and that its edges are

J. Gallier, Discrete Mathematics, Universitext,
DOI 10.1007/978-1-4419-8047-2_6, © Springer Science+Business Media, LLC 2011 365
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Fig. 6.1 Graph Gg

named, eq,...,e,".

Definition 6.1. Given any finite directed graph G with n edges, with every cycle C
is associated a representative vector y(C) € R", defined so that for every i, with
1<i<n,

+1 ife,-eC*
Y(C)i=14 —1 ifeeC
0 ife,~§éC.

For example, if G = Gy is the graph of Figure 6.1, the cycle
C = (v3,e7,v4,€6,V5,€5,V2,€1,V],€2,V3)
corresponds to the vector
y(C)=(-1,1,0,0,—1,—1,1).

Observe that distinct cycles may yield the same representative vector unless they are
simple cycles. For example, the cycles

Ci = (va,e5,V5,€6,V4,€4,V2,€1,V1,€2,V3,€3,V2)

and
Cy = (va2,e1,V1,€2,V3,€3,V2,€5,V5,€6,V4,€4,V2)

yield the same representative vector
Y= (_la 17 17 17 17 170)

In order to obtain a bijection between representative vectors and “cycles”, we
introduce the notion of a “I"-cycle” (some authors redefine the notion of cycle and
call “cycle” what we call a I'-cycle, but we find this practice confusing).

! We use boldface notation for the edges in E in order to avoid confusion with the edges occurring
in a cycle or in a chain; those are denoted in italic.



6.1 I'-Cycles, Cocycles, Cotrees, Flows, and Tensions 367

Definition 6.2. Given a finite directed graph G = (V,E,s,t), a ['-cycle is any set
of edges ' = 'Y U~ such that there is some cycle C in G with '™ = C* and
I'™ = C7; we say that the cycle C induces the I"-cycle, I". The representative vector
Y(I") (for short, y) associated with I" is the vector ¥(C) from Definition 6.1, where
C is any cycle inducing I". We say that a I'-cycle I is a I -circuit iff either '™ = 0
or '™ =0 and that I" is simple iff I" arises from a simple cycle.

Remarks:

1. Given a I'-cycle I' = ' UI'™ we have the subgraphs G* = (V,I' " s,¢) and
G~ = (V,I'",s,t). Then, for every u € V, we have

dl(u)—dg. (u)—d_ (u)+dg_(u) =0.

2. If I' is a simple I"-cycle, then every vertex of the graph (V,I",s,#) has degree 0
or 2.

3. When the context is clear and no confusion may arise, we often drop the “I"” in
I'-cycle and simply use the term “cycle”.

Proposition 6.1. If G is any finite directed graph, then any I"-cycle I' is the disjoint
union of simple I"-cycles.

Proof. This is an immediate consequence of Proposition 3.6. O

Corollary 6.1. If G is any finite directed graph, then any I'-cycle I is simple iff it
is minimal, that is, if there is no I'-cycle I'' such thatI'' CT andI"" #T.

We now consider a concept that turns out to be dual to the notion of I"-cycle.

Definition 6.3. Let G be a finite directed graph G = (V, E, s,t) with n edges. For any
subset of nodes Y C V, define the sets of edges Q7 (Y) and Q~ (Y) by

QT (Y)={ecE|s(e)cY,tle)¢ Y}
Q7 (Y)={ecE|s(e)¢Y,t(e) Y}
QY)=Q " Y)uQ (Y).
Any set Q of edges of the form Q = Q(Y), for some set of nodes Y C V, is called

a cocycle (or cutset). With every cocycle  we associate the representative vector
() € R" defined so that

+1 ifeeQ”
U)(Q),': —1 ife,e Q™
0 ife; ¢ Q,

with 1 <i < n. We also write ®(Y) for ®(2) when Q = Q(Y). If either Q7 (Y) =0
or Q7 (Y) =0, then Q is called a cocircuit and a simple cocycle (or bond) is a
minimal cocycle (i.e., there is no cocycle £’ such that Q' C Q and Q' # Q).
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In the graph Gg of Figure 6.1,

Q ={es}U{er,er,e6}

is a cocycle induced by the set of nodes ¥ = {v,,v3,v4} and it corresponds to the
vector
o(Q)=(-1,-1,0,0,1,—1,0).

This is not a simple cocycle because

Q' = {6’5} U {66}

is also a cocycle (induced by Y’ = {vi,v2,v3,v4}). Observe that Q' is a minimal
cocycle, so it is a simple cocycle. Observe that the inner product

’}/(Cl)w(g) = (71717171717130)"(717717();03137130)
=1-140+0+1-140=0

is zero. This is a general property that we prove shortly.

Observe that a cocycle (2 is the set of edges of G that join the vertices in a set Y
to the vertices in its complement V — Y. Consequently, deletion of all the edges in
€ increases the number of connected components of G. We say that 2 is a cutset
of G. Generally, a set of edges K C E is a cutset of G if the graph (V,E — K s,t) has
more connected components than G.

It should be noted that a cocycle 2 = Q(Y) may coincide with the set of edges
of some cycle I'. For example, in the graph displayed in Figure 6.2, the cocycle
Q =Q({1,3,5,7}), shown in thicker lines, is equal to the set of edges of the cycle,

(1,2),(2,3),(3,4),(4,1),(5,6),(6,7),(7,8),(8,3).
If the edges of the graph are listed in the order
(1,2),(2,3),(3,4),(4,1),(5,6),(6,7),(7,8),(8,5),(1,5),(2,6),(3,7),(4,8)
the reader should check that the vectors
y=(1,1,1,1,1,1,1,1,0,0,0,0) € F

and
o=(1,-1,1,-1,1,-1,1,—-1,0,0,0,0) €

correspond to I" and €2, respectively.
We now give several characterizations of simple cocycles.

Proposition 6.2. Given a finite directed graph G = (V,E,s,t) a set of edges S C E
is a simple cocycle iff it is a minimal cutset.
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Fig. 6.2 A cocycle Q2 equal to the edge set of a cycle I”

Proof. We already observed that every cocycle is a cutset. Furthermore, we claim
that every cutset contains a cocyle. To prove this, it is enough to consider a minimal
cutset S and to prove the following satement.

Claim. Any minimal cutset S is the set of edges of G that join two nonempty sets
of vertices Y7 and Y» such that

G) InY,=0.
(i) Y1 UY, = C, some connected component of G.
(iii) The subgraphs Gy, and Gy,, induced by Y; and ¥, are connected.

Indeed, if S is a minimal cutset, it disconnects a unique connected component of
G, say C. Let Cy,...,Cy be the connected components of the graph C — S, obtained
from C by deleting the edges in S. Adding any edge e € S to C — S must connect
two components of C because otherwise S — {e} would disconnect C, contradicting
the minimality of C. Furthermore, k = 2, because otherwise, again, S — {e¢} would
disconnect C. Then, if Y; is the set of nodes of C; and Y is the set of nodes of (3, it
is clear that the claim holds.

Now, if S is a minimal cutset, the above argument shows that S contains a cocyle
and this cocycle must be simple (i.e., minimal as a cocycle) as it is a cutset. Con-
versely, if S is a simple cocycle (i.e., minimal as a cocycle), it must be a minimal
cutset because otherwise, S would contain a strictly smaller cutset which would then
contain a cocycle strictly contained in S. O

Proposition 6.3. Given a finite directed graph G = (V,E,s,t) a set of edges S C E is
a simple cocycle iff S is the set of edges of G that join two nonempty sets of vertices
Y1 and Y such that

(i) YinY, =0.
(ii) Y1 UY, = C, some connected component of G.
(iii) The subgraphs Gy, and Gy,, induced by Y\ and Y, are connected.
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Proof. Ttis clear that if S satisfies (i)—(iii), then S is a minimal cutset and by Propo-
sition 6.3, it is a simple cocycle.

Let us first assume that G is connected and that S = Q(Y') is a simple cocycle; that
is, is minimal as a cocycle. If we let Y; =Y and Y» = X — Y, it is clear that (i) and
(i1) are satisfied. If Gy, or Gy, is not connected, then if Z is a connected component
of one of these two graphs, we see that 2(Z) is a cocycle strictly contained in
S =Q(Y)), a contradiction. Therefore, (iii) also holds. If G is not connected, as S is
a minimal cocycle it is a minimal cutset, and so it is contained in some connected
component C of G and we apply the above argument to C. O

The following proposition is the analogue of Proposition 6.1 for cocycles.

Proposition 6.4. Given a finite directed graph G = (V,E,s,t), every cocycle Q =
Q(Y) is the disjoint union of simple cocycles.

Proof. We give two proofs.

Proof I: (Claude Berge) LetYy,...,Y; be the connected components of the subgraph
of G induced by Y. Then, it is obvious that

QY)=0M)u---UQ(),

where the Q(Y;) are pairwise disjoint. So, it is enough to show that each Q(Y;) is
the union of disjoint simple cycles.

Let C be the connected component of G that contains Y; and let Cy,...,C,, be
the connected components of the subgraph C — Y, obtained from C by deleting the
nodes in ¥; and the edges incident to these nodes. Observe that the set of edges that
are deleted when the nodes in ¥; are deleted is the union of Q(Y;) and the edges of
the connected subgraph induced by Y;. As a consequence, we see that

QY)=Q(CHU---UL(Cy),

where Q(Cy) is the set of edges joining Cy and nodes from Y; in the connected
subgraph induced by the nodes in ¥; U, C;. By Proposition 6.3, the set £2 (Cy) is
a simple cocycle and it is clear that the sets Q(Cy) are pairwise disjoint inasmuch
as the Cy are disjoint.

Proof 2: (Michel Sakarovitch) Let Q = Q(Y) be a cocycle in G. Now, Q is a
cutset and we can pick some minimal cocycle Q| = Q(Z) contained in Q. We
proceed by induction on |Q — Q;|. If Q = Q, we are done. Otherwise, we claim
that £y = 2 — € is a cutset in G. If not, let e be any edge in E|; we may assume
thata =s(e) €Y and b =1(e) € V—Y. As E| is not a cutset, there is a chain C from
atobin (V,E—Ej,s,t) and as € is a cutset, this chain must contain some edge ¢’ in
0,50 C =Ci(x,e,y)Cp, where C| is a chain from a to x and C; is a chain from y to
b. Then, because C has its edges in E — Ej and E; = Q — 1, we must have ¢’ € Q;.
We may assume that x = s(¢’) € Z and y = t(¢) € V — Z. But, we have the chain
CR(a,e,b)CR joining x and y in (V,E — ), a contradiction. Therefore, E| is indeed
a cutset of G. Now, there is some minimal cocycle €2, contained in E. If 2, = E|,
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we are done. Otherwise, if we let E; = E| — £2,, we can show as we just did that E;
is a cutset of G with |E;| < |E. Thus, we finish the proof by applying the induction
hypothesis to E,. O

We now prove the key property of orthogonality between cycles and cocycles.

Proposition 6.5. Given any finite directed graph G = (V,E,s,t), if v = Y(C) is the
representative vector of any I'-cycle I' =T'(C) and @ = @(Y) is the representative
vector of any cocycle, Q = Q(Y), then

Y-0= Zn:%wi =0;
=1

14

that is, v and @ are orthogonal. (Here, |E| =n.)

Proof. Recall that ' = CTUC~, where C is a cycle in G, say
C = (ug,er,uy,...,ug_1,ex, ), Wwith up = ug.
Then, by definition, we see that
yo=[CtNnQTY)|-|CTNR Y)|-|C NnQTM)|+|C N (Y)]. ()

As we traverse the cycle C, when we traverse the edge e; between ;1 and u; (1 <
i < k), we note that

ec(CTNQTY)HU(C N (Y)) iff w1€Y,u;cV-Y
g e(CTNQ (Y)HU(C NQT(Y)) iff w 1€V-Y, u;€Y.

In other words, every time we traverse an edge coming out from Y, its contribution
to (%) is +1 and every time we traverse an edge coming into Y its contribution to
(x) is —1. After traversing the cycle C entirely, we must have come out from Y as
many times as we came into Y, so these contributions must cancel out. [.

Note that Proposition 6.5 implies that [I" N 2] is even.

Definition 6.4. Given any finite digraph G = (V,E, s,t), where E = {ey,...,e,}, the
subspace .% (G) of R" spanned by all vectors y(I"), where I is any I"-cycle, is called
the cycle space of G or flow space of G and the subspace .7 (G) of R" spanned by all
vectors ®(£2), where Q is any cocycle, is called the cocycle space of G or tension
space of G (or cut space of G).

When no confusion is possible, we write .# for % (G) and .7 for .7 (G). Thus, .#
is the space consisting of all linear combinations Zf-‘:l a;7; of representative vectors
of I'-cycles ¥;, and 7 is the the space consisting of all linear combinations Zf»‘:l 0, O;
of representative vectors of cocycles @; with o; € R. Proposition 6.5 says that the
spaces . and .7 are mutually orthogonal. Observe that R” is isomorphic to the vec-
tor space of functions f: E — R. Consequently, a vector f = (fi,..., f,) € R" may
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be viewed as a function from E = {ey,...,e,} to R and it is sometimes convenient
to write f(e;) instead of f;.

Remark: The seemingly odd terminology “flow space” and “tension space” is ex-
plained later.

Our next goal is be to determine the dimensions of .# and .7 in terms of the
number of edges, the number of nodes, and the number of connected components of
G, and to give a convenient method for finding bases of .% and .7. For this, we use
spanning trees and their dual, cotrees. But first, we need a crucial theorem that also
plays an important role in the theory of flows in networks.

Theorem 6.1. (Arc Coloring Lemma; Minty [1960]) Let G = (V,E,s,t) be a finite
directed graph and assume that the edges of G are colored either in black, red, or
green. Pick any edge e and color it black. Then, exactly one of two possibilities may
occur:

(1) There is a simple cycle containing e whose edges are only red or black with all
the black edges oriented in the same direction.

(2) There is a simple cocycle containing e whose edges are only green or black with
all the black edges oriented in the same direction.

Proof. Leta=s(e)andb=t(e). Apply the following procedure for marking nodes.

Intitially, only b is marked.

while there is some marked node x and some unmarked node y with
either a black edge, ¢/, with (x,y) = (s(¢’),#(¢’)) or
ared edge, ¢/, with (x,y) = {s(¢'),t(¢')}
then mark y; arc(y) = ¢’

endwhile

When the marking algorithm stops, exactly one of the following two cases oc-
curs.

(i) Node a has been marked. Let ¢’ = arc(a) be the edge that caused a to be marked
and let x be the other endpoint of ¢'. If x = b, we found a simple cycle satisfying
(i). If not, let ¢’ = arc(x) and let y be the other endpoint of ¢” and continue in
the same manner. This procedure will stop with b and yields the chain C from b
to a along which nodes have been marked. This chain must be simple because
every edge in it was used once to mark some node (check that the set of edges
used for the marking is a tree). If we add the edge e to the chain C, we obtain a
simple cycle I" whose edges are colored black or red and with all edges colored
black oriented in the same direction due to the marking scheme. It is impossible
to have a cocycle whose edges are colored black or green containing e because
it would have been impossible to conduct the marking through this cocycle and
a would not have been marked.
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(ii) Node a has not been marked. Let Y be the set of unmarked nodes. The set 2(Y)
is a cocycle whose edges are colored green or black containing e with all black
edges in 7 (Y). This cocycle is the disjoint of simple cocycles (by Proposition
6.4) and one of these simple cocycles contains e. If a cycle with black or red
edges containing e with all black edges oriented in the same direction existed,
then a would have been marked, a contradiction. O

Corollary 6.2. Every edge of a finite directed graph G belongs either to a simple
circuit or to a simple cocircuit but not both.

Proof. Color all edges black and apply Theorem 6.1. O

Although Minty’s theorem looks more like an amusing fact than a deep result,
it is actually a rather powerful theorem. For example, we show in Section 6.4 that
Minty’s theorem can be used to prove the “hard part” of the max-flow min-cut the-
orem (Theorem 6.7), an important theorem that has many applications. Here are a
few more applications of Theorem 6.1.

Proposition 6.6. Let G be a finite connected directed graph with at least one edge.
Then, the following conditions are equivalent.

(i) G is strongly connected.
(ii) Every edge belongs to some circuit.
(iii) G has no cocircuit.

Proof. (i) = (ii). If x and y are the endpoints of any edge e in G, as G is strongly
connected, there is a simple path from y to x and thus, a simple circuit through e.

(ii) = (iii). This follows from Corollary 6.2.

(iii) = (i). Assume that G is not strongly connected and let Y" and Y be two
strongly connected components linked by some edge e and let a = s(e) and b =
t(e), with a € Y" and b € Y”. The edge e does not belong to any circuit because
otherwise a and b would belong to the same strongly connected component. Thus,
by Corollary 6.2, the edge e should belong to some cocircuit, a contradiction. O

In order to determine the dimension of the cycle space .77, we use spanning trees.
Let us assume that G is connected because otherwise the same reasoning applies to
the connected components of G. If T is any spanning tree of G, we know from
Theorem 3.2, Part (4), that adding any edge e € E — T (called a chord of T) creates
a (unique) cycle. We show shortly that the vectors associated with these cycles form
a basis of the cycle space. We can find a basis of the cocycle space by considering
sets of edges of the form E — T, where T is a spanning tree. Such sets of edges are
called cotrees.

Definition 6.5. Let G be a finite directed connected graph G = (V,E,s,t). A span-
ning subgraph (V,K,s,t) is a cotree iff (V,E — K, s,t) is a spanning tree.



374 6 Graphs, Part II: More Advanced Notions

Cotrees are characterized in the following proposition.

Proposition 6.7. Let G be a finite directed connected graph G = (V,E,s,t). If E is
partitioned into two subsets T and K (i.e., TUK =E; TNK =0; T,K # 0), then
the following conditions ar equivalent.

(1) (V,T,s,t) is tree.

(2) (V,K,s,t) is a cotree.

(3) (V,K,s,t) contains no simple cocycles of G and upon addition of any edge e € T,
it does contain a simple cocycle of G.

Proof. By definition of a cotree, (1) and (2) are equivalent, so we prove the equiv-
alence of (1) and (3).

(1) = (3). We claim that (V,K,s,t) contains no simple cocycles of G. Other-
wise, K would contain some simple cocycle I'(A) of G and then no chain in the tree
(V,T,s,t) would connect A and V — E, a contradiction.

Next, for any edge e € T, observe that (V,T — {e},s,7) has two connected compo-
nents, say A and B and then Q(A) is a simple cocycle contained in (V,KU {e},s,t)
(in fact, it is easy to see that it is the only one). Therefore, (3) holds

(3) = (1). We need to prove that (V,T,s,r) is a tree. First, we show that
(V,T,s,t) has no cycles. Let e € T be any edge; color e black; color all edges in
T — {e} red; color all edges in K = E — T green. By (3), by adding e to K, we find
a simple cocycle of black or green edges that contained e. Thus, there is no cycle of
red or black edges containing e. As e is arbitrary, there are no cycles in 7.

Finally, we prove that (V,T,s,t) is connected. Pick any edge ¢ € K and color
it black; color edges in T red; color edges in K — {e} green. Because G has no
cocycle of black and green edges containing e, there is a cycle of black or red edges
containing e. Therefore, T'U {e} has a cycle, which means that there is a path from
any twonodesin 7. O

We are now ready for the main theorem of this section.

Theorem 6.2. Let G be a finite directed graph G = (V,Es,t), and assume that |E| =
n, |V| = m and that G has p connected components. Then, the cycle space F and
the cocycle space T are subspaces of R" of dimensions dim.% = n—m+ p and
dim.7 =m—pand T = F is the orthogonal complement of F. Furthermore, if
Ci,...,C, are the connected components of G, bases of # and 7 can be found as
follows.

(1) Let Th,..., Ty, be any spanning trees in Cy,...,C,. For each spanning tree T;
form all the simple cycles I, obtained by adding any chord e € C; —T; to T,.
Then, the vectors ;. = Y(Ii .) form a basis of F.

(2) For any spanning tree T; as above, let K; = C; — T; be the corresponding cotree.
For every edge e € T; (called a twig), there is a unique simple cocycle £; , con-
tained in K; U {e}. Then, the vectors ;. = 0(£; ) form a basis of 7.
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Proof. We know from Proposition 6.5 that . and 7 are orthogonal. Thus,
dim.% +dim .7 <n.

Let us follow the procedure specified in (1). Let C; = (E;,V;), be the ith connected
component of G and let n; = |E;| and |V;| = m;, so that ny +---+n, = n and m; +
-+++m, = m. For any spanning tree 7; for C;, recall that 7; has m; — 1 edges and so,
|Ei—T;| =ni—m;+1.1fe; 1,..., € n—m-+1 are the edges in E; — T;, then the vectors

%sei.l e yi’ei,m,-

must be linearly independent, because Y., ; = y(l}ei‘j) and the simple cycle I;, ;
contains the edge e; ; that none of the other I, contain for k # j. So, we get

(m—mi+1)+-+@n,—my+1)=n—m+p<dimZ.

Let us now follow the procedure specified in (2). For every spanning tree 7; let
€i1,...,€m—1 be the edges in T;. We know from Proposition 6.7 that adding any
edge ¢; j to C; — T; determines a unique simple cocycle .Q,-)ew containing e; ; and the
vectors

wivei.l .

) w’vei,mifl

must be linearly independent because the simple cocycle €., ; contains the edge
e; j that none of the other €; ., contain for k # j. So, we get

But then, n < dim.%# + dim .7 and inasmuch as we also have dim.% +dim .7 < n,
we get
dim.% =n—m+p and dimJ =m—p.

The vectors produced in (1) and (2) are linearly independent and in each case, their
number is equal to the dimension of the space to which they belong, therefore they
are bases of these spaces. O

Because dim.% = n—m+ p and dim.7 = m — p do not depend on the orien-
tation of G, we conclude that the spaces .# and .7 are uniquely determined by G,
independently of the orientation of G, up to isomorphism. The number n —m + p is
called the cyclomatic number of G and m — p is called the cocyclomatic number of
G.

Remarks:

1. Some authors, including Harary [15] and Diestel [9], define the vector spaces
F and 7 over the two-element field, F, = {0,1}. The same dimensions are
obtained for % and .7 and .% and .7 still orthogonal. On the other hand, be-
cause 1 4+ 1 = 0, some interesting phenomena happen. For example, orientation
is irrelevant, the sum of two cycles (or cocycles) is their symmetric difference,
and the space .# N7 is not necessarily reduced to the trivial space (0). The
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space .# N 7 is called the bicycle space. The bicycle space induces a partition
of the edges of a graph called the principal tripartition. For more on this, see
Godsil and Royle [12], Sections 14.15 and 14.16 (and Chapter 14).

2. For those who know homology, of course, p = dim Hy, the dimension of the
zero-th homology group and n —m + p = dimH,, the dimension of the first
homology group of G viewed as a topological space. Usually, the notation used
is byg = dimHy and by = dim H; (the first two Betti numbers). Then the above
equation can be rewritten as

m—n=by— by,

which is just the formula for the Euler—Poincaré characteristic.

Fig. 6.3 Enrico Betti, 1823-1892 (left) and Henri Poincaré, 1854-1912 (right)

Figure 6.4 shows an unoriented graph (a cube) and a cocycle 2, which is also a
cycle I', shown in thick lines (i.e., a bicycle, over the field [,). However, as we saw
in the example from Figure 6.2, for any orientation of the cube, the vectors y and @
corresponding to I" and € are different (and orthogonal).

Fig. 6.4 A bicycle in a graph (a cube)
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Let us illustrate the procedures for constructing bases of .% and .7 on the graph
Gg. Figure 6.5 shows a spanning tree 7" and a cotree K for Gg.

Wehaven=7,m=5;p=1,andso,dim% =7—5+1=3anddim.7 =5—-1=
4. If we successively add the edges e, e, and e7 to the spanning tree 7', we get the
three simple cycles shown in Figure 6.6 with thicker lines.

If we successively add the edges e, e3, e4, and e5 to the cotree K, we get the four
simple cocycles shown in Figures 6.7 and 6.8 with thicker lines.

Given any node v € V in a graph G for simplicity of notation let us denote
the cocycle Q({v}) by Q(v). Similarly, we write Q%+ (v) for Q+({v}); Q~(v) for
Q7 ({v}), and similarly for the the vectors @({v}), and so on. It turns our that
vectors of the form @(v) generate the cocycle space and this has important conse-
quences.

Proposition 6.8. Given any finite directed graph G = (V,E,s,t) for every cocycle
Q = Q(Y) we have
o)=Y o).
vey
Consequently, the vectors of the form ®(v), with v € V, generate the cocycle space

T.
Proof. For any edge e € E if a = s(e) and b =t(e), observe that
+1 ifv=a
a)(v)e{—l ifv=>
0 ifvs#a,b.

As a consequence, if we evaluate Yoy @(v), we find that

+1 ifaeYandbeV-Y
) {1 ifaecV—-YandbeY
e

(Z (v)

vey

0 ifa,beYora,beV —Y,

which is exactly @(Y),. O

Fig. 6.5 Graph Gg; A spanning tree, T'; a cotree, K
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Fig. 6.6 A cycle basis for Gg

O Qy: Qs :

€

€6

@ €7

Fig. 6.7 A cocycle basis for Gg

Q4 .

« (1)
(——

Fig. 6.8 A cocycle basis for Gg (continued)

Proposition 6.8 allows us to characterize flows (the vectors in .%) in an interesting
way which also reveals the reason behind the terminology.
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Theorem 6.3. Given any finite directed graph G = (V,E,s,t) a vector f € R" is a
Sflow in F iff

Z fle)— Z fle)=0, forall vev. @)
)

eeQt(v) ecQ=(v

Proof. By Theorem 6.2, we know that .# is the orthogonal complement of 7.
Thus, for any f € R", we have f € % iff f- @ =0 for all ® € 7. Moreover, Propo-
sition 6.8 says that 7 is generated by the vectors of the form @w(v), where v € V so
feZiff f-o(v)=0forallve V. But (1) is exactly the assertion that /- w(v) =0
and the theorem is proved. O

Equation (1) justifies the terminology of “flow” for the elements of the space
Z. Indeed, a flow f in a (directed) graph G = (V,E, s,t), is defined as a function
fi+ E — R, and we say that a flow is conservative (Kirchhoff’s first law) iff for
every node v € V, the total flow }..co-(,) f (e) coming into the vertex v is equal to
the total flow Y. o+, f(€) coming out of that vertex. This is exactly what equation
(+) says.

We can also characterize tensions as follows.

Theorem 6.4. Given any finite simple directed graph G = (V,E,s,t) for any 6 € R"
we have:

(1) The vector 0 is a tension in 7 iff for every simple cycle I’ =T'" UI'~ we have

Z 0(e)— Z 0(e) =0. (%)

ecl't ecl’'~

(2) If G has no parallel edges (and no loops), then 6 € R" is a tension in 7 iff
the following condition holds. There is a function m: V — R called a “potential
function”, such that

6(e) = n(t(e)) — n(s(e)), ()
foreverye € E.

Proof. (1) The equation (x) asserts that y(I") - 6 = 0 for every simple cycle I'.
Every cycle is the disjoint union of simple cycles, thus the vectors of the form y(I")
generate the flow space .% and by Theorem 6.2, the tension space .7 is the orthog-
onal complement of .%, so 6 is a tension iff (x) holds.

(2) Assume a potential function 7: V — R exists, let I' = (vo,e1,vi,...,Vi—1,
ek, Vi), with v = v, be a simple cycle, and let y = y(I"). We have

n6(er) = m(vi) —m(vo)
10(e2) = m(v2) — 7(v1)

Ye10(ex—1) = T(ve—1) — T(vk—2)
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%0 (ex) = m(vo) — w(vi—1)

and we see that when we add both sides of these equations that we get (x):

Y 6(e)— ) 6(e)=0.

ecl't ecl'™

Let us now assume that (*) holds for every simple cycle and let 6 € 7 be any
tension. Consider the following procedure for assigning a value 7(v) to every vertex
v €V, so that (xx) is satisfied. Pick any vertex vy, and assign it the value, (vy) = 0.

Now, for every vertex v € V that has not yet been assigned a value, do the fol-
lowing.

1. If there is an edge e = (u,v) with 7(u) already determined, set
n(v) =n(u)+0(e);

2. If there is an edge e = (v,u) with 7(u) already determined, set

At the end of this process, all the nodes in the connected component of vy will have
received a value and we repeat this process for all the other connected components.
However, we have to check that each node receives a unique value (given the choice
of vp). If some node v is assigned two different values 7 (v) and m,(v) then there
exist two chains o7 and o, from v to v, and if C is the cycle o] 65 , we have

¥(C)-6 #0.

However, any cycle is the disjoint union of simple cycles, so there would be some
simple cycle I" with

Y(I)-6 £0,

contradicting (). Therefore, the function 7 is indeed well-defined and, by construc-
tion, satisfies (xx). O

Some of these results can be improved in various ways. For example, flows have
what is called a “conformal decomposition.”

Definition 6.6. Given any finite directed graph G = (V,S,s,t), we say that a flow
f € Z has a conformal decomposition iff there are some cycles I7,. .., I; such that
if y; = y(I7), then

f=oy+--+oun,
with

.oy >0, fori=1,... k.
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2. For any edge, e € E, if f(e) > 0 (respectively, f(e¢) <0)and e € I}, thene € Ff
(respectively, e € I;7).

Proposition 6.9. Given any finite directed graph G = (V,S,s,t) every flow f € F
has some conformal decomposition. In particular, if f(e) > 0 for all e € E, then all
the I';s are circuits.

Proof. We proceed by induction on the number of nonzero components of f. First,
note that f = 0 has a trivial conformal decomposition. Next, let f € .% be a flow and
assume that every flow f” having at least one more zero component than f has some
conformal decomposition. Let G be the graph obtained by reversing the orientation
of all edges e for which f(e) < 0 and deleting all the edges for which f(e) = 0.
Observe that G has no cocircuit, as the inner product of any simple cocircuit with
any nonzero flow cannot be zero. Hence, by the corollary to the coloring lemma, G
has some circuit C and let I" be a cycle of G corresponding to C. Let

o = min{ min f(e), min —f(e)} > 0.

Then, the flow
f'=f—oayI)

has at least one more zero component than f. Thus, f’ has some conformal decom-
position and, by construction, f = f'+ ay(I") is a conformal decomposition of f.
O

We now take a quick look at various matrices associated with a graph.

6.2 Incidence and Adjacency Matrices of a Graph

In this section, we are assuming that our graphs are finite, directed, without loops,
and without parallel edges.

Definition 6.7. Let G = (V,E) be a graph and write V = {vy,...,v,} and E =

{ey,...,e,}. The incidence matrix D(G) of G is the m X n-matrix whose entries
d; j are
+1 if vV, = s(ej)
dij:{—l if v, =1(e;)
0  otherwise.

Remark: The incidence matrix actually makes sense for a graph G with parallel
edges but without loops.

For simplicity of notation and when no confusion is possible, we write D instead
of D(G).
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Because we assumed that G has no loops, observe that every column of D con-
tains exactly two nonzero entries, +1 and —1. Also, the ith row of D is the vec-
tor @(v;) representing the cocycle Q(v;). For example, the incidence matrix of the
graph Gg shown again in Figure 6.9 is shown on the next page.

The incidence matrix D of a graph G represents a linear map from R” to R
called the incidence map (or boundary map) and denoted by D (or d). For every
e € E, we have

D(ej) = s(ej) —1(ej).

Here is the incidence matrix of the graph Gg:

€1

€2

€7
Fig. 6.9 Graph Gg
1 1.0 0 0 0 O
-10 —-1-11 0 O
D=]10-11 0 0 0 1
0O 0 0 1 0 —-1-1
00 0 0-110

Remark: Sometimes it is convenient to consider the vector space C) (G) = RE, of
all functions f: E — R, called the edge space of G and the vector space Cy(G) =
RY, of all functions g: V — R, called the vertex space of G. Obviously, C (G) is
isomorphic to R” and Cy(G) is isomorphic to R™. The transpose D' of D is a linear
map from Cy(G) to C;(G) also called the coboundary map and often denoted by J.
Observe that §(Y) = Q(Y) (viewing the subset, Y C V, as a vector in Cy(G)).

The spaces of flows and tensions can be recovered from the incidence matrix.

Theorem 6.5. Given any finite graph G if D is the incidence matrix of G and % and
T are the spaces of flows and tensions on G, then

(1) % =KerD.
(2) 7 =ImD'.



6.2 Incidence and Adjacency Matrices of a Graph 383
Futhermore, if G has p connected components and m nodes, then
rankD =m — p.

Proof. We already observed that the ith row of D is the vector @(v;) and we know
from Theorem 6.3 that .7 is exactly the set of vectors orthogonal to all vectors of
the form o(v;). Now, for any f € R”,

o(vi)-f
pr=| + |,

O)(Vm) f
and so, .# = Ker D. The vectors @(v;) generate .7, therefore the rows of D generate
T thatis, 7 =ImD".

From Theorem 6.2, we know that
dimZ =m—p
and inasmuch as we just proved that .7 =Im D', we get
rank D = rankD' = m — p,

which proves the last part of our theorem. 0O
Corollary 6.3. For any graph G = (V,E,s,t) if [V| =m, |E| = n and G has p con-

nected components, then the incidence matrix D of G has rank n (i.e., the columns
of D are linearly independent) iff # = (0) iff n = m — p.

Proof. By Theorem 6.3, we have rank D = m — p. So, rankD = n iff n = m — p iff
n—m+p=0iff # = (0) (because dim.# =n—m+p). O

The incidence matrix of a graph has another interesting property observed by
Poincaré. First, let us define a variant of triangular matrices.

Definition 6.8. An n x n (real or complex) matrix A = (g;;) is said to be pseudo-
triangular and nonsingular iff either

(i) n=1anda;; #0.

(i1) n > 2 and A has some row, say k, with a unique nonzero entry ay, i such that the
submatrix B obtained by deleting the ith row and the kth column from A is also
pseudo-triangular and nonsingular.

It is easy to see that a matrix defined as in Definition 6.8 can be transformed into
a usual triangular matrix by permutation of its columns.
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Proposition 6.10. (Poincaré, 1901) If D is the incidence matrix of a graph, then ev-
ery square k x k nonsingular submatrix,” B of D is pseudo-triangular. Consequently,
det(B) = +1,—1, or 0, for any square k X k submatrix B of D.

Proof. We proceed by induction on k. The result is obvious for k = 1.

Next, let B be a square k x k-submatrix of D which is nonsingular, not pseudo-
triangular and yet, every nonsingular 4 X h-submatrix of B is pseudo-triangular if
h < k. We know that every column of B has at most two nonzero entries (because
every column of D contains two nonzero entries: +1 and —1). Also, as B is not
pseudo-triangular (but nonsingular) every row of B contains at least two nonzero
elements. But then, no row of B may contain three or more elements, because the
number of nonzero slots in all columns is at most 2k and by the pigeonhole principle,
we could fit 2k + 1 objects in 2k slots, which is impossible. Therefore, every row
of B contains exactly two nonzero entries. Again, the pigeonhole principle implies
that every column also contains exactly two nonzero entries. But now, the nonzero
entries in each column are +1 and —1, so if we add all the rows of B, we get the
zero vector, which shows that B is singular, a contradiction. Therefore, B is pseudo-
triangular.

The entries in D are +1,—1,0, therefore the above immediately implies that
det(B) = +1,—1, or 0 for any square k X k submatrix Bof D. 0O

A square matrix such as A such that det(B) = +1, —1, or 0 for any square k X k
submatrix B of A is said to be totally unimodular. This is a very strong property of
incidence matrices that has far-reaching implications in the study of optimization
problems for networks.

Another important matrix associated with a graph is its adjacency matrix.

Definition 6.9. Let G = (V,E) be a graph with V = {v;,..., v, }. The ajacency ma-
trix A(G) of G is the m x m-matrix whose entries «; ; are

aj = { I if Ge € E)({s(e),1(e)} = {vi,v;})

0 otherwise.

When no confusion is possible, we write A for A(G). Note that the matrix A is
symmetric and a;; = 0. Here is the adjacency matrix of the graph Gg shown in Figure
6.9:

01100
10111
A=|11010
01101
01010

We have the following useful relationship between the incidence matrix and the
adjacency matrix of a graph.

2 Given any m X n matrix A = (aij), if 1 <h<mand 1 <k<n,then ah x k-submatrix B of A is
obtained by picking any k columns of A and then any /4 rows of this new matrix.
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Proposition 6.11. Given any graph G if D is the incidence matrix of G, A is the
adjacency matrix of G, and A is the diagonal matrix such that A;; = d(v;), the
degree of node v;, then

DD' =A-A.

Consequently, DD is independent of the orientation of G and A — A is symmetric
positive, semi-definite; that is, the eigenvalues of A — A are real and nonnegative.

Proof. Ttis well known that DDl-Tj is the inner product of the ith row d;, and the jth
row dj of D.If i = j, then as

+1 ifs(e) =w;
dir=14 —1 ift(ex) =v;
0 otherwise

we see that d; - d; = d(v;). If i # j, then d; - d; # 0 iff there is some edge e; with
s(ex) = v; and 7(e;) = v;, in which case, d; - d; = —1. Therefore,

DD" =A—A,

as claimed. Now, DD is obviously symmetric and it is well known that its eigen-
values are nonnegative (e.g., see Gallier [11], Chapter 12). O

Remarks:

1. The matrix L=DDT = A —A, is known as the Laplacian (matrix) of the graph,
G. Another common notation for the matrix DD is Q. The columns of D con-
tain exactly the two nonzero entries, +1 and —1, thus we see that the vector 1,
defined such that 1; = 1, is an eigenvector for the eigenvalue 0.

2. If G is connected, then D has rank m — 1, so the rank of DD is also m — 1 and

the other eigenvalues of DD besides 0 are strictly positive. The smallest pos-
itive eigenvalue of L = DD has some remarkable properties. There is an area
of graph theory overlapping (linear) algebra, called spectral graph theory that
investigates the properties of graphs in terms of the eigenvalues of its Laplacian
matrix but this is beyond the scope of this book. Some good references for al-
gebraic graph theory include Biggs [3], Godsil and Royle [12], and Chung [6]
for spectral graph theory.
One of the classical and surprising results in algebraic graph theory is a formula
that gives the number of spanning trees 7(G) of a connected graph G in terms
of its Laplacian L = DD . If J denotes the square matrix whose entries are all
Is and if adjL denotes the adjoint matrix of L (the transpose of the matrix of
cofactors of L), that is, the matrix given by

(adjL);; = (—1)"*/ detL(j, i),

where L(j,i) is the matrix obtained by deleting the jth row and the ith column
of L, then we have
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adjL = 7(G)J.

We also have
7(G) =m 2 det(J + L),

where m is the number of nodes of G.

3. As we already observed, the incidence matrix also makes sense for graphs with
parallel edges and no loops. But now, in order for the equation DD = A —A to
hold, we need to define A differently. We still have the same definition as before
for the incidence matrix but we can define the new matrix .27 such that

ij={e € E[{s(e),1(e)} = {vi,vj}};

that is, <7 ; is the number of parallel edges between v; and v;. Then, we can
check that
DD" =A— .

4. There are also versions of the adjacency matrix and of the incidence matrix for
undirected graphs. In this case, D is no longer totally unimodular.

6.3 Eulerian and Hamiltonian Cycles

In this short section, we discuss two classical problems that go back to the very
beginning of graph theory. These problems have to do with the existence of certain
kinds of cycles in graphs. These problems come in two flavors depending on whether
the graphs are directed but there are only minor differences between the two versions
and traditionally the focus is on undirected graphs.

The first problem goes back to Euler and is usually known as the Konigsberg
bridge problem. In 1736, the town of Konigsberg had seven bridges joining four
areas of land. Euler was asked whether it were possible to find a cycle that crossed
every bridge exactly once (and returned to the starting point).

Fig. 6.10 Leonhard Euler, 1707-1783
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The graph shown in Figure 6.11 models the Konigsberg bridge problem. The
nodes A, B,C, D correspond to four areas of land in Konigsberg and the edges to the
seven bridges joining these areas of land.

In fact, the problem is unsolvable, as shown by Euler, because some nodes do
not have an even degree. We now define the problem precisely and give a complete
solution.

B

Fig. 6.11 The seven bridges of Konigsberg and a graph modeling the Konigsberg bridge problem

Definition 6.10. Given a finite undirected graph G = (V,E) (respectively, a directed
graph G = (V,E,s,t)) a Euler cycle (or Euler tour), (respectively, a Euler circuit) is
acycle in G that passes through every node and every edge (exactly once); (respec-
tively, a circuit in G that passes through every node and every edge (exactly once)).
The Eulerian cycle (resp. circuit) problem is the problem: given a graph G, is there
a Eulerian cycle (respectively, circuit) in G?
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Theorem 6.6. (1) An undirected graph G = (V,E) has a Eulerian cycle iff the fol-
lowing properties hold.

(al) The graph G is connected.
(b1) Every node has even degree.

(2) A directed graph G = (V,E,s,t) has a Eulerian circuit iff the following prop-
erties hold.

(a2) The graph G is strongly connected.
(b2) Every node has the same number of incoming and outgoing edges, that is,
dt(v)=d (v), forallveV.

Proof. We prove (1) leaving (2) as an easy exercise (the proof of (2) is very similar
to the proof of (1)). Clearly, if a Euler cycle exists, G is connected and because every
edge is traversed exactly once, every node is entered as many times as it is exited so
the degree of every node is even.

For the converse, observe that G must contain a cycle as otherwise, being con-
nected, G would be a tree but we proved earlier that every tree has some node of
degree 1. (If G is directed and strongly connected, then we know that every edge be-
longs to a circuit.) Let I be any cycle in G. We proceed by induction on the number
of edges in G. If G has a single edge, clearly I' = G and we are done. If G has no
loops and G has two edges, again I = G and we are done. If G has no loops and no
parallel edges and if G has three edges, then again, I = G. Now, consider the induc-
tion step. Assume I" # G and consider the graph G’ = (V,E —I"). Let Gy,...,Gp, be
the connected components of G'. Pick any connected component G; of G'. Now, all
nodes in G; have even degree, G; is connected and G; has strictly fewer edges than
G so, by the induction hypothesis, G; contains a Euler cycle I;. But then I" and each
I; share some vertex (because G is connected and the G; are maximal connected
components) and we can combine I and the I';s to form a Euler cyclein G. O

There are iterative algorithms that will find a Euler cycle if one exists. It should
also be noted that testing whether a graph has a Euler cycle is computationally quite
an easy problem. This is not so for the Hamiltonian cycle problem described next.

A game invented by Sir William Hamilton in 1859 uses a regular solid dodeca-
hedron whose 20 vertices are labeled with the names of famous cities. The player is
challenged to “travel around the world” by finding a circuit along the edges of the
dodecahedron that passes through every city exactly once.

In graphical terms, assuming an orientation of the edges between cities, the graph
D shown in Figure 6.14 is a plane projection of a regular dodecahedron and we
want to know if there is a Hamiltonian cycle in this directed graph (this is a directed
version of the problem).

Finding a Hamiltonian cycle in this graph does not appear to be so easy. A solu-
tion is shown in Figure 6.15 below.

Definition 6.11. Given any undirected graph G (respectively, directed graph G) a
Hamiltonian cycle in G (respectively, Hamiltonian circuit in G) is a cycle that passes
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Fig. 6.13 A Voyage Round the World Game and Icosian Game (Hamilton)

Fig. 6.14 A tour “around the world”
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V20

V19

Fig. 6.15 A Hamiltonian cycle in D

though every vertex of G exactly once (respectively, a circuit that passes though ev-
ery vertex of G exactly once). The Hamiltonian cycle (respectively, circuit) problem
is to decide whether a graph G has a Hamiltonian cycle (respectively, Hamiltonian
circuit).

Unfortunately, no theorem analogous to Theorem 6.6 is known for Hamiltonian
cycles. In fact, the Hamiltonian cycle problem is known to be NP-complete and so
far, appears to be a computationally hard problem (of exponential time complexity).
Here is a proposition that may be used to prove that certain graphs are not Hamilto-
nian. However, there are graphs satisfying the condition of that proposition that are
not Hamiltonian (e.g., Petersen’s graph; see Problem 6.10).

Proposition 6.12. If a graph G = (V,E) possesses a Hamiltonian cycle then, for
every nonempty set S of nodes, if G{(V — S) is the induced subgraph of G generated
by V —S and if ¢(G(V —S)) is the number of connected components of G(V —S),
then

c(G(V=5)) <|S].

Proof. LetI be a Hamiltonian cycle in G and let G be the graph G= (V,I). If we
delete k vertices we can’t cut a cycle into more than & pieces and so
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c(G(V=5)) <|S].

However, we also have

c(G(V—=S5)) <c(G(V-15)),

which proves the proposition. O

6.4 Network Flow Problems; The Max-Flow Min-Cut Theorem

The network flow problem is a perfect example of a problem that is important prac-
tically but also theoretically because in both cases it has unexpected applications. In
this section, we solve the network flow problem using some of the notions from Sec-
tion 6.1. First, let us describe the kinds of graphs that we are dealing with, usually
called networks (or transportation networks or flow networks).

Definition 6.12. A network (or flow network) is a quadruple N = (G, ¢, vy, sy ), where
G is a finite digraph G = (V,E,s,t) without loops, ¢: E — R is a function called
a capacity function assigning a capacity c(e) > 0 (or cost or weight) to every edge
e € E, and vy, v, € V are two (distinct) distinguished nodes.> Moreover, we assume
that there are no edges coming into v, (d; (vs) = 0), which is called the source and
that there are no outgoing edges from v; (dg (v;) = 0), which is called the terminal
(or sink).

An example of a network is shown in Figure 6.16 with the capacity of each edge
within parentheses.

Intuitively, we can think of the edges of a network as conduits for fluid, or wires
for electricity, or highways for vehicle, and so on, and the capacity of each edge is
the maximum amount of “flow” that can pass through that edge. The purpose of a
network is to carry “flow”, defined as follows.

Definition 6.13. Given a network N = (G, ¢, vy, v;) aflow in N is a function f: E —
R such that the following conditions hold.

(1) (Conservation of flow)

Z fle)= Z fle), forallveV —{vs,v}

t(e)=v s(e)=v
(2) (Admissibility of flow)

0<f(e)<c(e), forallecE

3 Most books use the notation s and ¢ for vy and v;. Sorry, s and 7 are already used in the definition
of a digraph.
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Fig. 6.16 A network N

Given any two sets of nodes S,7 C V, let

f(8,T)= Z fle) and ¢(S,T)= Z c(e).
ecE ecE
s(e)eS,t(e)eT s(e)eS,t(e)eT

When S = {u} or T = {v}, we write f(u,T) for f({u},T) and f(S,v) for f(S,{v})
(similarly, we write c(u, T) for ¢c({u},T) and ¢(S,v) for ¢(S,{v})). The net flow out
of S is defined as f(S,S) — (S, S) (where S =V —S). The value |f| (or v(f)) of the
flow f is the quantity

|fl=fvs,V — {Vs})'

We can now state the following.

Network Flow Problem: Find a flow f in N for which the value |f]| is maximum
(we call such a flow a maximum flow).

Figure 6.17 shows a flow in the network N, with value |f| = 3. This is not a
maximum flow, as the reader should check (the maximum flow value is 4).

Remarks:

1. For any set of edges & C E let

(&)=Y fle)
ec.s

o(&) =), cle)
ec.s
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Fig. 6.17 A flow in the network N

Now, recall that 2(S) = Q7 (S)UQ(S)) is a cocycle (see Definition 6.3). So
if we define the value f(£2(S)) of the cocycle Q(S) to be
£(Q(S)) = f(Q7(S)) - f(27(9)),

the net flow through S is the value of the cocycle, 2(S).
2. By definition, ¢(S,S) = c(Q27(9)).
3. Because G has no loops, there are no edges from u to itself, so

S,V —{u}) = f(u,V)
and similarly,
fV={v}v) =f(V,v).

4. Some authors (e.g., Wilf [22]) do not require the distinguished node v, to be
a source and the distinguished node v; to be a sink. This makes essentially no
difference but if so, the value of the flow f must be defined as

1 =7 sV ={vs}) = £V ={vs},vs) = f(v5,V) = F(V,vs).-

Intuitively, because flow conservation holds for every node except vs and v;, the
net flow f(V,v;) into the sink should be equal to the net flow f(vs,V) out of the
source v,. This is indeed true and follows from the next proposition.

Proposition 6.13. Given a network N = (G, ¢, vs,v;) for any flow f in N and for any
subset S CV, if vy € S and v, ¢ S, then the net flow through S has the same value,
namely |f|; that is,

1= £(R(8)) = £(5.8) = f(S,S) < c(S,S) = c(27(S)).

In particular,
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Ifl=F(vs,V) = f(V,w).
Proof. Recall that | f| = f(vs,V). Now, for any node v € S — {v,}, because v # v,
the equation
Y fle)=) fle)
t(e)=v s(e)=v

holds and we see that

fl=f V)= (Y flo)= ) fle)

veS s(e)=v t(e)=v

= L FWV)=f(V,v) = f(5,V) = f(V.S).

lfl = f(S,V)=f(V,S$)
= f(S,SUS) — f(SUS,S)
= f(SvS)+f(Sv§) _f(SvS) _f(S7S)
= f(Svg) —f(§7S),

as claimed. The capacity of every edge is nonnegative, thus it is obvious that
1= 1(S.5) = f(S,S) < f(S,S) < c(S,S) = c(27()),
inasmuch as a flow is admissible. Finally, if we set S =V — {v,}, we get
f(8,8) = f(8,8) = f(V,w)
and so, |f| = f(vs,V) = f(V,v). O

Proposition 6.13 shows that the sets of edges Q7 (S) with vy € S and v, ¢ S, play
a very special role. Indeed, as a corollary of Proposition 6.13, we see that the value
of any flow in N is bounded by the capacity ¢(Q27(S)) of the set Q7 (S) for any S
with vs € S and v; ¢ S. This suggests the following definition.

Definition 6.14. Given a network N = (G, c,vs,v;), a cut separating vs and vy, for
short a vs-v,-cut, is any subset of edges €’ = QT (W), where W is a subset of V with
vy € W and v, ¢ W. The capacity of a vs-vi-cut, €, is

c(€)=c(QT(W)) = Z c(e).

QT (W)

Remark: Some authors, including Papadimitriou and Steiglitz [18] and Wilf [22],
define a vy-v,-cut as a pair (W, W), where W is a subset of V with with vy € W and
v, ¢ W. This definition is clearly equivalent to our definition above, which is due to
Sakarovitch [21]. We have a slight prerefence for Definition 6.14 because it places
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the emphasis on edges as opposed to nodes. Indeed, the intuition behind vy-v,-cuts
is that any flow from vy to v, must pass through some edge of any vs-v;-cut. Thus,
it is not surprising that the capacity of vs-v;-cuts places a restriction on how much
flow can be sent from v; to v;,.

We can rephrase Proposition 6.13 as follows.

Proposition 6.14. The maximum value of any flow f in the network N is bounded
by the minimum capacity ¢(€) of any vs-vi-cut € in N; that is,

max | f| < minc(%).

Proposition 6.14 is half of the so-called max-flow min-cut theorem. The other half
of this theorem says that the above inequality is indeed an equality. That is, there is
actually some vg-v,-cut 4 whose capacity ¢(%) is the maximum value of the flow
inN.

A vs-vy-cut of minimum capacity is called a minimum vg-v,-cut, for short, a min-
imum cut.

An example of a minimum cut is shown in Figure 6.18, where

€ = Q7 ({vs,m}) = {(vev1), (vav) },

these two edges being shown as thicker lines. The capacity of this cut is 4 and a
maximum flow is also shown in Figure 6.18.

Fig. 6.18 A maximum flow and a minimum cut in the network N

What we intend to do next is to prove the celebrated “max-flow, min-cut theorem”
(due to Ford and Fulkerson, 1957) and then to give an algorithm (also due to Ford
and Fulkerson) for finding a maximum flow, provided some reasonable assumptions
on the capacity function. In preparation for this, we present a handy trick (found
both in Berge [1] and Sakarovitch [21]); the return edge.



396 6 Graphs, Part II: More Advanced Notions

Recall that one of the consequences of Proposition 6.13 is that the net flow out
from vy is equal to the net flow into v,. Thus, if we add a new edge e, called the
return edge to G, obtaining the graph G (and the network N ), we see that any flow
S in N satisfying condition (1) of Definition 6.13 yields a genuine flow fin N (a
flow according to Definition 6.4, by Theorem 6.3), such that f(e) = f(e) for every
edge of G and f(e,) = |f]. Consequently, the network flow problem is equivalent
to finding a (genuine) flow in N such that fv(er) is maximum. Another advantage
of this formulation is that all the results on flows from Section 6.1 can be applied
directly to N.To simplify the notation, as f extends f, let us also use the notation f
for f. Now, if D is the incidence matrix of G (again, we use the simpler notation D
instead of D), we know that f is a flow iff

Df =0.

Therefore, the network flow problem can be stated as a linear programing problem
as follows:

Maximize z = f(e;,)

subject to the linear constraints

Df=0
0 f
f<ec

where we view f as a vector in R*"!, with n = |E(G)|.
Consequently, we obtain the existence of maximal flows, a fact that is not imme-
diately obvious.

Proposition 6.15. Given any network N = (G, c,vs,v;), there is some flow f of max-
imum value.

Proof. 1If we go back to the formulation of the max-flow problem as a linear pro-
gram, we see that the set

C={xeR"|0<x<c}nKerD

is compact, as the intersection of a compact subset and a closed subset of R"*! (in
fact, C is also convex) and nonempty, as O (the zero vector) is a flow. But then, the
projection 7T: x — x(e,) is a continuous function 7: C — R on a nonempty compact,
so it achieves its maximum value for some f € C. Such an f is a flow on N with
maximal value. 0O

Now that we know that maximum flows exist, it remains to prove that a maximal
flow is realized by some minimal cut to complete the max-flow, min-cut theorem of
Ford and Fulkerson. This can be done in various ways usually using some version of
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an algorithm due to Ford and Fulkerson. Such proofs can be found in Papadimitriou
and Steiglitz [18], Wilf [22], Cameron [5], and Sakarovitch [21].

Fig. 6.19 Delbert Ray Fulkerson, 1924-1976

Sakarovitch makes the interesting observation (given as an exercise) that the arc
coloring lemma due to Minty (Theorem 6.1) yields a simple proof of the part of the
max-flow, min-cut theorem that we seek to establish. (See [21], Chapter 4, Exercise
1, page 105.) Therefore, we choose to present such a proof because it is rather
original and quite elegant.

Theorem 6.7. (Max-Flow, Min-Cut Theorem (Ford and Fulkerson)) For any net-
work N = (G,c,vs,v;), the maximum value |f| of any flow f in N is equal to the
minimum capacity ¢(€) of any vs-v,-cut € in N.

Proof. By Proposition 6.14, we already have half of our theorem. By Proposition
6.15, we know that some maximum flow, say f, exists. It remains to show that there
is some vg-vi-cut € such that |f| = ¢(%).

We proceed as follows.

Form the graph G = (V,EU{e,},s,t) from G = (V,E,s,t), with s(e,) = v, and
t(e,) = vy. Then, form the graph, G= (v, E ,5,1), whose edges are defined as follows.

(a) e, € E; 5(e,) = s(e,), 1(er) = t(ey).
(b) Ife€ Eand 0 < f(e) <c(e), thene € E;5(e) = s(e), t(e) = t(e).
(c) Ifec E and f(e) =0, then e € E; 5(e) = s(e), 1(e) =t(e).

(d) Ife € E and f(e) = c(e), then e € E, with 5(e) = t(e) and 1(e) = s(e).

In order to apply Minty’s theorem, we color all edges constructed in (a), (c), and
(d) in black and all edges constructed in (b) in red and we pick e, as the distinguished
edge. Now, apply Minty’s lemma. We have two possibilities:

1. There is a simple cycle I' in G, with all black edges oriented the same way.
Because e, is coming into v, the direction of the cycle is from v to v, so
e, € I'". This implies that all edges of type (d), e € E, have an orientation
c~onsistent with the direction of the cycle. Now, I is also a cycle in G and, in
G, each edge e € E with f(e) = c(e) is oriented in the inverse direction of the
cycle; that is, e € '~ in G. Also, all edges of type (¢), e € E, with f(e) =0, are
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oriented in the direction of the cycle; thatis, e € I" *+ in G. We also have e,cI't
in G.

We show that the value of the flow | f| can be increased. Because 0 < f(e) < ¢(e)
for every red edge, f(e) = 0 for every edge of type (c) in I'", f(e) = c(e) for
every edge of type (d) in I, and because all capacities are strictly positive, if

we let
81 = min {c(e) — f(e))
ecl't
& = min{f(e)}
eel’
and
6 =min{d;,d},

then & > 0. We can increase the flow f in N, by adding & to f(e) for every edge
e € I'" (including edges of type (c) for which f(e) = 0) and subtracting & from
f(e) for every edge e € I' ™ (including edges of type (d) for which f(e) = c(e))
obtaining a flow f’ such that

[l =Fler)+8=1f1+6>If],

as e, € I'", contradicting the maximality of f. Therefore, we conclude that
alternative (1) is impossible and we must have the second alternative.

2. There is a simple cocycle (W) in G with all edges black and oriented in the
same direction (there are no green edges). Because e, € Qz(W), either vy € W

or v; € W (but not both). In the second case (v; € W), we have e, € Qg (W) and
vs € W. Then, consider QCI; (W) = Q- (W), with vs € W. Thus, we are reduced
to the case where vy € W.

Ifvs €W, thene, € Q- (W) and because all edges are black, Qz(W) = Q (W),

in G. However, as every edge e € E of type (d) corresponds to an inverse edge
e € E, we see that Qz(W) defines a cocycle, Qx(W) = Q(i;' (W)u Q (W), with
Q
Q

(W)={e€E|sle)cW}
(W)={ecE|t(e)cW}.

Qv Q4

Moreover, by construction, f(e) = c(e) forall e € _Qg(W), f(e) =0 forall
ecQ (W) —{e,}, and f(e,) =|f|. We say that the edges of the cocycle Qz(W)
are saturated. Consequently, ¢ = Q(i;r (W) is a vg-vy-cut in N with

(€)= fler) = 1,

establishing our theorem. O
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It is interesting that the proof in part (1) of Theorem 6.7 contains the main idea
behind the algorithm of Ford and Fulkerson that we now describe.

The main idea is to look for a (simple) chain from v to v, so that together with
the return edge e, we obtain a cycle I" such that the edges in I" satisfy the following
properties:

(1) 6y =min,cr+{c(e)— f(e)} > 0.
(2) & =min,-{f(e)} >0.

Such a chain is called a flow augmenting chain. Then, if we let § = min{d;,5,},
we can increase the value of the flow by adding & to f(e) for every edge e € I'"
(including the edge e,, which belongs to I'") and subtracting & from f(e) for all
edges e € I' . This way, we get a new flow [’ whose value is |f/| = | f| + 8. Indeed,
f'=f+6y(I"), where y(I') is the vector (flow) associated with the cycle I'". The
algorithm goes through rounds each consisting of two phases. During phase 1, a
flow augmenting chain is found by the procedure findchain; During phase 2, the flow
along the edges of the augmenting chain is increased using the function changeflow.

During phase 1, the nodes of the augmenting chain are saved in the (set) variable
Y, and the edges of this chain are saved in the (set) variable &. We assign the special
capacity value oo to e, with the convention that co+ o = o and that o0 < oo for all
o eR.

procedure findchain(N: network; e,: edge; Y: node set; &: edge set; : real; f: flow)
begin
0:=0(vs) =00, Y :={vs};
while (v, ¢ Y)A (0 > 0) do
if there is an edge e with s(e) € Y, 7(e) ¢ Y and f(e) < c(e) then
Y:=YU{t(e)}; &(t(e)) :=e; 6(¢(e)) := min{S(s(e)),c(e) — f(e)}
else
if there is an edge e withz(e) € Y, s(e) ¢ Y and f(e) > O then
Y=Y U{s(e)}: &(s(e)) = e: 8(s(e)) := min{8(1(¢)), f(e)}
else 6 := 0 (no new arc can be traversed)
endif
endif
endwhile;
if v; €Y then § := §(v;) endif
end

Here is the procedure to update the flow.

procedure changeflow(N: network; e,: edge; &: edge set; &: real; f: flow)
begin
u:=vy; f(e;) == fler) + 8;
while u # vs do e := & (u);
if u=1t(e) then f(e) := f(e)+ 6; u:=s(e);
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else f(e) ;== f(e) — 6; u=t(e)
endif
endwhile
end

Finally, the algorithm maxflow is given below.

procedure maxflow(N: network; e,: edge; Y: set of nodes; &’: set of edges; f: flow)
begin
for each ¢ € E do f(e) := 0 enfdor;
repeat until 6 =0
findchain(N,e,,Y,&,0, f);
if 6 > 0 then
changeflow(N,e,, &, 8, f)
endif
endrepeat
end

The reader should run the algorithm maxflow on the network of Figure 6.16
to verify that the maximum flow shown in Figure 6.18 is indeed found, with
Y = {vs,v2} when the algorithm stops.

The correctness of the algorithm maxflow is easy to prove.

Theorem 6.8. If the algorithm maxflow terminates and during the last round through
findchain the node v; is not marked, then the flow f returned by the algorithm is a
maximum flow.

Proof. Observe that if Y is the set of nodes returned when maxflow halts, then
vsE€Y, v ¢Y,and

1. Ife € Q1 (Y), then f(e) = c(e), as otherwise, procedure findchain would have
added r(e) to Y.

2. If e € Q7 (Y), then f(e) =0, as otherwise, procedure findchain would have
added s(e) to Y.

But then, as in the end of the proof of Theorem 6.7, we see that the edges of the
cocycle Q(Y) are saturated and we know that Q7 (Y) is a minimal cut and that
|f| =c(27(Y)) is maximal. O

We still have to show that the algorithm terminates but there is a catch. Indeed,
the version of the Ford and Fulkerson algorithm that we just presented may not
terminate if the capacities are irrational. Moreover, in the limit, the flow found by
the algorithm may not be maximum. An example of this bad behavior due to Ford
and Fulkerson is reproduced in Wilf [22] (Chapter 3, Section 5). However, we can
prove the following termination result which, for all practical purposes, is good
enough, because only rational numbers can be stored by a computer.
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Theorem 6.9. Given a network N if all the capacities are multiples of some num-
ber A then the algorithm, maxflow, always terminates. In particular, the algorithm
maxflow always terminates if the capacities are rational (or integral).

Proof. The number 6 will always be a multiple of A, so f(e,) will increase by at
least A during each iteration. Thus, eventually, the value of a minimal cut, which is
a multiple of A, will be reached. 0O

If all the capacities are integers, an easy induction yields the following useful and
nontrivial proposition.

Proposition 6.16. Given a network N if all the capacities are integers, then the al-
gorithm maxflow outputs a maximum flow f: E — N such that the flow in every
edge is an integer.

Remark: Proposition 6.16 only asserts that some maximum flow is of the form
f: E — N. In general, there is more than one maximum flow and other maximum
flows may not have integer values on all edges.

Theorem 6.9 is good news but it is also bad news from the point of view of
complexity. Indeed, the present version of the Ford and Fulkerson algorithm has a
running time that depends on capacities and so, it can be very bad.

There are various ways of getting around this difficulty to find algorithms that
do not depend on capacities and quite a few researchers have studied this problem.
An excellent discussion of the progress in network flow algorithms can be found in
Wilf [22] (Chapter 3).

A fairly simple modification of the Ford and Fulkerson algorithm consists in
looking for flow augmenting chains of shortest length. To explain this algorithm we
need the concept of residual network, which is a useful tool in any case. Given a net-
work N = (G, c,s,t) and given any flow f, the residual network Ny = (Gy,cf,vy,v;)
is defined as follows.

1L Vp=V.

2. Forevery edge, e € E, if f(e) <c(e), thene™ € Ef, sp(e™) =s(e), tp(e™) =1(e)
and cf(e™) = c(e) — f(e); the edge e™ is called a forward edge.

3. For every edge, e € E, if f(e) >0, then e € Ey, sp(e”) =t(e), tr(e”) = s(e)
and cy(e”) = f(e); the edge e~ is called a backward edge because it has the
inverse orientation of the original edge, e¢ € E.

The capacity c¢(e?) of an edge e® € Ef (with € = &) is usually called the residual
capacity of €. Observe that the same edge e in G, will give rise to two edges e™
and e~ (with the same set of endpoints but with opposite orientations) in Gy if
0 < f(e) < c(e). Thus, G has at most twice as many edges as G. Also, note that
every edge e € E which is saturated (i.e., for which f(e) = c(e)), does not survive
in Gf.

Observe that there is a one-to-one correspondence between (simple) flow aug-
menting chains in the original graph G and (simple) flow augmenting paths in G;.
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Furthermore, in order to check that a simple path 7 from v, to v, in Gy is a flow
augmenting path, all we have to do is to compute

cp(m) = min{cs(e)},

efem

the bottleneck of the path 7. Then, as before, we can update the flow f in N to get
the new flow f’ by setting

f'(e) = f(e)+cs(m), if efen
flle)=fle)—cs(m) if e em,
f(e)=f(e) if ecE and ef¢m,

for every edge e € E. Note that the function fr: E — R, defined by

frle) =cs(m), if eten
frle) = —Cf(TC) if e em,
fz(e)=0 if ecE and €f¢m,

isaflowin N with | fz| =c(m) and f' = f+ frisaflow in N, with | f'| = | f| +c(7)
(same reasoning as before). Now, we can repeat this process. Compute the new
residual graph Ny from N and f’, update the flow f’ to get the new flow f” in N,
and so on.

The same reasoning as before shows that if we obtain a residual graph with no
flow augmenting path from v; to v;, then a maximum flow has been found.

It should be noted that a poor choice of augmenting paths may cause the algo-
rithm to perform a lot more steps than necessary. For example, if we consider the
network shown in Figure 6.20, and if we pick the flow augmenting paths in the
residual graphs to be alternatively (vg,vi,va2,v;) and (vs,v2,v1,v;), at each step, we
only increase the flow by 1, so it will take 200 steps to find a maximum flow.

One of the main advantages of using residual graphs is that they make it con-
venient to look for better strategies for picking flow augmenting paths. For exam-
ple, we can choose a simple flow augmenting path of shortest length (e.g., using
breadth-first search). Then, it can be shown that this revised algorithm terminates
in O(|V|-|E|) steps (see Cormen et al. [7], Section 26.2, and Sakarovitch [21],
Chapter 4, Exercise 5). Edmonds and Karp designed an algorithm running in time
O(|E| - |V|?) based on this idea (1972), see [7], Section 26.2. Another way of se-
lecting “good” augmenting paths, the scaling max-flow algorithm, is described in
Kleinberg and Tardos [16] (see Section 7.3).

Here is an illustration of this faster algorithm, starting with the network N shown
in Figure 6.16. The sequence of residual network construction and flow augmenta-
tion steps is shown in Figures 6.21-6.23. During the first two rounds, the augmented
path chosen is shown in thicker lines. In the third and final round, there is no path
from v to v in the residual graph, indicating that a maximum flow has been found.
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Fig. 6.20 A poor choice of augmenting paths yields a slow method

Fig. 6.21 Construction of the residual graph Ny from N, round 1

Fig. 6.22 Construction of the residual graph Ny from N, round 2
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Fig. 6.23 Construction of the residual graph Ny from N, round 3

Another idea originally due to Dinic (1970) is to use layered networks; see Wilf
[22] (Sections 3.6-3.7) and Papadimitriou and Steiglitz [18] (Chapter 9). An algo-
rithm using layered networks running in time O(V?) is given in the two references
above. There are yet other faster algorithms, for instance “preflow-push algorithms”
also called “preflow-push relabel algorithms,” originally due to Goldberg. A preflow
is a function f: E — R that satisfies Condition (2) of Definition 6.13 but which, in-
stead of satisfying Condition (1), satisfies the inequality

(1) (Nonnegativity of net flow)

Z fle) > Z fle) forallveV —{v,v};

s(e)=v t(e)=v

that is, the net flow out of v is nonnegative. Now, the principle of all methods using
preflows is to augment a preflow until it becomes a maximum flow. In order to do
this, a labeling algorithm assigning a height is used. Algorithms of this type are
discussed in Cormen et al. [7], Sections 26.4 and 26.5 and in Kleinberg and Tardos
[16], Section 7.4.

The max-flow, min-cut theorem (Theorem 6.7) is a surprisingly powerful theo-
rem in the sense that it can be used to prove a number of other results whose original
proof is sometimes quite hard. Among these results, let us mention the maximum
matching problem in a bipartite graph, discussed in Wilf [22] (Sections 3.8), Cor-
men et al. [7] (Section 26.3), Kleinberg and Tardos [16] (Section 7.5), and Cameron
[5] (Chapter 11, Section 10), finding the edge connectivity of a graph, discussed in
Wilf [22] (Sections 3.8), and a beautiful theorem of Menger on edge-disjoint paths
and Hall’s Marriage Theorem, both discussed in Cameron [5] (Chapter 11, Section
10). More problems that can be solved effectively using flow algorithms, including
image segmentation, are discussed in Sections 7.6-7.13 of Kleinberg and Tardos
[16]. We only mention one of Menger’s theorems, as it is particularly elegant.
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Fig. 6.24 Karl Menger, 1902-1985

Theorem 6.10. (Menger) Given any finite digraph G for any two nodes vs and vy,
the maximum number of pairwise edge-disjoint paths from vs to v; is equal to the
the minimum number of edges in a vs-v;-separating set. (A a vs-v;-separating set in
G is a set of edges C such every path from vg to v, uses some edge in C.)

It is also possible to generalize the basic flow problem in which our flows f have
the property that 0 < f(e) < c(e) for every edge e € E, to channeled flows. This
generalization consists in adding another capacity function b: E — R, relaxing the
condition that ¢(e) > 0 for all e € E, and in allowing flows such that condition (2)
of Definition 6.13 is replaced by the following.

(2") (Admissibility of flow)
ble) < f(e) <cle), forallecE

Now, the “flow” f = 0 is no longer necessarily admissible and the channeled flow
problem does not always have a solution. However, it is possible to characterize
when it has a solution.

Theorem 6.11. (Hoffman) A network N = (G, b, c,vs,v;) has a channeled flow iff for
every cocycle Q(Y) of G we have

Y blo< Y el )

ecQ=(Y) ecQ+(Y)

Observe that the necessity of the condition of Theorem 6.11 is an immediate
consequence of Proposition 6.5. That it is sufficient can be proved by modifying
the algorithm maxflow or its version using residual networks. The principle of this
method is to start with a flow f in N that does not necessarily satisfy Condition (2')
and to gradually convert it to an admissible flow in N (if one exists) by applying
the method for finding a maximum flow to a modified version N of N in which the
capacities have been adjusted so that f is an admissible flow in N. Now, if a flow
f in N does not satisfy Condition (2'), then there are some offending edges e for
which either f(e) < b(e) or f(e) > c(e). The new method makes sure that at the
end of every (successful) round through the basic maxflow algorithm applied to the
modified network N some offending edge of N is no longer offending.
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Let f be a flow in N and assume that ¢ is an offending edge (i.e., either
f(e) < b(e) or f(e) > c(e)). Then, we construct the network N(f,e) as follows.
The capacity functions b and ¢ are given by

= [ble) ifble) < fe)
b(e){f(e) if £(e) < ble)

and
o) {c(e) if f(e) < c(e)
fle) if fle) > cle).
We also add one new edge e, to N whose endpoints and capacities are determined
by:

1. If f(e) > c(e), then s(e,) =t(€), t(e,) = s(e), Z(Er) =0and c(e;) = f(e) —c(e).
2. If f(e) < b(e), then s(e,) = s(e), t(e;) =t(e), E(Er) =0andc(e;) =b(e)— f(e).
Now, observe that the original flow f in N extended so that f(e,) = 0 is a chan-
neled flow in N(f,e) (i.e., Conditions (1) and (2') are satisfied). Starting from the
new network N (f,€) apply the max-flow algorithm, say using residual graphs, with
the following small change in 2.

1. Forevery edge e € E, if f(e) < ¢(e), thene™ € Ep, sp(et) = s(e), 17(et) =1(e)
and cf(e™) =c(e) — f(e); the edge e™ is called a forward edge.

2. Forevery edge e € E, if f(e) > b(e), thene™ € Ef,sp(e) =t(e), 17(e”) =s(e)
and cr(e”) = f(e) — b(e); the edge e~ is called a backward edge.

Now, we consider augmenting paths from #(e; ) to s(e; ). For any such simple path
min N(f,e)y, as before we compute

cf(m) = min{c, (%)},

efem

the bottleneck of the path 7, and we say that 7 is a flow augmenting path iff ¢ () >
0. Then, we can update the flow f in N(f,e) to get the new flow f by setting

f(e)=fle)+cs(n) ife em,
f(e)=fle)—cy(m) ife” em,
f(e) = fle) if ecEand ef¢m,

for every edge e € E. _

We run the flow augmenting path procedure on N(f,€) and f until it terminates
with a maximum flow f. If we recall that the offending edge is ¢, then there are four
cases:

1. (&) >c(e).
a. When the max-flow algorithm terminates, f(e,) = ¢(&,) = f(¢) — c(2). If
so, define f as follows.
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o [F@-F@) ife=¢ )
7le) {ﬂ@ el ®)

It is clear that f is a flow in N and f(¢) = ¢() (there are no simple paths
from #(2) to s(€)). But then, ¢ is not an offending edge for f, so we repeat
the procedure of constructing the modified network, efc. N

b. When the max-flow algorithm terminates, f(e,) < ¢(e,). The flow f de-
fined in () above, is still a flow but the max-flow algorithm must have
terminated with a residual graph with no flow augmenting path from s(€)
toz(e). Then, there is a set of nodes ¥ with s(¢) € Y and ¢(e) ¢ Y. Moreover,
the way the max-flow algorithm is designed implies that

As f also satisfies (*) above, we conclude that the cocycle condition ()
of Theorem 6.11 fails for Q(Y).

2. £(2) < b(@).

a. When the max-flow algorithm terminates, f(e,) = c(e,) = b(e) — f(e). If
s0, define f as follows.

foy_ [F@+]@) ite=2 .
fle) {f(e) ife#£e. (%)

It is clear that f is a flow in N and f(2) = b(¢) (there are no simple paths
from s(e) to #(¢)). But then, ¢ is not an offending edge for £, so we repeat
the procedure of constructing the modified network, and so on. R

b. When the max-flow algorithm terminates, f(e,) < ¢(e,). The flow f de-
fined in (*x) above is still a flow but the max-flow algorithm must have
terminated with a residual graph with no flow augmenting path from 7(e)
to s(¢). Then, as in the case where f(€) > c¢(e), there is a set of nodes Y
with s(¢) € Y and 7(€) ¢ Y and it is easy to show that the cocycle condition
(T) of Theorem 6.11 fails for Q(Y).

Therefore, if the algorithm does not fail during every round through the max-flow
algorithm applied to the modified network IY , which, as we observed, is the case if
Condition () holds, then a channeled flow f will be produced and this flow will be
a maximum flow. This proves the converse of Theorem 6.11.

The max-flow, min-cut theorem can also be generalized to channeled flows as
follows.
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Theorem 6.12. For any network N = (G,b,c,v,v;), if a flow exists in N, then the
maximum value | f| of any flow f in N is equal to the minimum capacity c(Q(Y)) =
c(QT(Y))=b(Q(Y)) of any vg-v,-cocycle in N (this means that vy €Y and v, ¢ Y ).

If the capacity functions b and ¢ have the property that b(e) < 0 and c(e) > 0 for
all e € E, then the condition of Theorem 6.11 is trivially satisfied. Furthermore, in
this case, the flow f = 0 is admissible, Proposition 6.15 holds, and we can apply
directly the construction of the residual network Ny described above.

A variation of our last problem appears in Cormen et al. [7] (Chapter 26). In this
version, the underlying graph G of the network N, is assumed to have no parallel
edges (and no loops), so that every edge e can be identified with the pair (u,v) of its
endpoints (so, E CV x V). A flow f in N is a function f: V xV — R, where it is
not necessarily the case that f(u,v) > 0 for all (u,v), but there is a capacity function
¢: V xV — Rsuch that ¢(u,v) > 0, for all (u,v) € V xV and it is required that

f(v,u) = —f(u,v) and
fluv) < efu,v),

for all (u,v) € V x V. Moreover, in view of the skew symmetry condition (f(v,u) =
—f(u,v)), the equations of conservation of flow are written as

Z f(u,v) =0,

(u,v)EE

for all u # vy, v;.

We can reduce this last version of the flow problem to our previous setting by
noticing that in view of skew symmetry, the capacity conditions are equivalent to
having capacity functions »" and ¢/, defined such that

b (u,v) = —c(v,u)

c'(u,v) = c(u,v),
for every (u,v) € E and f must satisfy
b (u,v) < flu,v) < (uv),

for all (u,v) € E. However, we must also have f(v,u) = —f(u,v), which is an ad-
ditional constraint in case G has both edges (u,v) and (v,u). This point may be a
little confusing because in our previous setting, f(u,v) and f(v,u) are independent
values. However, this new problem is solved essentially as the previous one. The
construction of the residual graph is identical to the previous case and so is the flow
augmentation procedure along a simple path, except that we force fr(v,u) = fr(u,v)
to hold during this step. For details, the reader is referred to Cormen et al. [7], Chap-
ter 26.

More could be said about flow problems but we believe that we have covered the
basics satisfactorily and we refer the reader to the various references mentioned in
this section for more on this topic.
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6.5 Matchings, Coverings, Bipartite Graphs

In this section, we will deal with finite undirected graphs. Consider the following
problem. We have a set of m machines, My, ...,M,,, and n tasks, T1,...,T,. Further-
more, each machine M; is capable of performing a subset of tasks S; C {T3,...,T,}.
Then, the problem is to find a set of assignments {(M;,,T},),...,(M;,,T;,)}, with
{it,...,ip} €{1,...,m}and {j1,...,jp} C{1,...,n}, such that

) Tj, €8, 1<k<p.
(2) pis maximum.

P

The problem we just described is called a maximum matching problem. A con-
venient way to describe this problem is to build a graph G (undirected), with
m + n nodes partitioned into two subsets X and Y, with X = {xj,...,x,} and
Y = {y1,...,yn}, and with an edge between x; and y; iff 7; € S, that is, if machine
M; can perform task 7. Such a graph G is called a bipartite graph. An example of a
bipartite graph is shown in Figure 6.25.

Fig. 6.25 A bipartite graph G and a maximum matching in G

Now, our matching problem is to find an edge set of maximum size M, such
that no two edges share a common endpoint or, equivalently, such that every node
belongs to at most one edge of M. Such a set of edges is called a maximum matching
in G. A maximum matching whose edges are shown as thicker lines is shown in
Figure 6.25.

Definition 6.15. A graph G = (V, E, st) is a bipartite graph iff its set of edges V can
be partitioned into two nonempty disjoint sets Vi, V>, so that for every edge e € E,
|st(e) NVy| = |st(e) NVa| = 1; that is, one endpoint of e belongs to V; and the other
belongs to V».
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Note that in a bipartite graph, there are no edges linking nodes in V; (or nodes in
V»). Thus, there are no loops.

Remark: The complete bipartite graph for which |Vi| =m and |V»| = n is the bipar-
tite graph that has all edges (i, j), withi € {1,...,m} and j € {1,...,n}. This graph
is denoted K, ,. The complete bipartite graph K3 3 plays a special role; namely, it is
not a planar graph, which means that it is impossible to draw it on a plane without
avoiding that two edges (drawn as continuous simple curves) intersect. A picture of
K33 is shown in Figure 6.26.

Fig. 6.26 The bipartite graph K3 3

The maximum matching problem in a bipartite graph can be nicely solved using
the methods of Section 6.4 for finding max-flows. Indeed, our matching problem
is equivalent to finding a maximum flow in the network N constructed from the
bipartite graph G as follows.

Add a new source vg and a new sink v;.

Add an oriented edge (vy,u) for every u € V.

Add an oriented edge (v,v;) for every v € V5.

Orient every edge e € E from V) to V5.

Define the capacity function c so that ¢(e) = 1, for every edge of this new graph.

Nk wD =

The network corresponding to the bipartite graph of Figure 6.25 is shown in
Figure 6.27.

Now, it is very easy to check that there is a matching M containing p edges
iff there is a flow of value p. Thus, there is a one-to-one correspondence between
maximum matchings and maximum integral flows. As we know that the algorithm
maxflow (actually, its various versions) produces an integral solution when run on
the zero flow, this solution yields a maximum matching.

The notion of graph coloring is also important and has bearing on the notion of
bipartite graph.
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Fig. 6.27 The network associated with a bipartite graph

Definition 6.16. Given a graph G = (V, Est), a k-coloring of G is a partition of V
into k pairwise disjoint nonempty subsets Vi,...,V, so that no two vertices in any
subset V; are adjacent (i.e., the endpoints of every edge e € E must belong to V;
and V;, for some i # j). If a graph G admits a k-coloring, we say that that G is k-
colorable. The chromatic number y(G) (or x(G)) of a graph G is the minimum &
for which G is k-colorable.

Remark: Although the notation ¥ (G) for the chromatic number of a graph is often
used in the graph theory literature, it is an unfortunate choice because it can be
confused with the Euler characteristic of a graph (see Theorem 6.20). We use the
notation ¥(G). Other notations for the chromatic number include v(G) and chr(G).

The following theorem gives some useful characterizations of bipartite graphs.
First, we must define the incidence matrix of an unoriented graph G. Assume that G
has edges eq,...,e, and vertices vy, ..., V,,. The incidence matrix A of G is the m x n
matrix whose entries are given by

@ = { 1 ifv; e st(ej)
Y 0 otherwise.

Note that, unlike the incidence matrix of a directed graph, the incidence matrix of
an undirected graph only has nonnegative entries. As a consequence, these matrices
are not necessarily totally unimodular. For example, the reader should check that
for any simple cycle C of odd length, the incidence matrix A of C has a determinant
whose value is +=2. However, the next theorem shows that the incidence matrix of a
bipartite graph is totally unimodular and in fact, this property characterizes bipartite
graphs.

In order to prove part of the next theorem we need the notion of distance in a
graph, an important concept in any case. If G is a connected graph, for any two
nodes u and v of G, the length of a chain 7 from u to v is the number of edges in
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and the distance d(u,v) from u to v is the minimum length of all path from u to v.
Of course, u = v iff d(u,v) = 0.

Theorem 6.13. Given any graph G = (V,E, st) the following properties are equiva-
lent.

(1) G is bipartite.

(2) NG) =2

(3) G has no simple cycle of odd length.

(4) G has no cycle of odd length.

(5) The incidence matrix of G is totally unimodular.

Proof. The equivalence (1) <= (2) is clear by definition of the chromatic number.

(3) <= (4) holds because every cycle is the concatenation of simple cycles. So,
a cycle of odd length must contain some simple cycle of odd length.

(1) = (4). This is because the vertices of a cycle belong alternatively to V; and
V5. So, there must be an even number of them.

(4) = (2). Clearly, a graph is k-colorable iff all its connected components are
k-colorable, so we may assume that G is connected. Pick any node vy in G and let
V1 be the subset of nodes whose distance from vq is even and V, be the subset of
nodes whose distance from vy is odd. We claim that any two nodes « and v in V)
(respectively, V5) are not adjacent. Otherwise, by going up the chains from u and
v back to vg and by adding the edge from u to v, we would obtain a cycle of odd
length, a contradiction. Therefore, G, is 2-colorable.

(1) = (5). Orient the edges of G so that for every e € E, s(e) € V; and t(e) € Va.
Then, we know from Proposition 6.10 that the incidence matrix D of the oriented
graph G is totally unimodular. However, because G is bipartite, D is obtained from
A by multiplying all the rows corresponding to nodes in V, by —1 and so, A is also
totally unimodular.

(5) = (3). Let us prove the contrapositive. If G has a simple cycle C of odd
length, then we observe that the submatrix of A corresponding to C has determinant
+2. O

We now define the general notion of a matching.

Definition 6.17. Given a graph G = (V, E, st) a matching M in G is a subset of edges
so that any two distinct edges in M have no common endpoint (are not adjacent) or
equivalently, so that every vertex v € E is incident to at most one edge in M. A vertex
v € V is matched iff it is incident to some edge in M and otherwise it is said to be
unmatched. A matching M is a perfect matching iff every node is matched.

An example of a perfect matching M = {(ab), (cd), (ef)} is shown in Figure 6.28
with the edges of the matching indicated in thicker lines. The pair {(bc),(ed)} is
also a matching, in fact, a maximal matching (no edge can be added to this matching
and still have a matching).

It is possible to characterize maximum matchings in terms of certain types of
chains called alternating chains defined below.
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Fig. 6.28 A perfect matching in a graph

Definition 6.18. Given a graph G = (V, E, st) and a matching M in G, a simple chain
is an alternating chain w.r.t. M iff the edges in this chain belong alternately to M
and £ — M.

Theorem 6.14. (Berge) Given any graph G = (V,E,st) a matching M in G is a
maximum matching iff there are no alternating chains w.r.t. M whose endpoints are
unmatched.

Proof . First, assume that M is a maximum matching and that C is an alternating
chain w.r.t. M whose enpoints u# and v are unmatched. As an example, consider the
alternating chain shown in Figure 6.29, where the edges in C N M are indicated in
thicker lines.

Fig. 6.29 An alternating chain in G
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We can form the set of edges
M =(M—(CNM))U(CN(E—M)),

which consists in deleting the edges in M from C and adding the edges from C not
in M. It is immediately verified that M’ is still a matching but [M'| = [M|+ 1 (see
Figure 6.29), contradicting the fact that M is a maximum matching. Therefore, there
are no alternating chains w.r.t. M whose endpoints are unmatched.

Conversely, assume that G has no alternating chains w.r.t. M whose endpoints
are unmatched and let M’ be another matching with [M'| > |M| (i.e., M is not a
maximum matching). Consider the spanning subgraph H of G, whose set of edges
is

M—-MYUM —M).

As M and M’ are matchings, the connected components of H are either isolated
vertices, or simple cycles of even length, or simple chains, and in these last two
cases, the edges in these cycles or chains belong alternately to M and M’; this is
because dp (1) < 2 for every vertex u € V and if dy (1) = 2, then u is adjacent to one
edge in M and one edge in M’

Now, H must possess a connected component that is a chain C whose endpoints
are in M’, as otherwise we would have |M’| < |[M|, contradicting the assumption
|M'| > |M|. However, C is an alternating chain w.r.t. M whose endpoints are un-
matched, a contradiction. O

A notion closely related to the concept of a matching but, in some sense, dual, is
the notion of a line cover.

Definition 6.19. Given any graph G = (V, E, st) without loops or isolated vertices, a
line cover (or line covering) of G is a set of edges ¢’ C E so that every vertex u € V
is incident to some edge in €. A minimum line cover € is a line cover of minimum
size.

The maximum matching M in the graph of Figure 6.28 is also a minimum line
cover. The set {(ab), (bc),(de),(ef)} is also a line cover but it is not minimum,
although minimal. The relationship between maximum matchings and minimum
line covers is given by the following theorem.

Theorem 6.15. Given any graph G = (V,E,st) without loops or isolated vertices,
with |V| = n, let M be a maximum matching and let € be a minimum line cover.
Then, the following properties hold.

(1) If we associate with every unmatched vertex of V some edge incident to this
vertex and add all such edges to M, then we obtain a minimum line cover, €.

(2) Every maximum matching M’ of the spanning subgraph (V, %) is a maximum
matching of G.

(3) M|+ €| = n.
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Proof. 1t is clear that %) is a line cover. As the number of vertices unmatched by
M is n—2|M| (as each edge in M matches exactly two vertices), we have

|Cu| = M| +n—2|M|=n—|M)|. (%)

Furthermore, as € is a minimum line cover, the spanning subgraph (V,%’) does not
contain any cycle or chain of length greater than or equal to 2. Consequently, each
edge e € € — M’ corresponds to a single vertex unmatched by M’. Thus,

€| — M| =n—2|M|;
that is,
|€| =n—|M|. ()

As M is a maximum matching of G,
M| < M|
and so, using () and (xx), we get
|Cu| =n— M| <n—|M|=|7];

that is, |6u| < |%|. However, ¥ is a minimum matching, so |¢’| < |€u|, which
proves that
€] = [ul-

The last equation proves the remaining claims. O

There are also notions analogous to matchings and line covers but applying to
vertices instead of edges.

Definition 6.20. Let G = (V,E, st) be any graph. A set U C V of nodes is indepen-
dent (or stable) iff no two nodes in U are adjacent (there is no edge having these
nodes as endpoints). A maximum independent set is an independent set of maximum
size. A set 7 CV of nodes is a point cover (or vertex cover or transversal) iff every
edge of E is incident to some node in % . A minimum point cover is a point cover
of minimum size.

For example, {a,b,c,d, f} is a point cover of the graph of Figure 6.28. The fol-
lowing simple proposition holds.

Proposition 6.17. Let G = (V,E,st) be any graph, U be any independent set, € be
any line cover, % be any point cover, and M be any matching. Then, we have the
following inequalities.

() |U] <€
(2) M| < |%|.
(3) U is an independent set of nodes iff V — U is a point cover.
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Proof. (1) Because U is an independent set of nodes, every edge in € is incident
with at most one vertex in U, so |U| < |F|.

(2) Because M is a matching, every vertex in %/ is incident to at most one edge
inM, so M| <|%|.

(3) Clear from the definitions. 0O

It should be noted that the inequalities of Proposition 6.17 can be strict. For
example, if G is a simple cycle with 2k 4 1 edges, the reader should check that both
inequalities are strict.

We now go back to bipartite graphs and give an algorithm which, given a bipartite
graph G = (V; UV;, E), will decide whether a matching M is a maximum matching
in G. This algorithm, shown in Figure 6.30, will mark the nodes with one of the
three tags, +, —, or 0.

procedure marking(G, M, mark)
begin
for each u € V; UV, do mark(u) := 0 endfor;
while 3u € V; UV, with mark(u) = 0 and u not matched by M do
mark(u) == +;
while 3v € V; UV, with mark(v) = 0 and v adjacent to w with mark(w) = + do
mark(v) :== —;
if v is not matched by M then exit (o)
(* an alternating chain has been found )
else find w € V; UV, so that (vw) € M; mark(w) 1=+

endif
endwhile
endwhile;
for each u € V| with mark(u) = 0 do mark(u) := + endfor;
for each u € V, with mark(u) = 0 do mark(u) := — endfor ()

end

Fig. 6.30 Procedure marking

The following theorem tells us the behavior of the procedure marking.

Theorem 6.16. Given any bipartite graph as input, the procedure marking always
terminates in one of the following two (mutually exclusive) situations.

(a) The algorithm finds an alternating chain w.r.t. M whose endpoints are un-
matched.

(b) The algorithm finds a point cover % with |% | = |M|, which shows that M is a
maximum matching.

Proof. Nodes keep being marked, therefore the algorithm obviously terminates.
There are no pairs of adjacent nodes both marked + because, as soon as a node is
marked +, all of its adjacent nodes are labeled —. Consequently, if the algorithm
ends in (), those nodes marked — form a point cover.
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We also claim that the endpoints # and v of any edge in the matching can’t both be
marked —. Otherwise, by following backward the chains that allowed the marking
of u and v, we would find an odd cycle, which is impossible in a bipartite graph.
Thus, if we end in (), each node marked — is incident to exactly one edge in M.
This shows that the set % of nodes marked — is a point cover with |% | = |M|. By
Proposition 6.17, we see that % is a minimum point cover and that M is a maximum
matching.

If the algorithm ends in (), by tracing the chain starting from the unmatched
node u, marked — back to the node marked + causing u to be marked, and so on,
we find an alternating chain w.r.t. M whose endpoints are not matched. 0O

The following important corollaries follow immediately from Theorem 6.16.

Corollary 6.4. In a bipartite graph, the size of a minimum point cover is equal to
the size of maximum matching.

Corollary 6.5. In a bipartite graph, the size of a maximum independent set is equal
to the size of a minimum line cover.

Proof. We know from Proposition 6.17 that the complement of a point cover is an
independent set. Consequently, by Corollary 6.4, the size of a maximum indepen-
dent set is n — |M|, where M is a maximum matching and » is the number of vertices
in G. Now, from Theorem 6.15 (3), for any maximum matching M and any minimal
line cover ¢ we have |M|+ |%| = n and so, the size of a maximum independent set
is equal to the size of a minimal line cover. O

We can derive more classical theorems from the above results.
Given any graph G = (V, E, st) for any subset of nodes U C V, let

Neg(U)={veV-U|(FueU)(3BecE)(st(e) ={u,v})},

be the set of neighbours of U, that is, the set of vertices not in U and adjacent to
vertices in U.

Theorem 6.17. (Konig (1931)) For any bipartite graph G = (V; UV, E, st) the max-
imum size of a matching is given by

Lr]ngl‘l}l(|V1—U|+|NG(U)D-

Proof. This theorem follows from Corollary 6.4 if we can show that every mini-
mum point cover is of the form (V; —U)UNg(U), for some subset U of V;. However,
a moment of reflection shows that this is indeed the case. O

Theorem 6.17 implies another classical result:
Theorem 6.18. (Konig—Hall) For any bipartite graph G = (Vi UV, E, st) there is a
matching M such that all nodes in V| are matched iff

INg(U)| > |U| forall U CVj.
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Proof. By Theorem 6.17, there is a matching M in G with |M| = |V;] iff

Vil = min (Vi = U +INc(U)]) (V[ +INa(U)| = [U)),

= min
ucv,
that is, iff |[Ng(U)|— |U| > 0forallU CV;. O

Now, it is clear that a bipartite graph has a perfect matching (i.e., a matching such
that every vertex is matched, M, iff |V;| = |V,| and M matches all nodes in V. So,
as a corollary of Theorem 6.18, we see that a bipartite graph has a perfect matching
iff |Vi| = |V»| and if

INc(U)| > |U| forall U CV.

As an exercise, the reader should show the following.

Marriage Theorem (Hall, 1935) Every k-regular bipartite graph with k > 1 has a
perfect matching (a graph is k-regular iff every node has degree k).

For more on bipartite graphs, matchings, covers, and the like, the reader should
consult Diestel [9] (Chapter 2), Berge [1] (Chapter 7), and also Harary [15] and
Bollobas [4].

6.6 Planar Graphs

Suppose we have a graph G and that we want to draw it “nicely” on a piece of paper,
which means that we draw the vertices as points and the edges as line segments
joining some of these points, in such a way that no two edges cross each other,
except possibly at common endpoints. We have more flexibility and still have a nice
picture if we allow each abstract edge to be represented by a continuous simple curve
(a curve that has no self-intersection), that is, a subset of the plane homeomorphic
to the closed interval [0,1] (in the case of a loop, a subset homeomorphic to the
circle, S1). If a graph can be drawn in such a fashion, it is called a planar graph. For
example, consider the graph depicted in Figure 6.31.

If we look at Figure 6.31, we may believe that the graph G is not planar, but this
is not so. In fact, by moving the vertices in the plane and by continuously deforming
some of the edges, we can obtain a planar drawing of the same graph, as shown in
Figure 6.32.

However, we should not be overly optimistic. Indeed, if we add an edge from
node 5 to node 4, obtaining the graph known as K5 shown in Figure 6.33, it can be
proved that there is no way to move the nodes around and deform the edge continu-
ously to obtain a planar graph (we prove this a little later using the Euler formula).
Another graph that is nonplanar is the bipartite grapk K3 3. The two graphs, K5 and
K33 play a special role with respect to planarity. Indeed, a famous theorem of Ku-
ratowski says that a graph is planar if and only if it does not contain K5 or K3 3 as a
minor (we explain later what a minor is).



6.6 Planar Graphs 419

bo7

Fig. 6.31 A graph G drawn with intersecting edges

Fig. 6.33 The complete graph K3, a nonplanar graph
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Remark: Given n vertices, say {1,...,n}, the graph whose edges are all subsets
{i,j}, with i,j € {1,...,n} and i # j, is the complete graph on n vertices and is
denoted by K, (but Diestel uses the notation K").

In order to give a precise definition of a planar graph, let us review quickly
some basic notions about curves. A simple curve (or Jordan curve) is any injec-
tive continuous function, y: [0,1] — R2. Because [0, 1] is compact and ¥ is con-
tinuous, it is well known that the inverse f~': ¥([0,1]) — [0,1] of f is also con-
tinuous. So, ¥ is a homeomorphism between [0,1] and its image ([0, 1]). With
a slight abuse of language we also call the image ¥([0,1]) of y a simple curve.
This image is a connected and compact subset of R2. The points a = ¥(0) and
b = y(1) are called the boundaries or endpoints of y (and ([0, 1])). The open subset

v([0,1]) — {y(0), (1)} is called the interior of ¥(]0,1]) and is denoted 7. A con-
tinuous function y: [0, 1] — R? such that y(0) = ¥(1) and 7 is injective on [0,1) is
called a simple closed curve or simple loop or closed Jordan curve. Again, by abuse
of language, we call the image ¥([0, 1]) of y a simple closed curve, and so on. Equiv-
alently, if ' = {(x,y) € R? | x> +y? = 1} is the unit circle in R?, a simple closed
curve is any subset of R> homeomorphic to S'. In this case, we call ¥(0) = y(1) the
boundary or base point of y. The open subset ¥([0, 1]) — {y(0)} is called the interior

of ¥([0,1]) and is also denoted 3/

Remark: The notions of simple curve and simple closed curve also make sense if
we replace R? by any topological space X, in particular, a surface (In this case, a
simple (closed) curve is a continuous injective function y: [0,1] — X etc.).

We can now define plane graphs as follows.

Definition 6.21. A plane graph is a pair 4 = (V,E), where V is a finite set of points
in R2, E is a finite set of simple curves, and closed simple curves in R2, called edges
and loops, respectively, and satisfying the following properties.

(1) The endpoints of every edge in E are vertices in V and the base point of every
loop is a vertex in V.

(i1) The interior of every edge contains no vertex and the interiors of any two distinct
edges are disjoint. Equivalently, every edge contains no vertex except for its
boundaries (base point in the case of a loop) and any two distinct edges intersect
only at common boundary points.

We say that G is a simple plane graph if it has no loops and if different edges have
different sets of endpoints

Obviously, a plane graph & = (V,E) defines an “abstract graph” G = (V, E, st)
such that

(a) For every simple curve v,

st(y) = {y(0),y(1)}.

(b) For every simple closed curve 7,

st(y) = {r(0)}.
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For simplicity of notation, we usually write ¢ for both the plane graph and the
abstract graph associated with ¢.

Definition 6.22. Given an abstract graph G, we say that G is a planar graph iff there
is some plane graph ¢ and an isomorphism ¢ : G — ¢ between G and the abstract
graph associated with ¢. We call ¢ an embedding of G in the plane or a planar
embedding of G.

Remarks:

1. If G is a simple planar graph, then by a theorem of Fary, G can be drawn as a
plane graph in such a way that the edges are straight line segments (see Gross
and Tucker [13], Section 1.6).

2. In view of the remark just before Definition 6.21, given any topological space
X for instance, a surface, we can define a graph on X as a pair (V,E) where V
is a finite set of points in X and E is a finite set of simple (closed) curves on X
satisfying the conditions of Definition 6.21.

3. Recall the stereographic projection (from the north pole), oy: (S* —{N}) —
R?, from the sphere, S? = {(x,y,z) € R? | x> +y? 47> = 1} onto the equatorial
plane, z = 0, with N = (0,0, 1) (the north pole), given by

on(x,y,2) = (’“ y).

1-z"1—z2

We know that oy is a homeomorphism, so if ¢ is a planar embedding of a graph
G into the plane, then oy "o @ is an embedding of G into the sphere. Conversely,
if y is an embedding of G into the sphere, then oy o y is a planar embedding of
G. Therefore, a graph can be embedded in the plane iff it can be embedded in
the sphere. One of the nice features of embedding in the sphere is that the sphere
is compact (closed and bounded), so the faces (see below) of a graph embedded
in the sphere are all bounded.

4. The ability to embed a graph in a surface other than the sphere broadens the
class of graphs that can be drawn without pairs of intersecting edges (except at
endpoints). For example, it is possible to embed K5 and K3 3 (which are known
not to be planar) into a torus (try it). It can be shown that for every (finite)
graph G there is some surface X such that G can be embedded in X. Intuitively,
whenever two edges cross on a sphere, by lifting one of the two edges a little bit
and adding a “handle” on which the lifted edge lies we can avoid the crossing.
An excellent reference on the topic of graphs on surfaces is Gross and Tucker
[13].

One of the new ingredients of plane graphs is that the notion of a face makes
sense. Given any nonempty open subset £ of the plane R?, we say that two points
a,b € Q are arcwise connected* iff there is a simple curve y such that y(0) = a and

4 In topology, a space is connected iff it cannot be expressed as the union of two nonempty disjoint
open subsets. For open subsets of R", connectedness is equivalent to arc connectedness. So it is
legitimate to use the term connected.
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¥(1) = b. Being connected is an equivalence relation and the equivalence classes of
Q w.r.t. connectivity are called the connected components (or regions) of 2. Each
region is maximally connected and open. If R is any region of 2 and if we denote the
closure of R (i.e., the smallest closed set containing R) by R, then the set OR=R—R
is also a closed set called the boundary (or frontier) of R.

Now, given a plane graph ¢ if we let || be the the subset of R? consisting of the
union of all the vertices and edges of ¢, then this is a closed set and its complement
Q =R?—|9| is an open subset of R2.

Definition 6.23. Given any plane graph & the regions of Q = R?> —|¥| are called
the faces of 4.

As expected, for every face F' of ¢, the boundary JF of F is the subset |57
associated with some subgraph 7 of ¢. However, one should observe that the
boundary of a face may be disconnected and may have several “holes”. The reader
should draw lots of planar graphs to understand this phenomenon. Also, because
we are considering finite graphs, the set || is bounded and thus, every plane graph
has exactly one unbounded face. Figure 6.34 shows a planar graph and its faces.
Observe that there are five faces, where A is bounded by all the edges except the
loop around E and the rightmost edge from 7 to 8, B is bounded by the triangle
(4,5,6) the outside face C is bounded by the two edges from 8 to 2, the loop around
node 2, the two edges from 2 to 7, and the outer edge from 7 to 8, D is bounded by
the two edges between 7 and 8, and E is bounded by the loop around node 2.

Fig. 6.34 A planar graph and its faces
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Remarks:

1. Using (inverse) stereographic projection, we see that all the faces of a graph
embedded in the sphere are bounded.

2. If a graph G is embedded in a surface S, then the notion of face still makes sense.
Indeed, the faces of G are the regions of the open set Q =S5 — |G].

Actually, one should be careful (as usual) not to rely too much on intuition when
dealing with planar graphs. Although certain facts seem obvious, they may turn out
to be false after closer scrutiny and when they are true, they may be quite hard to
prove. One of the best examples of an “obvious” statement whose proof is much less
trivial than one might expect is the Jordan curve theorem which is actually needed
to justify certain “obvious” facts about faces of plane graphs.

Fig. 6.35 Camille Jordan, 1838-1922

Theorem 6.19. (Jordan Curve Theorem) Given any closed simple curve y in R, the
complement R? — y([0,1]), of y([0,1]) consists of exactly two regions both having
Y([0, 1)) as boundary.

Proof. There are several proofs all using machinery (such as homology or differen-
tial topology) beyond the scope of these notes. A proof using the notion of winding
number is given in Guillemin and Pollack [14] (Chapter 2, Section 5) and another
proof using homology can be found in Munkres [17] (Chapter 4, Section 36). O

Using Theorem 6.19, the following properties can be proved.

Proposition 6.18. Let 4 = (V,E) be any plane graph and let e € E be any edge of
4. Then the following properties hold.

(1) For any face F of 4, either e C OF or F Ne= 0.

(2) If e lies on a cycle C of 9, then e lies on the boundary of exactly two faces of G
and these are contained in distinct faces of C.

(3) If e lies on no cycle, then e lies on the boundary of exactly one face of 4.

Proof. See Diestel [9], Section4.2. O

As corollaries, we also have the following.
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Proposition 6.19. Let & = (V,E) be any plane graph and let F be any face of 9.
Then, the boundary JF of F is a subgraph of 4 (more accurately, oF = ||, for
some subgraph 7€ of 9 ).

Proposition 6.20. Every plane forest has a single face.
One of the main theorems about planar graphs is the so-called Euler formula.

Theorem 6.20. (Euler’s formula) Let G be any connected planar graph with ng ver-
tices, ny edges, and n faces. Then, we have

ng—ny+ny =2.

Proof. We proceed by induction on n;. If n; = 0, the formula is trivially true, as
ny = ny = 1. Assume the theorem holds for any n; < n and let G be a connected
planar graph with n edges. If G has no cycle, then as it is connected, it is a tree,
ngp=n+landny =1,so0ny—n;+ny=n+1—n+1=2, as desired. Otherwise,
let e be some edge of G belonging to a cycle. Consider the graph G' = (V,E —{e});
it is still a connected planar graph. Therefore, by the induction hypothesis,

no—(ny—1)+nh=2.

However, by Proposition 6.18, as e lies on exactly two faces of G, we deduce that
ny = n + 1. Consequently

2=ng—(n—1)+nb=no—n +1+n—1=ny—n;+ny,

establishing the induction hypothesis. O

Remarks:

1. Euler’s formula was already known to Descartes in 1640 but the first proof by
given by Euler in 1752. Poincaré generalized it to higher-dimensional polytopes.

2. The numbers no, ny, and ny are often denoted by n,, n., and ny (v for vertex, e
for edge and f for face).

3. The quantity ng — nj + ny is called the Euler—Poincaré characteristic of the
graph G and it is usually denoted by x¢.

4. If a connected graph G is embedded in a surface (orientable) S, then we still
have an Euler formula of the form

ny —ny —I—nz:X(S) =2-2g,

where x(S) is a number depending only on the surface S, called the Euler—
Poincaré characteristic of the surface and g is called the genus of the surface.
It turns out that g > 0 is the number of “handles” that need to be glued to the
surface of a sphere to get a homeomorphic copy of the surface S. For more on
this fascinating subject, see Gross and Tucker [13].
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Fig. 6.36 René Descartes, 1596—1650 (left) and Leonhard Euler, 1707-1783 (right)

It is really remarkable that the quantity no — n| + n, is independent of the way
a planar graph is drawn on a sphere (or in the plane). A neat application of Euler’s
formula is the proof that there are only five regular convex polyhedra (the so-called
platonic solids). Such a proof can be found in many places, for instance, Berger [2]
and Cromwell [8]. It is easy to generalize Euler’s formula to planar graphs that are
not necessarily connected.

Theorem 6.21. Let G be any planar graph with nq vertices, n| edges, n» faces, and
¢ connected components. Then, we have

ng—ny+ny=c+1.

Proof. Reduce the proof of Theorem 6.21 to the proof of Theorem 6.20 by adding
vertices and edges between connected components to make G connected. Details
are left as an exercise. [

Using the Euler formula we can now prove rigorously that K5 and K33 are not
planar graphs. For this, we need the following fact.

Proposition 6.21. If G is any simple, connected, plane graph with ny > 3 edges and
ny faces, then
2n; > 3ny.

Proof. Let F(G) be the set of faces of G. Because G is connected, by Proposition
6.18 (2), every edge belongs to exactly two faces. Thus, if s is the number of sides
of a face F of G, we have
Z SF = 2]11 .
FeF(G)
Furthermore, as G has no loops, no parallel edges, and ng > 3, every face has at least
three sides; that is, sz > 3. It follows that

2n) = Z sp > 3na,
FeF(G)

as claimed. O
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The proof of Proposition 6.21 shows that the crucial constant on the right-hand
side of the inequality is the the minimum length of all cycles in G. This number is
called the girth of the graph G. The girth of a graph with a loop is 1 and the girth
of a graph with parallel edges is 2. The girth of a tree is undefined (or infinite).
Therefore, we actually proved the next proposition.

Proposition 6.22. If G is any connected plane graph with n; edges and n; faces and
G is not a tree, then
2n; > girth(G) ny.

Corollary 6.6. If G is any simple, connected, plane graph with n > 3 nodes then G
has at most 3n — 6 edges and 2n — 4 faces.

Proof. By Proposition 6.21, we have 2n; > 3n,, where n; is the number of edges
and n5 is the number of faces. So, n, < %nl and by Euler’s formula

n—ny+ny=2,
we get
2
n—ny+znp >2;
3
that is,

1
nfgnl >2,

namely n; < 3n—6. Using np < %nl, we getn, <2n—4. O

Corollary 6.7. The graphs Ks and K3 3 are not planar.

Proof. We proceed by contradiction. First, consider Ks. We have ng = 5 and Kj
has n; = 10 edges. On the other hand, by Corollary 6.6, Ks should have at most
3x5—6=15—6=9 edges, which is absurd.
Next, consider K3 3. We have ny = 6 and K33 has n = 9 edges. By the Euler
formula, we should have
np=9—-6+2=>5.

Now, as K33 is bipartite, it does not contain any cycle of odd length, and so each
face has at least four sides, which implies that

2ny > 4ny
(because the girth of K3 3 is 4.) So, we should have
18=2-9>4.5=20,
which is absurd. O

Another important property of simple planar graph is the following.
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Proposition 6.23. If G is any simple planar graph, then there is a vertex u such that

Proof. 1If the property holds for any connected component of G, then it holds for
G, so we may assume that G is connected. We already know from Proposition 6.21
that 2n1 > 3ny; that is,

2
npy < gl’l]. (*)

If dg(u) > 6 for every vertex u, as Y,,cy dg(u) = 2ny, then 6ng < 2ny; that is, ng <
ny /3. By Euler’s formula, we would have

1 2
nzznl—n0+22n1—§n1+2>§n],

contradicting (*). O

Remarkably, Proposition 6.23 is the key ingredient in the proof that every planar
graph is 5-colorable.

Theorem 6.22. (5-Color Theorem) Every planar graph G is 5-colorable.

Proof. Clearly, parallel edges and loops play no role in finding a coloring of the
vertices of G, so we may assume that G is a simple graph. Also, the property is
clear for graphs with less than 5 vertices. We proceed by induction on the number
of vertices m. By Proposition 6.23, the graph G has some vertex ug with dg(u) < 5.
By the induction hypothesis, we can color the subgraph G’ induced by V — {ug}
with 5 colors. If d(up) < 5, we can color up with one of the colors not used to color
the nodes adjacent to ug (at most 4) and we are done. So, assume dg(up) = 5 and
let vq,...,vs be the nodes adjacent to up and encountered in this order when we
rotate counterclockwise around ug (see Figure 6.37). If v;,...,vs are not colored
with different colors, again, we are done.

Otherwise, by the induction hypothesis, let {X;,...,Xs} be a coloring of G’ and,
by renaming the X;s if necessary, assume that v; € X;, fori = 1,...,5. There are two
cases.

(1) There is no chain from v; to v3 whose nodes belong alternately to X; and Xj.
If so, v; and v3 must belong to different connected components of the subgraph
H' of G’ induced by X; UX,. Then, we can permute the colors 1 and 3 in the
connected component of H’ that contains v3 and color u with color 3.

(2) There is a chain from v; to v3 whose nodes belong alternately to X; and X>. In
this case, as G is a planar graph, there can’t be any chain from v, to v4 whose
nodes belong alternately to X, and X4. So, v, and v4 do not belong to the same
connected component of the subgraph H” of G’ induced by X, UX4. But then, we
can permute the colors 2 and 4 in the connected component of H” that contains
v4 and color ug with color 4. 0O
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Fig. 6.37 The five nodes adjacent to ug

Theorem 6.22 raises a very famous problem known as the four-color problem:
Can every planar graph be colored with four colors?

This question was apparently first raised by Francis Guthrie in 1850, commu-
nicated to De Morgan by Guthrie’s brother Frederick in 1852, and brought to the
attention of a wider public by Cayley in 1878. In the next hundred years, several in-
correct proofs were proposed and this problem became known as the four-color con-
Jjecture. Finally, in 1977, Appel and Haken gave the first “proof” of the four-color
conjecture. However, this proof was somewhat controversial for various reasons,
one of the reasons being that it relies on a computer program for checking a large
number of unavoidable configurations. Appel and Haken subsequently published
a 741-page paper correcting a number of errors and addressing various criticisms.
More recently (1997) a much shorter proof, still relying on a computer program, but
a lot easier to check (including the computer part of it) has been given by Robert-
son, Sanders, Seymour, and Thomas [19]. For more on the four-color problem, see
Diestel [9], Chapter 5, and the references given there.

Let us now go back to Kuratowski’s criterion for nonplanarity. For this it is useful
to introduce the notion of edge contraction in a graph.

Definition 6.24. Let G = (V,E, st) be any graph and let ¢ be any edge of G. The
graph obtained by contracting the edge e into a new vertex v, is the graph G/e =
(V/JE' st") with V! = (V —st(e)) U{v.}, where v, is a new node (v, ¢ V); E' =
E —{e}; and with

st(e')  ifst(e)Nst(e)
st'(e) = {v.}  ifst(e) =st(e)
{u,ve} ifst(e)Nst(e
{ve} ifst(e) =

)={z} and st(¢') = {u,z} withu # 7
{x} orst(e') = {y} with st(e) = {x,y}.
If G is a simple graph, then we need to eliminate parallel edges and loops. In, this
case, e = {x,y} and G/e = (V',E’,st) is defined so that V' = (V — {x,y}) U {v.},
where v, is a new node and
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E' = {{uv} [{u,v}n{x,y} =0}
U{{u,ve} | {u,x} e E—{e} or {u,y}€E—{e}}.

Figure 6.38 shows the result of contracting the upper edge {2,4} (shown as a
thicker line) in the graph shown on the left, which is not a simple graph.

Fig. 6.38 Edge contraction in a graph

Fig. 6.39 Edge contraction in a simple graph

Observe how the lower edge {2,4} becomes a loop around 7 and the two edges
{5,2} and {5,4} become parallel edges between 5 and 7.

Figure 6.39 shows the result of contracting edge {2,4} (shown as a thicker line)
in the simple graph shown on the left. This time, the two edges {5,2} and {5,4}
become a single edge and there is no loop around 7 as the contracted edge is deleted.

Now, given a graph G we can repeatedly contract edges. We can also take a
subgraph of a graph G and then perform some edge contractions. We obtain what is
known as a minor of G.

Definition 6.25. Given any graph G, a graph H is a minor of G if there is a sequence
of graphs Hy,Hy,...,H, (n > 1), such that

(1) Hy=G; H,=H.

(2) Either H;; is obtained from H; by deleting some edge or some node of H; and
all the edges incident with this node.

(3) Or Hjy is obtained from H; by edge contraction,
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with 0 <i <n—1.If G is a simple graph, we require that edge contractions be of
the second type described in Definition 6.24, so that H is a simple graph.

It is easily shown that the minor relation is a partial order on graphs (and sim-
ple graphs). Now, the following remarkable theorem originally due to Kuratowski
characterizes planarity in terms of the notion of minor:

Fig. 6.40 Kazimierz Kuratowski, 1896-1980

Theorem 6.23. (Kuratowski, 1930) For any graph G, the following assertions are
equivalent.

(1) G is planar.
(2) G contains neither Ks nor K3 3 as a minor.

Proof. The proof is quite involved. The first step is to prove the theorem for 3-
connected graphs. (A graph, G = (V,E), is h-connected iff |V| > h and iff every
graph obtained by deleting any set S C V of nodes with | S| < & and the edges incident
to these node is still connected. So, a 1-connected graph is just a connected graph.)
We refer the reader to Diestel [9], Section 4.4, for a complete proof. O

Another way to state Kuratowski’s theorem involves edge subdivision, an oper-
ation of independent interest. Given a graph G = (V, E, st) possibly with loops and
parallel edges, the result of subdividing an edge e consists in creating a new vertex
Ve, deleting the edge e, and adding two new edges from v, to the old endpoints of e
(possibly the same point). Formally, we have the following definition.

Definition 6.26. Given any graph G = (V,E,st) for any edge e € E, the result of
subdividing the edge e is the graph G' = (VU {v,},(E — {e})U{e',e?},st), where
v is a new vertex and e',e? are new edges, st'(¢/) = st(e) for all ¢’ € E — {e} and
if st(e) = {u,v} (u = v is possible), then st'(e') = {v,,u} and st'(e*) = {v,,v}. If
a graph G’ is obtained from a graph G by a sequence of edge subdivisions, we say
that G’ is a subdivision of G.

Observe that by repeatedly subdividing edges, any graph can be transformed into
a simple graph. Given two graphs G and H, we say that G and H are homeomorphic
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Fig. 6.41 Two homeomorphic graphs

iff they have respective subdivisions G’ and H' that are isomorphic graphs. The idea
is that homeomorphic graphs “look the same,” viewed as topological spaces. Figure
6.41 shows an example of two homeomorphic graphs.

A graph H that has a subdivision H’, which is a subgraph of some graph G, is
called a topological minor of G. Then, it is not hard to show (see Diestel [9], Chapter
4, or Gross and Tucker [13], Chapter 1) that Kuratowski’s theorem is equivalent to
the statement

A graph G is planar iff it does not contain any subgraph homeomorphic to either
Ks or K3 3 or, equivalently, if it has has neither Ks nor K3 3 as a topological minor.

Another somewhat surprising characterization of planarity involving the concept
of cycle space over [ (see Definition 6.4 and the Remarks after Theorem 6.2) and
due to MacLane is the following.

Fig. 6.42 Saunders Mac Lane, 1909-2005

Theorem 6.24. (MacLane, 1937) A graph G is planar iff its cycle space F over Fy
has a basis such that every edge of G belongs to at most two cycles of this basis.

Proof. See Diestel [9], Section4.4. O

We conclude this section on planarity with a brief discussion of the dual graph
of a plane graph, a notion originally due to Poincaré. Duality can be generalized
to simplicial complexes and relates Voronoi diagrams and Delaunay triangulations,
two very important tools in computational geometry.
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Given a plane graph G = (V,E), let F(G) be the set of faces of G. The crucial
point is that every edge of G is part of the boundary of at most two faces. A dual
graph G* = (V* E*) of G is a graph whose nodes are in one-to-one correspondence
with the faces of G, whose faces are in one-to-one correspondence with the nodes of
G, and whose edges are also in one-to-one correspondence with the the egdes of G.
For any edge e € E, a dual edge e* links the two nodes vr, and v, associated with
the faces Fj and F, adjacent to e or, e* is a loop from vy to itself if e is ajacent to a
single face. Here is the precise definition.

Definition 6.27. Let G = (V, E) be a plane graph and let F(G) be its set of faces. A
dual graph of G is a graph G* = (V* E*), where

(1) V* ={vp | F € F(G)}, where v is a point chosen in the (open) face, F, of G.

(2) E* = {e* | e € E}, where e* is a simple curve from v, to vg, crossing e, if e
is part of the boundary of two faces F; and F, or else, a closed simple curve
crossing e from vy to itself, if e is part of the boundary of exactly one face F.

o
(3) Foreach e € E, we have ¢*NG = eNG* =en e*, a one-point set.

An example of a dual graph is shown in Figure 6.43. The graph G has four faces,
a,b,c,d and the dual graph G* has nodes also denoted a, b, c,d enclosed in a small
circle, with the edges of the dual graph shown with thicker lines.

Note how the edge {5,6} gives rise to the loop from d to itself and that there are
parallel edges between d and a and between d and c. Thus, even if we start with a
simple graph, a dual graph may have loops and parallel edges.

Actually, it is not entirely obvious that a dual of a plane graph is a plane graph but
this is not difficult to prove. It is also important to note that a given plane graph G
does not have a unique dual because the vertices and the edges of a dual graph can
be chosen in infinitely different ways in order to satisfy the conditions of Definition
6.27. However, given a plane graph G, if H; and H, are two dual graphs of G, then
it is easy to see that H; and H, are isomorphic. Therefore, with a slight abuse of
language, we may refer to “the” dual graph of a plane graph. Also observe that even
if G is not connected, its dual G* is always connected.

@ The notion of dual graph applies to a plane graph and not to a planar graph.
Indeed, the graphs G} and G associated with two different embeddings G
and G» of the same abstract planar graph G may not be isomorphic, even though
G and G, are isomorphic as abstract graphs. For example, the two plane graphs G
and G, shown in Figure 6.44 are isomorphic but their dual graphs G| and G} are
not, as the reader should check (one of these two graphs has a node of degree 7 but
for the other graph all nodes have degree at most 6).

Remark: If a graph G is embedded in a surface S, then the notion of dual graph
also makes sense. For more on this, see Gross and Tucker [13].

In the following proposition, we summarize some useful properties of dual
graphs.

Proposition 6.24. The dual G* of any plane graph is connected. Furthermore, if G
is a connected plane graph, then G** is isomorphic to G.
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Fig. 6.43 A graph and its dual graph

Fig. 6.44 Two isomorphic plane graphs whose dual graphs are not isomorphic

Proof. Left as an exercise. O

With a slight abuse of notation we often write G** = G (when G is connected). A
plane graph G whose dual G* is equal to G (i.e., isomorphic to G) is called self-dual.
For example, the plane graph shown in Figure 6.45 (the projection of a tetrahedron
on the plane) is self-dual.

The duality of plane graphs is also reflected algebraically as a duality between
their cycle spaces and their cut spaces (over ;).

Proposition 6.25. If G is any connected plane graph G, then the following proper-
ties hold.
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Fig. 6.45 A self-dual graph

(1) A set of edges C CE isacycle in Giff C* ={e* € E* | e € C} is a minimal cutset
in G*.

(2) If #(G) and 7 (G*) denote the cycle space of G over Fy and the cut space of
G* over Ty, respectively, then the dual F*(G) of .7 (G) (as a vector space) is
equal to the cut space T (G*) of G*; that is,

F*(G) = T(GY).

(3) If T is any spanning tree of G, then (V*,(E — E(T))") is a spanning tree of G*
(Here, E(T) is the set of edges of the tree T.)

Proof. See Diestel [9], Section 4.6. O

The interesting problem of finding an algorithmic test for planarity has received
quite a bit of attention. Hopcroft and Tarjan have given an algorithm running in lin-
ear time in the number of vertices. For more on planarity, the reader should consult
Diestel [9], Chapter 4, or Harary [15], Chapter 11.

Besides the four-color “conjecture,” the other most famous theorem of graph
theory is the graph minor theorem, due to Roberston and Seymour and we can’t
resist stating this beautiful and amazing result. For this, we need to explain what
is a well quasi-order (for short, a w.q.0.). Recall that a partial order on a set X is a
binary relation <, that is reflexive, symmetric, and anti-symmetric. A quasi-order
(or preorder) is a relation which is reflexive and transitive (but not necessarily anti-
symmetric). A well quasi-order is a quasi-order with the following property.

For every infinite sequence (x,),>1 of elements x; € X, there exist some indices
i,j,with1 <i< j,sothat x; <x;.

Now, we know that being a minor of another graph is a partial order and thus, a
quasi-order. Here is Robertson and Seymour’s theorem:

Theorem 6.25. (Graph Minor Theorem, Robertson and Seymour, 1985-2004) The
minor relation on finite graphs is a well quasi-order.

Remarkably, the proof of Theorem 6.25 is spread over 20 journal papers (under
the common title, Graph Minors) written over nearly 18 years and taking well over
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Fig. 6.46 Paul D. Seymour, 1950- (left) and G Neil Robertson, 1938— (right)

500 pages! Many original techniques had to be invented to come up with this proof,
one of which is a careful study of the conditions under which a graph can be em-
bedded in a surface and a “Kuratowski-type” criterion based on a finite family of
“forbidden graphs.” The interested reader is urged to consult Chapter 12 of Diestel
[9] and the references given there.

A precursor of the graph minor theorem is a theorem of Kruskal (1960) that
applies to trees. Although much easier to prove than the graph minor theorem, the
proof fo Kruskal’s theorem is very ingenious. It turns out that there are also some
interesting connections between Kruskal’s theorem and proof theory, due to Harvey
Friedman. A survey on this topic can be found in Gallier [10].

6.7 Summary

This chapter delves more deeply into graph theory. We begin by defining two fun-
damental vector spaces associated with a finite directed graph G, the cycle space
or flow space % (G), and the cocycle space or tension space (or cut space) 7 (G).
These spaces turn out to be orthogonal. We explain how to find bases of these spaces
in terms of spanning trees and cotrees and we determine the dimensions of these
spaces in terms of the number of edges, the number of vertices, and the number
of connected components of the graph. A pretty lemma known as the arc coloring
lemma (due to Minty) plays a crucial role in the above presentation which is heavily
inspired by Berge [1] and Sakarovitch [20]. We discuss the incidence matrix and the
adjacency matrix of a graph and explain how the spaces of flows and tensions can
be recovered from the incidence matrix. We also define the Laplacian of a graph.
Next, we discuss briefly Eulerian and Hamiltonian cycles. We devote a long section
to flow problems and in particular to the max-flow min-cut theorem and some of its
variants. The proof of the max-flow min-cut theorem uses the arc-coloring lemma
in an interesting way, as indicated by Sakarovitch [20]. Matchings, coverings, and
bipartite graphs are briefly treated. We conclude this chapter with a discussion of
planar graphs. Finally, we mention two of the most famous theorems of graph the-
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ory: the four color-conjecture (now theorem, or is it?) and the graph minor theorem,
due to Robertson and Seymour.

e We define the representative vector of a cycle and then the notion of I'-cycle I,
representative vector of a I'-cycle y(I"), a I'-circuit, and a simple I'-cycle.

e Next, we define a cocycle (or cutset) Q, its representative vector 0(£2), a co-
circuit, and a simple cocycle.
We define a cutset.
We prove several characterizations of simple cocycles.
We prove the fundamental fact that the representative vectors of I'-cycles and
cocycles are orthogonal.

e  We define the cycle space or flow space F(G), and the cocycle space or tension
space (or cut space), 7 (G).
We prove a crucial technical result: the arc coloring lemma (due to Minty).
We derive various consequences of the arc-coloring lemma, including the fact
that every edge of a finite digraph either belongs to a simple circuit or a simple
cocircuit but not both.
We define a cotree and give a useful characterization of them.
We prove the main theorem of Section 6.1 (Theorem 6.2), namely, we compute
the dimensions of the spaces .7 (G) and .7 (G), and we explain how to compute
bases of these spaces in terms of spanning trees and cotrees.
We define the cyclomatic number and the cocyclomatic number of a (di)graph.
We remark that the dimension of .%(G) is the dimension of the first homol-
ogy group of the graph and that the Euler-Poincaré characteristic formula is a
consequence of the formulae for the dimensions of .7 (G) and .7 (G).
We give some useful characterizations of flows and tensions.
We define the incidence matrix D(G) of a directed graph G (without parallel
edges or loops).
We characterize .% (G) and .7 (G) in terms of the incidence matrix.
We prove a theorem of Poincaré about nonsingular submatrices of D which
shows that D is totally unimodular.
We define the adjacency matrix A(G) of a graph.
We prove that DD = A — A, where A is the diagonal matrix consisting of the
degrees of the vertices.
We define DD as the Laplacian of the graph.
The study of the matrix DD, especially its eigenvalues, is an active area of
research called spectral graph theory.
We define an Euler cycle and an Euler circuit.
We prove a simple characterization of the existence of an Euler cycle (or an
Euler circuit).
We define a Hamiltonian cycle and a Hamiltonian circuit.
We mention that the Hamiltonian cycle problem is NP-complete.
We define a network (or flow network), a digraph together with a capacity func-
tion (or cost function).

e We define the notion of flow, of value of a flow, and state the network flow
problem.
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We define the notion of vs-v;-cut and of capacity of a vs-vi-cut.

We prove a basic result relating the maximum value of a flow to the minimum
capacity of a vs-v;-cut.

We define a minimum v-v,-cut or minimum cut.

We prove that in any network there is a flow of maximum value.

We prove the celebrated max-flow min-cut theorem due to Ford and Fulkerson
using the arc coloring lemma.

We define a flow augmenting chain.

We describe the algorithm maxflow and prove its correctness (provided that it
terminates).

We give a sufficient condition for the termination of the algorithm maxflow (all
the capacities are multiples of some given number).

The above criterion implies termination of maxflow if all the capacities are inte-
gers and that the algorithm will output some maximum flow with integer capac-
ities.

In order to improve the complexity of the algorithm maxflow we define a resid-
ual network.

We briefly discuss faster algorithms for finding a maximum flow. We define a
preflow and mention “preflow-push relabel algorithms.”

We present a few applications of the max-flow min-cut theorem, such as a the-
orem due to Menger on edge-disjoint paths.

We discuss channeled flows and state a theorem due to Hoffman that character-
izes when a channeled flow exists.

We define a bottleneck and give an algorithm for finding a channeled flow.

We state a max-flow min-cut theorem for channeled flows.

We conclude with a discussion of a variation of the max flow problem consid-
ered in Cormen et al. [7] (Chapter 26).

We define a bipartite graph and a maximum matching.

We define the complete bipartite graphs, K, .

We explain how the maxflow algorithm can be used to find a maximum match-
ing.

We define a k-coloring of a graph, when a graph is k-colorable and the chromatic
number of a graph.

We define the incidence matrix of a nonoriented graph and we characterize a
bipartite graph in terms of its incidence matrix.

We define a matching in a graph, a matched vertex, and a perfect matching.

We define an alternating chain.

We characterize a maximal matching in terms of alternating chains.

We define a line cover and a minimum line cover.

We prove a relationship between maximum matchings and minimum line cov-
ers.

We define an independent (or stable) set of nodes and a maximum independent
set.

We define a point cover (or transversal) and a minimum point cover.
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e We go back to bipartite graphs and describe a marking procedure that decides
whether a matching is a maximum matching.

e As a corollary, we derive some properties of minimum point covers, maximum
matchings, maximum independent sets, and minimum line covers in a bipartite
graph.

e We also derive two classical theorems about matchings in a bipartite graph due
to Konig and Konig-Hall and we state the marriage theorem (due to Hall).

We introduce the notion of a planar graph.

We define the complete graph on n vertices K,,.

We define a Jordan curve (or a simple curve), endpoints (or boundaries) of a
simple curve, a simple loop or closed Jordan curve, a base point and the interior
of a closed Jordan curve.

We define rigorously a plane graph and a simple plane graph.

We define a planar graph and a planar embedding.

We define the stereographic projection onto the sphere. A graph can be embed-
ded in the plane iff it can be embedded in the sphere.

‘We mention the possibility of embedding a graph into a surface.

We define the connected components (or regions) of an open subset of the plane
as well as its boundary.

We define the faces of plane graph.

We state the Jordan curve theorem

We prove Euler’s formula for connected planar graphs and talk about the Euler—
Poincaré characteristic of a planar graph.

e We generalize Euler’s formula to planar graphs that are not necessarily con-
nected.

e We define the girth of a graph and prove an inequality involving the girth for

connected planar graphs.

As a consequence, we prove that K5 and K3 3 are not planar.

We prove that every planar graph is 5-colorable.

We mention the four-color conjecture.

We define edge contraction and define a minor of a graph.

We state Kuratowski’s theorem characterizing planarity of a graph in terms of

K3 and K3 3.

o We define edge subdivision and state another version of Kuratowski’s theorem
in terms of minors.

e We state MacLane’s criterion for planarity of a graph in terms of a property of
its cycle space over IF».

e We define the dual graph of a plane graph and state some results relating the
dual and the bidual of a graph to the original graph.

We define a self-dual graph.

We state a theorem relating the flow and tension spaces of a plane graph and its
dual.

We conclude with a discussion of the graph minor theorem.

We define a quasi-order and a well quasi-order.

We state the graph minor theorem due to Robertson and Seymour.
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Problems

6.1. Recall from Problem 3.8 that an undirected graph G is h-connected (h > 1)
iff the result of deleting any 4 — 1 vertices and the edges adjacent to these vertices
does not disconnect G. Prove that if G is an undirected graph and G is 2-connected,
then there is an orientation of the edges of G for which G (as an oriented graph) is
strongly connected.

6.2. Given a directed graph G = (V,E,s,t) prove that a necessary and sufficient
condition for a subset of edges E’ C E to be a cocycle of G is that it is possible to
color the vertices of G with two colors so that:

1. The endpoints of every edge in E’ have different colors.
2. The endpoints of every edge in E — E’ have the same color.

Under which condition do the edges of the graph consitute a cocycle? If the graph
is connected (as an undirected graph), under which condition is E’ a simple cocycle?

6.3. Prove that if G is a strongly connected graph, then its flow space .7 (G) has a
basis consisting of representative vectors of circuits.
Hint. Use induction on the number of vertices.

6.4. Prove that if the graph G has no circuit, then its tension space .7 (G) has a basis
consisting of representative vectors of cocircuits.
Hint. Use induction on the number of vertices.

6.5. Let V be a subspace of R”. The support of a vector v € V is defined by

Sv)y={ie{l,...,n}|v; £0}.

A vector v € V is said to be elementary iff it has minimal support, which means that
forany v' € V,if S(v') C S(v) and S(v') # S(v), then v/ = 0.

(a) Prove that if any two elementary vectors of V have the same support, then
they are collinear.

(b) Let f be an elementary vector in the flow space .% (G) of G (respectively, T
be an elementary vector in the tension space, .7 (G), of G). Prove that

f = Ay (respectively, T = L),

with A, 1 € R and 7y (respectively, @) is the representative vector of a simple cycle
(respectively, of a simple cocycle) of G.
(c) For any m x n matrix, A, let V be the subspace given by

V={xeR"|Ax=0}.

Prove that the following conditions are equivalent.

(i) A is totally unimodular.
(ii) For every elementary vector x € V, whenever x; # 0 and x; # 0, then |x;| = |x;|.
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6.6. Given two m x m matrices with entries either O or 1, define A + B as the matrix
whose (i, j)th entry is the Boolean sum a;; V b;; and AB as the matrix whose (i, j)th
entry is given by

(ait Nb1j)V (ap Abaj) V-V (aim A bmj);

that is, interpret O as false, 1 as true, + as or and - as and.
(i) Prove that

Ak — { 1 iff there is a path of length k from v; to v;
Y 0 otherwise.

(ii) Let
B*=A4+A%+... +AK
Prove that there is some kg so that

n+ky __ pki
B'tho — ko

for all n > 1. Describe the graph associated with B0,

6.7. Let G be an undirected graph known to have an Euler cycle. The principle of
Fleury’s algorithm for finding an Euler cycle in G is the following.

1. Pick some vertex v as starting point and set k = 1.

2. Pick as the kth edge in the cycle being constructed an edge e adjacent to v whose
deletion does not disconnect G. Update G by deleting edge e and the endpoint
of e different from v and set k := k+ 1.

Prove that if G has an Euler cycle, then the above algorithm outputs an Euler
cycle.

6.8. Recall that K, denotes the (undirected) complete graph on m vertices.

(a) For which values of m does K,,, contain an Euler cycle?

Recall that K, ,, denotes the (undirected) complete bipartite graph on m + n ver-
tices.

(b) For which values of m and n does K, ,, contain an Euler cycle?

6.9. Prove that the graph shown in Figure 6.47 has no Hamiltonian.

6.10. Prove that the graph shown in Figure 6.48 and known as Petersen’s graph
satisfies the conditions of Proposition 6.12, yet this graph has no Hamiltonian.

6.11. Prove that if G is a simple undirected graph with n vertices and if n > 3 and
the degree of every vertex is at least n/2, then G is Hamiltonian (this is known as
Dirac’s Theorem).

6.12. Find a minimum cut separating vy and v; in the network shown in Figure 6.49:
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Fig. 6.47 A graph with no Hamiltonian

Fig. 6.48 Petersen’s graph
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Fig. 6.49 A netwok

6.13. Consider the sequence (u,) defined by the recurrence

up =0
V51
u =
! 2
Upt2 = —Upt+1 T Up.

If we let r = u; = (/5 — 1)/2, then prove that

u, =r".

LetS=Yy (" =1/(1—r). Construct a network (V,E,c) as follows.

V = {vy, Vi, X1,X2,X3,X4,¥1,¥2,Y3, Y4}

Ep = {e1 = (x1,y1),e2 = (x2,2),€3 = (x3,¥3), €4 = (x4,y4) }
Ey = {(vs,xi), (yi,ve),1 < i <4}

E3 - {(xi»))j)a(yiayj)v(yiaxj)v1 S ivj S 4ai7{j}
E=E1UE2UE3U{(Vt,vS)}

cle)=r"liffe=e; € Ej,else c(e) =Siffe € E—Ej.

Prove that it is possible to choose at every iteration of the Ford and Fulkerson
algorithm the chains that allow marking v, from v, in such a way that at the kth
iteration the flow has value § = *~!. Deduce from this that the algorithm does not
terminate and that it converges to a flow of value S even though the capacity of a
minimum cut separating v from v; is 4S.
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6.14. Let E = {ey,...,e, | be a finite set and let S = {1, ...,S, } be a family of finite
subsets of E. Aset T = {e;,,...,e;, } of distinct elements of E is a transversal for §
(also called a system of distinct representatives for S) iff

e,‘jESJ‘, j=1,...,n.

Hall’s theorem states that the family S has a transversal iff for every subset I C
{1,...,n} we have

U=

Usi|-

i€l

(a) Prove that the above condition is necessary.
(b) Associate a bipartite graph with § and T and use Theorem 6.18 to prove that
the above condition is indeed sufficient.

6.15. Let G be a directed graph without any self-loops or any cicuits (G is acyclic).
Two vertices u, v, are independent (or incomparable) iff they do not belong to any
path in G. A set of paths (possibly consisting of a single vertex) covers G iff every
vertex belongs to one of these paths.

Dilworth’s theorem states that in an acyclic directed graph, there is some set
of pairwise independent vertices (an antichain) and a covering family of pairwise
(vertex-)disjoint paths whose cardinalities are the same.

Two independent vertices can’t belong to the same path, thus it is clear that the
cardinality of any antichain is smaller than or equal to the cardinality of a path cover.
Therefore, in Dilworth’s theorem, the antichain has maximum size and the covering
family of paths has minimum size.

Given a directed acyclic graph G = (V, E) as above, we construct an undirected
bipartite graph H = (V; UV;, Eyy) such that:

e There are bijections, h;: V; — V, fori=1,2.
e There is an edge, (vi,v2) € Eg, iff there is a path from £ (v1) to hy(v2) in G.

(a) Prove that for every matching U of H there is a family % of paths covering G
so that |€|+|U| = |V|.
(b) Use (a) to prove Dilworth’s theorem.

6.16. Let G = (V,E) be an undirected graph and pick vy, v, € V.

(a) Prove that the maximum number of pairwise edge-disjoint chains from v, to
v; is equal to the minimum number of edges whose deletion yields a graph in which
vy and v, belong to disjoint connected components.

(b) Prove that the maximum number of pairwise (intermediate vertex)-disjoint
chains from v to v; is equal to the minimum number of vertices in a subset U of V
so that in the subgraph induced by V — U, the vertices vs and v; belong to disjoint
connected components.

Remark: The results stated in (a) and (b) are due to Menger.
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6.17. Let G = (V,E) be any undirected graph. A subset U C V is a clique iff the
subgraph induced by U is complete.

Prove that the cardinality of any matching is at most the number of cliques needed
to cover all the vertices in G.

6.18. Given a graph G = (V,E) for any subset of vertices S C V let p(S) be the
number of connected components of the subgraph of G induced by V — S having an
odd number of vertices.

(a) Prove that if there is some S C V such that p(S) > |S|, then G does not admit
a perfect matching.

(b) From now on, we assume that G satisfies the condition

p(S)<S|, forallSCV (©)

Prove that if Condition (C) holds, then G has an even number of vertices (set
S = 0) and that |S| and p(S) have the same parity. Prove that if the condition

p(S) < |S|, forallSCV (e))

is satisfied, then there is a perfect matching in G containing any given edge of G
(use induction of the number of vertices).

(c) Assume that Condition (C) holds but that Condition (C*) does not hold and
let S be maximal so that p(S) = |S|.

Prove that the subgraph of G induced by V — S does not have any connected
component with an even number of vertices.

Prove that there cannot exist a family of k connected components of the subgraph
of G induced by V — S connected to a subset 7 of S with |T| < k. Deduce from this
using the theorem of Konig—Hall (Theorem 6.18) that it is possible to assign a vertex
of S to each connected component of the subgraph induced by V —S.

Prove that if Condition (C) holds, then G admits a perfect matching. (This is a
theorem due to Tutte.)

6.19. The chromatic index of a graph G is the minimum number of colors so that we
can color the edges of G in such a way that any two adjacent edges have different
colors. A simple unoriented graph whose vertices all have degree 3 is called a cubic
graph.

(a) Prove that every cubic graph has an even number of vertices. What is the
number of edges of a cubic graph with 2k vertices? Prove that for all kK > 1, there is
at least some cubic graph with 2k vertices.

(b) Let G be a cubic bipartite graph with 2k vertices. What is the number of
vertices in each of the two disjoint classes of vertices making G bipartite? Prove
that all £k > 1; there is at least some cubic bipartite graph with 2k vertices.

(c) Prove that the chromatic index of Petersen’s graph (see Problem 6.10) is at
least four.

(d) Prove that if the chromatic index of a cubic graph G = (V,E) is equal to three,
then
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(i) G admits a perfect matching, E' C E.
(ii) Every connected component of the partial graph induced by E — E’ has an even
number of vertices.

Prove that if Conditions (i) and (ii) above hold, then the chromatic index of G is
equal to three.

(e) Prove that a necessary and sufficient condition for a cubic graph G to have a
chromatic index equal to three is that G possesses a family of disjoint even cycles
such that every vertex of G belongs to one and only one of these cycles.

(f) Prove that Petersen’s graph is the cubic graph of chromatic index 4 with the
minimum number of vertices.

6.20. Let G = (V1 UV, E) be a regular bipartite graph, which means that the degree
of each vertex is equal to some given k > 1 (where V| and V, are the two disjoint
classes of nodes making G bipartite).

(a) Prove that |V|| = [Va].

(b) Prove that it is possible to color the edges of G with k colors in such a way
that any two edges colored identically are not adjacent.

6.21. Prove that if a graph G has the property that for G itself and for all of its partial
subgraphs, the cardinality of a minimum point cover is equal to the cardinality of a
maximum matching (or, equivalently, the cardinality of a maximum independent set
is equal to the cardinality of a minimum line cover), then G is bipartite.

6.22. Let G = (V; UV,,E) be a bipartite graph such that every vertex has degree
at least 1. Let us also assume that no maximum matching is a perfect matching. A
subset A C Vj is called a basis iff there is a matching of G that matches every node
of V| and if A is maximal for this property.

Prove that if A is any basis, then for every v/ ¢ A we can find some v’ € A so that

(Au{h -}

is also a basis.

(b) Prove that all bases have the same cardinality.

Assume some function /: V| — R, is given. Design an algorithm (similar to
Kruskal’s algorithm) to find a basis of maximum weight, that is, a basis A, so that
the sum of the weights of the vertices in A is maximum. Justify the correctness of
this algorithm.

6.23. Prove that every undirected graph can be embedded in R? in such a way that
all edges are line segments.

6.24. A finite set .7 of triangles in the plane is a triangulation of a region of the
plane iff whenever two triangles in .7 intersect, then their intersection is either a
common edge or a common vertex. A triangulation in the plane defines an obvious
plane graph.

Prove that the subgraph of the dual of a triangulation induced by the vertices
corresponding to the bounded faces of the triangulation is a forest (a set of disjoint
trees).
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6.25. Let G = (V,E) be a connected planar graph and set
Xc=v—e + f7

where v is the number of vertices, e is the number of edges, and f is the number of
faces.

(a) Prove that if G is a triangle, then g = 2.

(b) Explain precisely how x¢ changes under the following operations:

1. Deletion of an edge e belonging to the boundary of G.
2. Contraction of an edge e that is a bridge of G.
3. Contraction of an edge e having at least some endpoint of degree 2.

Use (a) and (b) to prove Euler’s formula: g = 2.

6.26. Prove that every simple planar graph with at least four vertices possesses at
least four vertices of degree at most 5.

6.27. A simple planar graph is said to be maximal iff adding some edge to it yields
a nonplanar graph. Prove that if G is a maximal simple planar graph, then:

(a) G is 3-connected.
(b) The boundary of every face of G is a cycle of length 3.
(c) G has 3v— 6 edges (where |V| =v).

6.28. Prove Proposition 6.24.

6.29. Assume G = (V,E) is a connected plane graph. For any dual graph G* =
(V*,E*) of G, prove that

Vi = [E|=V]+2
VI = [E"[= V7] +2.

Prove that G is a dual of G*.

6.30. Let G = (V, E) be a finite planar graph with v = |V| and e = |E| and set

p=2e/v, p"=2/f.

(a) Use Euler’s formula (v — e+ f = 2) to express e,v, f in terms of p and p*.
Prove that

(p—=2)(p"—2) <4

(b) Use (a) to prove that if G is a simple graph, then G has some vertex of degree
at most 5.

(c) Prove that there are exactly five regular convex polyhedra in R? and describe
them precisely (including their number of vertices, edges, and faces).

(d) Prove that there are exactly three ways of tiling the plane with regular poly-
gons.
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F(G), 371
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NGV 23,45
NGV 23
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Wwﬂ VALY, 3 .50
K/Vgﬂ 17
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V/V”“ 22,45
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3”(A),73

7,365,371, 374, 379, 382

7(G), 371
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r—P 17,22
I —A,93
on, 152,421
os, 153

sinh, 249
V2,38

{5} 213,239
c, 73

c,73

7(G), 385

T =T, 47,48
Ty, 152

5, 153

x, 104

T, 4,48, 89
0,297

G, 180

Cg, 184

£, 245,249
{a,b}, 72
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{a}, 72
{x|x¢x}, 71
{x€A| P}, 73,74
a<b,258
a=bq+r,273
a<b,258
alb,278
a<<b,277
amodb, 274
acA, 71
alb, 264
aV b, 264

a¢ A2

a— b, 334

a’, 39

add,,, 120

by, 214
c(8,T), 392

dg(u), 169, 187
dg(u), 169

dg (u), 169

ea, 312

ey, 396
f={(A,G,B), 106
f(A), 128

F71(b). 108, 127
g, 424

gof, 118

g A, 127

m(A), 233

ma = paqa, 312
ma, 312

mult,,, 120
n=m(mod p), 286

n!, 102, 124, 205, 206, 238

nt,77
"2, 254

no —ny +no, 424, 425

o(g), 207
p(S), 444

pa, 312

Pn» 232,240
pri, 104, 108
pr2, 104, 108
pri, 147

qa, 312

s(e), 168
t(e), 168
uCgv, 176
uCgv, 184
u-v, 144
ua+vb =d, 280
uv, 144

vs, 391

Vi, 391

x+— f(x), 101
¥ —dy*=1,362
x*modm, 311
x"modm, 318
|A|, 135

|M|, 145

7|, 172

|91, 422

|f], 392, 408
|u|, 143
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5-color theorem, 427 Ackermann’s function, 278, 338
I'-circuit, 367, 436 acyclic, 191
I'-cycle, 367, 436 adjacency matrix, 436
J-elimination, 50 adjacent, 169
J-introduction, 49 edges, 169
V-elimination, 49 nodes, 169, 200
V-introduction, 49 adjoint matrix, 385
=--elimination rule, 7, 9, 20, 84 Adleman, L., 309
=--introduction rule, 7, 9, 20 ajacency matrix, 384
A-calculus, 66 AKS test, 325
A-elimination rule, 20 algorithm, 177
A-introduction rule, 20, 84 to compute the SCCs, 177
V-elimination rule, 21, 84 alphabet, 47, 143
V-introduction rule, 21 alternating chains, 413, 416, 437
—-elimination rule, 22, 84 Andrews, P., 2, 67
—-introduction rule, 22, 29 antecedent, 6
——-elimination rule, 30 antichain, 443
| -elimination rule, 21, 29 antireflexive, 258
e-simple, 172, 200, 365 antiroot, 193, 201

chain, 183, 200 antisymmetric, 258

graph, 186 antisymmetry, 258

path, 172 Appel and Haken, 428
h-connected, 202, 430, 439 APR test, 325
k-colorable, 411 arborescence, 193, 201
k-coloring, 411, 437 with antiroot, 193
n-tuples, 105 with root, 193
vg-ve-cut, 394, 437 arc coloring lemma, 372, 397, 435, 436
“big oh” notation, 206 arcs, 167, 168, 185
“big omega” notation, 207 arcwise connected, 421
“big theta” notation, 207 articulation point, 202
“little oh” notation, 207 associative, 118, 144

associativity, 87, 150, 264

A Voyage Round the World Game, 388 assumption, 5
absorption, 264 atomic propositions, 8

identity, 221 auxiliary lemmas, 11, 35, 66
absurdity, 4 axiom of choice, 78, 126, 135, 137, 148
absurdum, 4 graph version, 126
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product version, 147
axiom of infinity, 76, 77, 82
axioms, 1, 5, 8, 20, 94

of separation, 73

of set theory, 71

Bézout identity, 280, 282, 338
Bézout, E., 280
backward edge, 401, 406
base
cases, 276
point, 420, 438
step, 110
bases, 374, 436
basis, 374, 445
of the cocycle space, 374
of the cycle space, 374
bell curve, 227
Bell numbers, 213, 237
Bell, E., 213
Berge, C., 166, 370, 413
Bernays, P., 70
Bernoulli
numbers, 246, 248, 250
polynomial, 248
Bernoulli’s formula, 248
Bernoulli, D., 298
Bernoulli, J., 246
Bernoulli, N., 229
Bernstein, F., 139
Betti numbers, 376
Betti, E., 376
bicycle space, 376
bijection, 130
bijective, 124, 148
function, 124
binary relation, 105
Binet, J., 206, 284, 298, 346-348, 360
binomial, 208
coefficients, 208, 209, 217, 237
generalized, 210
formula, 210, 237
theorem, 210
Newton’s generalized, 211
bipartite graph, 409, 416, 437
Birkhoff, G., 263, 269
block, 293, 339
Bollobas, B., 166
bond, 367
Boole, G., 332
Boolean
algebra, 332, 340
lattice, 331, 340
Borel, E., 139

bottleneck, 406, 437

bound variable, 46

boundaries, 168

boundary, 168, 420, 422, 438
map, 382

bounded lattice, 329

bridge, 189, 200
in a graph, 189

Brouwer, L., 26

canonical projection, 292, 339

Cantor’s theorem, 131
Cantor, G., 70, 131, 139
capacity, 391, 436

function, 391, 436

of a vg-v,-cut, 394, 437
capture of variables, 48
cardinal, 135

number, 76, 135

cardinal comparability, 140, 149

cardinality, 135, 148
of a finite multiset, 145
of a finite set, 135

Carmichael numbers, 325, 340

Cartesian product, 104
Cassini identity, 301, 339
Cassini, J.D., 301

Catalan numbers, 243
Catalan’s identity, 301, 355
Catalan, E., 301

Cayley, A., 203, 254

chain, 183, 186, 191, 200, 258, 338, 365

in a graph, 183
channeled flows, 405, 437

characteristic function, 132, 148

Chazelle, B., 195

Chinese remainder theorem, 350

choice function, 137
chord, 373
chromatic
index, 444
number, 411, 437
Chung, F., 385

Church’s theorem, 65, 81, 103

Church, A., 65, 66
circuit, 179, 200
classical logic, 23, 332
closed, 8

chain, 183, 186

Jordan curve, 420, 438

path, 172, 200
coboundary map, 382
cocircuit, 367, 373, 436
cocycle, 365, 367, 436
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space, 371, 435, 436
of G, 371

cocyclomatic number, 375, 436
codomain, 106
coloring, 411
combinatorics, 205, 236, 237
commutativity, 264
complement, 74, 329

of a graph, 202
complemented lattice, 329, 340
complete

bipartite graph, 410, 437

graph, 187, 200, 203, 254, 420, 438

induction, 114, 270, 276, 338

lattice, 263, 265, 338
complete induction principle

for N, 114, 148, 270

on a well-founded set, 276, 338
completeness, 42, 45, 69, 81, 333, 337
complexity, 1

theory, 67
composition, 117, 148

of functions, 118

of partial functions, 118

of relations, 117
comprehension axioms, 73
computability, 102
computation, 2, 66
computing the inverse of @ modulo m, 321
concatenation, 144

of paths, 176, 200
conformal decomposition, 380
congruence, 286

modulo p, 292, 293
congruent, 310
conjunction, 3, 4
connected, 176, 191

components, 184, 200, 422, 438

graph, 184, 200

nodes, 184

strongly, 176
consistency, 42, 64, 68, 81, 264
constant symbols, 46
constructivists, 26
constructivity, 26
context, 18
continued fractions, 291
converse, 122, 148

of a relation, 122
Conway, J., 113, 252
correspondence, 105
cost, 194, 391

function, 194

of set of edges, 194
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cotree, 373, 436
countable, 131

set, 131, 137
counterexample, 43, 45, 68, 81
counting problems, 205, 237
cross-product, 104
cross-section, 127
cryptography, 309, 339
cubic graph, 444
Curry, H., 66
Curry—Howard isomorphism, 67, 81
cut separating v and v;, 394
cut space, 371, 435, 436

of G, 371
cut-elimination theorem, 66
cutset, 367, 368, 436
cycle, 184, 190, 200, 365

in a graph, 184

space, 371,431, 435, 436

of G, 371

cyclomatic number, 375, 436
cyphertext, 313

DAGs, 181
de la Vallée Poussin, C., 324
de la Vallée-Poussin, C., 323
de Moivre, A., 229, 298
de Morgan laws, 32, 74, 80, 82, 329
for quantifiers, 53
de Morgan, A., 329
decision problem, 64
decrypt, 309, 339
decryption, 339
function, 313
key, 312
Dedekind, R., 137, 263, 265, 279, 291
deduction, 1, 5, 80, 94
tree, 9, 18, 22, 23, 50
degree, 187, 200
of a node, 169, 187
denumerable, 131
set, 131
derangements, 232, 237, 240
derivation, 1
diagonal argument, 131
Diestel, R., 167, 187, 375
difference
of multisets, 145
digraph, 168, 192, 200
Dilworth’s theorem, 443
dimension, 374, 436
of the cocycle space, 374, 436
of the cycle space, 374, 436
Dirac’s theorem, 440
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direct image, 128, 148
of a subset, 128
directed graph, 168, 200
Dirichlet’s box principle, 134, 288
Dirichlet’s diophantine approximation
theorem, 288, 339
Dirichlet, J., 134, 288
discharge, 6
discharged, 8, 11, 18, 22, 80
discrete logarithm, 311, 339
disjunction, 3, 4
distance, 412
distributive lattice, 328, 335, 340
distributivity, 87
divides, 278
divisibility, 259, 272, 338
ordering, 259
divisible, 272
division, 273
domain, 101, 105, 147
of a partial function, 101
of a relation, 105
dominated, 131
dominates, 148
double-negation
elimination, 30, 80
rule, 26, 80
translation, 57
dual graph, 432, 438
duality, 265, 338
Dupré, A., 284, 359
dynamic logic, 69

edge
colorings, 187
connectivity, 404
contraction, 199, 201, 428, 438
space, 382
subdivision, 430, 438
edge-simple, 172
chain, 183
graph, 186
path, 172
edges, 167, 168, 185, 420
eigenvariable, 50
restriction, 81
elementary
path, 173
vector, 439
embedding, 421
empty, 72
function, 108
relation, 105
set, 72, 81

string, 143
empty set axiom, 72
encrypt, 309, 339
encryption, 339

function, 313

key, 312
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Enderton, H., 70, 78, 119, 135, 140, 258, 269

endnode, 185
endpoint, 168, 185, 201, 420

in a graph, 192
equality predicate, 47
equation, 47
equatorial plane, 152
equinumerous, 131, 148
equivalence, 176

class, 292, 339

classes, 176

logical, 4, 24, 332

relation, 176, 257, 291, 332, 339
Erdos and Szekeres, 138
Euclid, 285
Euclid’s proposition, 285, 339
Euclidean algorithm

for finding the ged, 283
Euclidean division lemma for Z, 273
Euler

¢ function, 317, 350, 351

circuit, 387, 436

cycle, 387, 436, 440

totient, 317, 350, 351

tour, 387, 436
Euler’s

constant, 250

Formula, 424, 438

formula, 317
Euler’s constant, 246

Euler, L., 246, 248-250, 298, 314, 350, 386

Euler—-Mascheroni number, 246

Euler—Poincaré characteristic, 376, 424, 438

Euler-Poincaré characteristic, 436
Eulerian

circuit problem, 387

cycle problem, 387
even, 11, 60, 82, 170

function, 248
exclusive or, 90
exponentiation modulo m, 311, 339
extended Euclidean algorithm, 284, 344
extensionality axiom, 72
extention, 127

of a function, 127

faces, 422, 438
factor, 272
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factorial, 102, 205, 209, 237, 238
function, 205
factoring, 326, 340
falsity, 4
falsum, 4
family, 146
of sets, 146
fan, 353
faulty induction proof, 115
Fermat
numbers, 341
test, 324

Fermat’s little theorem, 314, 317, 339, 342,

351
Fermat, P., 314
Fibonacci

numbers, 114, 116, 148, 221, 240, 284, 296,

300, 339, 353
prime, 302
sequence, 114, 155, 296
Fibonacci, L., 114, 296
fibre, 108, 127
field, 311
finite, 131, 148
graph, 168
multiset, 145
set, 131, 135, 137
tree, 45
first projection, 104, 108
first-order, 47
classical logic, 50
formulae, 47
intuitionistic logic, 50
language, 47
logic, 81
structures, 69
theories, 81
theory, 58
variables, 47
fixed point, 266, 338
fixpoint, 266
Fleury’s algorithm, 440
floor function, 151
flow, 391, 436
augmenting chain, 399, 437
network, 391, 436
space, 371, 435, 436
of G, 371
flows, 365, 379, 382
conservative, 379
Ford and Fulkerson, 397, 437
algorithm, 399
forest, 190, 201
forward edge, 401

four-color
conjecture, 428, 438
problem, 428
Fraenkel, A., 70
free variable, 46
frontier, 422
function, 101, 147
operator, 46
symbols, 46
with domain A, 106
functional, 106, 147
graph, 202
relation, 106

Godel’s completeness theorem, 69, 81
Godel’s incompleteness theorem, 60, 81

Godel, K., 57

Gallier, J., 3, 42, 48, 58, 67, 69, 435

Gauss, C.F,, 286
Gaussian
curve, 227
distribution, 227
GB, 70

ged, 39, 281, 282, 302, 338, 347

general position, 252

generating function, 357

generator, 279
Gentzen
sequent, 17,22, 93
sequent-calculus, 93
system, 80

Gentzen, G., 5, 17, 57, 66, 93

genus, 424

Girard, J.Y., 58, 69
girth, 426, 438
Glivenko, V., 58
golden ratio, 297
Gowers, T., 3, 34

graph, 103, 147, 165, 168, 185, 200, 365
k-colorable, 411, 437

bipartite, 409, 437
cubic, 444

directed, 165, 167, 168, 192, 200

minor, 429, 438

of a function, 103, 106, 117
of a partial function, 106

planar, 418
self-dual, 433, 438
theory, 165

undirected, 165, 182, 185, 189, 200

weighted, 194

graph minor theorem, 434, 436, 438

greatest

common divisor, 264, 281, 338
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element, 261, 338

fixed point, 266, 338

lower bound, 262, 338
Guy, R., 252

HA-valid, 336, 340
Hadamard, J., 323, 324
Hall’s
marriage theorem, 404
theorem, 443
Hall, P, 418
Halmos, P., 70
Hamilton, W., 388
Hamiltonian
circuit, 388, 436
circuit problem, 390
cycle, 388, 436
cycle problem, 390
hanldes, 424
Harary, F., 166, 375
harmonic, 244
numbers, 244, 251
Hasse diagram, 260, 338, 340
Heegner number, 116
height, 404
Heyting
algebra, 333, 334, 337, 340
lattice, 334, 340
Heyting, A., 333
Hilbert curve, 142
Hilbert’s space-filling curve, 149
Hilbert, D., 5, 71, 141
homeomorphic, 431
graphs, 431
homology group, 376
homomorphism, 171, 200
of directed graphs, 171
of undirected graphs, 188
Howard, W., 66
hyperbolic tangent, 249
hypotheses, 1, 5

ideal, 279, 338, 341
generated by S, 280
principal, 279

idempotence, 264

identity
homomorphism, 171
relation, 105, 291

if and only if, 4

iff, 4

image, 106, 128
of a function, 106
of a subset, 128

Index

of an element, 106
immediate

predecessor, 259, 338

successor, 259, 338
implication, 3, 4, 80

introduction, 6
implicational logic, 8
incidence

map, 382

matrix, 381, 411, 436, 437
incident, 169

nodes, 200

to a node, 169

to an arc, 169
inclusion function, 294
inclusion—exclusion, 229
incomparable, 258
inconsistent, 28
indegree, 169
independent, 415, 437

set of nodes, 415
index set, 146
indexed families, 146
induced subgraph, 181, 200
induction, 37, 269

axiom, 60

hypothesis, 110, 276

step, 110, 276
induction principle, 78

for N, 78, 82, 109, 148
inductive, 77

set, 77, 82, 269
inference rules, 2, 5, 80, 94

for the quantifiers, 49

for the quantifiers in Gentzen-sequent style,

50

infinite, 130, 131, 148, 150

intersections, 75

sequence, 146

set, 131, 135, 137-139
injections

number of, 212
injective, 121, 124, 148

function, 121, 124

graph, 202
injectivity, 124
inner half-degree, 169, 200
input domain, 101, 106
integer, 36

even, 36

odd, 36
interior, 420, 438
intersection, 74, 81

of a family, 146
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of sets, 74
intuitionistic logic, 22, 30
intuitionistically
provable, 23, 51
valid, 44
intuitionists, 26
inverse, 122, 148, 171, 311
image, 108, 128, 147, 148
of a subset, 128
modulo p, 286
of a relation, 122
invertible, 122, 148
function, 122
irrational, 37, 38, 288
number, 37
irreducible element, 288
isolated vertices, 168
isomorphism, 171, 200
of graphs, 171
of undirected graphs, 189

join, 262, 263, 338
Jordan
curve, 420, 438
Jordan curve theorem, 423, 438
Jordan, C., 423

Konig’s theorem, 417
Konig—Hall’s theorem, 417
Konigsberg bridge problem, 386
key, 309, 339
Kleene, S., 67
Kleinberg, J., 402, 404
Knaster, B., 266
Knuth, D., 214, 221, 303
Koblitz, N., 309, 325
Kolmogorov, A., 57
Kripke, 30
models, 30, 31, 43, 44, 69, 81
semantics, 31, 43
Kripke, S., 43
Kruskal’s algorithm, 197, 201, 202
Kruskal, J., 195, 196
Kuratowski
criterion for nonplanarity, 430, 431, 438
Kuratowski, K., 104, 149, 430

Lamé, G., 284, 347, 359
language, 145
Laplacian, 385, 436
matrix, 385, 436
largest
element, 261
lattice, 263, 338

law of the excluded middle, 26, 80
layered networks, 404
leaf, 192, 201
in a graph, 192
least
common multiple, 264
element, 261, 338
fixed point, 266, 338
upper bound, 262, 338
left inverse, 121, 125, 148
Lehmer, D., 307
lemniscate of Bernoulli, 109
length, 143
of a chain, 183, 186
of a path, 172
of a string, 143
Lewis Carroll, 357
puzzle, 357
lexicographic ordering, 258, 338
on pairs, 277
Lindenbaum algebra, 333, 336, 340
line
cover, 414, 437
covering, 414
linear
algebra, 296, 365
logic, 69
order, 258
ordering, 258
programing, 396
problem, 396
logarithms, 225
logic
classical, 22, 31, 50, 51
intuitionistic, 22, 23, 50, 51, 333, 336
mathematical, 2
logical
connectives, 3
equivalence, 24
formula, 4
language, 47
loop, 167, 168, 185, 420
lower bound, 261, 338
Lucas
generalized sequences, 304
numbers, 296, 300, 339
prime, 302
sequence, 296
Lucas, E., 296, 304
Lucas—Lehmer test, 307, 308, 339

MacLane, S., 431, 438
map, 108
maps a to b, 108
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marriage theorem, 418, 438
matched, 412
vertex, 412, 437
matching, 412, 437
mathematical, 1
max-flow min-cut theorem, 395, 397, 435, 437
maximal, 262
element, 259, 262, 338
matching, 437
weight spanning tree, 194, 201
maximum
flow, 392
independent set, 415, 417, 437
matching, 409, 414, 416, 417, 437
matching problem, 404, 409
measure, 233
of a set, 233
meet, 262, 263, 338
Menger, K., 404, 437
Mersenne
numbers, 296, 306, 308, 339, 341
prime, 306, 339
Mersenne, M., 306
Miller—Rabin test, 325
minimal, 261
cutset, 368
element, 259, 261, 274, 338
line cover, 414, 437
logic, 10, 22
weight spanning tree, 194, 201
minimum
vg-ve-cut, 395, 437
cut, 395, 437
line cover, 414, 417
point cover, 415, 417, 437
minor, 429, 438
modular arithmetic, 310, 311, 339
modulus, 312
modus ponens, 7, 9, 20, 35
monotonic, 263, 338
morphism, 171
of directed graphs, 171
of undirected graphs, 188
multigraph, 186
multinomial, 214
coefficients, 214, 215, 237
formula, 216
multinomial formula, 237, 255
multiple, 259, 278
multiplicity, 145
multiset, 7, 18, 145, 149, 217
multivalued function, 102

natural
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deduction, 79

deduction system, 2, 5, 80

numbers, 36, 76, 77, 82, 99
negating the upper index, 222, 242
negation, 3, 4
net flow out of S, 392
network, 391, 436
network flow problem, 392, 436
nodes, 167, 168, 185, 200
nonconstructive proofs, 31, 39, 53
nonlogical symbols, 47
normal distribution, 227
normalization step, 66
NP-complete, 42, 390, 436
NP-completeness, 81
null

chain, 183, 186

ideal, 279

path, 172

string, 143
numbers, 6

even, 11

odd, 6

odd, 60, 82, 170
offending edges, 405
one-to-one, 124

function, 124
one-way streets, 165
onto, 124

function, 124
open

chain, 183, 186

path, 172, 200

subset, 337

unit disc, 154
order, 168, 258

of a graph, 168
order preserving, 263
ordered

pair, 104, 147

of nodes, 185

partitions, 214
ordering, 257, 258, 338

on N, 258

on strings, 258
ordinal, 135
orientation, 165

of the edges, 165
origin, 168
orthogonal, 371, 436

complement, 374
orthogonality, 371
outedegree, 169
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outer half-degree, 169, 200 power set axiom, 73
output domain, 101, 106 Prawitz, D., 5, 66
overhang, 250 predicate
largest possible, 250 symbols, 47
terms, 47
PA, 59 prefix, 144
pair, 104 preflow, 404, 437
pairing axiom, 72 preflow-push
Papadimitriou, C., 394 relabel algorithms, 404
parallel algorithms, 404
arc, 167 preimage, 108, 128, 147
edges, 168, 185 of a subset, 128
summation formula, 220 premises, 1, 5, 7, 80
partial closed, 8
function, 101, 106, 147 discharged, 8, 10
graph, 181, 200 prenex-form, 92
order, 257, 258, 338 preorder, 434
ordering, 258 Prim’s algorithm, 199, 201
subgraph, 181, 200 Prim, R., 195, 199
partially ordered set, 258 primality testing, 324, 325, 340
partition, 293, 339 prime, 115, 272, 281
Pascal’s counting function, 322, 340
recurrence formula, 209, 239 decomposition, 272
triangle, 209, 216 number, 115, 272, 338
Pascal, B., 209 prime number theorem, 323, 340
path, 165, 172, 173 primitive recursion, 119
in a directed graph, 172 principal ideal, 279, 338
Peano arithmetic, 47, 59, 81, 92 domain, 279
Peano, G., 59, 141 principal tripartition, 376
Peirce’s law, 33, 42, 89 principle, 1
Peirce, C.S., 263 of proof by contradiction, 2
Pell’s equation, 291, 362 of the excluded middle, 26
pentatope numbers, 156 reasoning, 1
perfect matching, 412, 437 principle of inclusion—exclusion, 230, 233, 237
permutation, 124, 205, 237, 240 private keys, 309, 312, 339
Petersen’s graph, 390, 440 probabilistic methods, 325, 340
PID, 279 product of a family, 146
pigeonhole principle, 133, 138, 148, 288, 339 of sets, 146, 149
for finite sets, 134 projection, 292
plain text, 309 function, 147
planar, 418 proof, 1, 79, 80, 94
embedding, 421, 438 by smallest counterexample, 342
graph, 418, 421, 426, 432, 438 by-contrapositive rule, 33, 80
plane graph, 420, 432, 438 checkers, 1
platonic solids, 425 classical, 2, 80
PNT, 323, 340 constructive, 2, 26, 31, 80
Poincaré, H., 229, 376, 384, 431 formal, 2, 34
point cover, 415, 437 informal, 2, 34
pole, 152 intuitionistic, 80
north, 152 mathematical, 1
south, 152 minimal, 19
poset, 258, 260, 338 nonconstructive, 31, 39, 53, 79, 80
potential function, 379 normalization, 17, 43, 66, 81

power set, 73, 81, 133, 158 principles, 2
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rules, 2, 5 recursion theorem, 119, 137, 275

substitution, 17 recursive definition, 119

system, 2, 5 reduced graph, 180, 200

tree, 9, 18, 22, 23, 50 reductio ad absurdum rule, 21
proof-by-cases, 24 reduction step, 66
proof-by-contradiction, 80 refinement, 295, 339

rule, 21 refines, 295
proper, 145 reflexive, 176, 258, 291

prefix, 145 closure, 295, 339

subset, 73 reflexive and transitive closure, 295, 339

substring, 145 reflexivity, 176, 258, 291

suffix, 145 regions, 252, 422, 438
property of the natural numbers, 109 inside a circle, 252
propositional regular, 169, 445

intuitionistic logic, 23 graph, 169

logic, 80

gic . regularity axioms, 78
minimal logic, 23 relation, 105, 147, 257
symbols, 8, 47 relative complement, 74, 81
propositions, 4, 8 relatively prime, 39, 281, 338
atomic, 8 remainder, 273
provability, 5 repeated squaring, 311, 319, 339, 359
provable, 23 replacement axioms, 78

in 5138.5103110{%71;, 51 representative vector, 366, 367, 436
pseudo-circuit, residual

pseudo-complement, 334 .
pseudo-cycle, 184 capacity, 401
pseudo-prime, 325, 340, 360 network, 401, 437
pseudo-triangular, 383 residue, 273
pseudograph, 186 mf’dfﬂo P> 286
public keys, 309, 312, 339 restriction, 127, 148

cryptosystems, 309 of a.function, 127
pullback, 128 retraction, 127, 148

of an injection, 127
return edge, 395, 396
Ribenboim, P., 302, 325
Riemann’s zeta function, 245, 249

push-forward, 128

quantified formulae, 47, 48
quantifiers, 3, 45

quasi-order, 434, 438 Riemann, B., 245
quasi-strongly connected, 202 right inverse, 121, 125, 148
quotient, 259, 273 ring, 311

of X by R, 292 Rivest, R., 309

of X modulo R, 292 Roberson, N., 434, 438

set, 292, 339 root, 193, 201

RSA, 285, 309, 312, 339

RAA, 21, 29, 31, 80 correctness, 316, 339
Ramsey numbers, 187, 188, 200 cryptosystem, 309
Ramsey’s theorem, 187, 200 scheme, 312, 339
range, 105, 147 security, 327, 340

of a relation, 105 signature schemes, 326
rank, 47 signatures, 340
rational, 37 rules, 1,9

number, 37 logical, 1, 79
real, 37 of logic, 1
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